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Abstract

We develop efficient algorithms to compute proba-
bilistic maps for a large number of mobile objects.
By a probabilistic map we mean the probability den-
sity of the objects’ positions, conditioned to noisy
sensor measurements.

The main result of the paper is that, under suitable
assumptions, the joint probability distribution of n
objects that lie in a region partitioned into N cells
can be approximately determined from an aggregate
measurement function that can be represented with
memory complexity o(N), regardless of the number
of objects n. This is far more compact than an ex-
tensive representation of the joint distribution, whose
memory complexity is o(Nn).

In general, the approximation error introduced by
this compact representation can be made arbitrarily
small. Three main assumptions make this valid: the
objects are indistinguishable from the sensor view-
point, there is a minimum distance between any two
of them, and their motion is essentially independent
when they are far from each other.

1 Introduction

This paper addresses the navigation of autonomous
vehicles that attempt to execute a mission under par-
tial information. A typical example is that of a ve-
hicle that is asked to move to a given destination
while avoiding objects (or other vehicles) whose po-
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sitions are only partially known. In another possi-
ble example, a vehicle is asked to search for objects
whose positions are not accurately known. We con-
sider situations in which noisy sensors are used to
gather information about the localization of the ob-
jects to avoid or search for. This naturally leads to
a probabilistic framework, in which sensors produce
erroneous measurements with given probabilities.

A key concept used here is that of a “probabilistic
map” [8, 5]. In usual maps, one finds markings that
represent locations of objects within a region. By
placing one of these markings in a location on the
map, one is expressing the fact that the object repre-
sented can be found at that particular location with
probability one. However, when the information used
to build a map (or more precisely to locate interest-
ing objects in it) is not perfect, it is not possible to
mark a specific position on the map as the location
of the object. In this case, the best one can do is to
superimpose the probability density of the location
of the object in question on the whole map. It is
this probability density that we call the probabilistic
map for the object. From a formal point of view,
probabilistic maps are actually probability densities
of object positions, conditioned to the available sen-
sor measurements.

The computation of probabilistic maps can be viewed
as a Kalman filtering problem, in which one propa-
gates in time a probability density, with occasional
Bayesian sensor fusion of noisy measurements. It is
well known that if the a priori probability density
of the objects is jointly Gaussian, their motion can
be expressed by a linear model with Gaussian dis-
turbances, and the measurements are obtained by
adding Gaussian noise to the true object position,
then the probabilistic map is Gaussian and can be
computed using a finite dimensional Kalman filter.



However, here we are faced with probabilistic maps
that are not Gaussian. Several factors contribute to
this:

1. The a priori probability densities for the objects
positions are not Gaussian. These densities may
be multi-modal and typically have finite support
because the objects are known to be in a pre-
specified region.

2. The models for the object’s motion are not nec-
essarily linear with Gaussian disturbances.

3. We want to consider non-Gaussian sensors, e.g.,
with limited range, which occasionally produce
measurements that do not correspond to any ob-
ject (“false positives”), which occasionally fail
to produce measurements regarding objects that
are within their range (“false negatives”); etc.
In practice, these situations occur with any real
sensor.

In general, without the Linear/Gaussian assumptions
mentioned above, there is no finite-dimensional rep-
resentation of the a posteriori probability densities.
A finite discretization of the state-space overcomes
this difficulty but one is faced with an exponential
explosion on the number of states as the number of
objects being mapped grows. For example, if one par-
titions the region where n objects lie into N cells, the
memory complexity associated with representing the
joint probability distribution of the objects is o(N n).

The main contribution of this paper is an algorithm
to compute probabilistic maps that avoids the ex-
ponential explosion on the number of objects being
mapped. We show that under suitable assumptions,
the joint probability distribution of n objects that lie
in a region partitioned into N cells can be approx-
imately computed from a function defined on a set
with only N elements. The memory complexity asso-
ciated with representing this function, which we call
the aggregate measurement function, is simply o(N).
In general, the approximation error introduced by
this compact representation can be made arbitrarily
small. Three main assumptions make this valid: the
objects are indistinguishable from the sensor view-
point, there is a minimum distance between any two
of them, and their motion is essentially independent
when they are far from each other.

Aggregate measurement functions were introduced
in [5] for the probabilistic mapping of static aircraft-
tracking radars using radiation detection sensors.

Here we extend their use to more general types of
sensors and objects being mapped. We also consider
probabilistic mapping of mobile objects.

Probabilistic maps are becoming an important topic
in the robotics literature. Especially for indoors
robotics, map building is often combined with the
problem of localizing the robot within a global co-
ordinate system [3, 6, 7, 8, 2, 1]. This is required
since the measurements used to build the map are a
function of the position of the robot, which is hard to
determine accurately due to accumulated odometry
errors. In outdoors robotics, the localization problem
can be mitigated through the use of GPS. Occupancy
grid mapping is currently the most widely used class
of mapping algorithms for mobile robots (cf. , e.g.,
[7, 9]). Occupancy maps provide the probability of
each individual cell in a grid being occupied by an
object. However, this information is not sufficient to
compute the probability of a particular configuration
of objects.

2 Probabilistic maps

Suppose that there exist n objects in a region R
consisting of a finite collection of cells. We model
the position of each object as a stochastic pro-
cess1 taking values in R. We denote by r(t) :=
{r1(t), r2(t), . . . , rn(t)} ∈ Rn, t ≥ t0, the positions
of the objects at time t, where ri(t) ∈ R denotes the
position of the ith object. We assume given an a pri-
ori joint probability distribution for the objects at
time t0

p0(r, t0) := P(r(t0) = r), r ∈ Rn

and that the motion for t ≥ t0 is Markovian. The
motion model is specified by a known n-object tran-
sition probability function of the form

Φ(r′, r; t + dt, t) := P(r(t + dt) = r′ | r(t) = r)

r, r′ ∈ Rn, dt ≥ 0, t ≥ t0, with the standing assump-
tion that r(t+dt) is conditionally independent of any
random variable at time t or before, given r(t).

Throughout this paper we assume that the distance
between any two objects is never smaller than a min-
imum distance dmin > 0, where “distance” refers to
a given metric d : R×R → [0,∞) on R. Denoting
by δ(r, dmin) a function that is equal to zero when-
ever r := {r1, . . . , rn} ∈ Rn has two ri, rj, i 6= j

1We denote random processes by bold symbols and their
realizations by non-bold ones.



with d(ri, rj) < dmin and equal to one otherwise, this
assumption can be formalized as follows:

Assumption 1. The a priori joint probability dis-
tribution p0 and the n-object transition probability
function Φ are such that δ(r(t), dmin) > 0 with prob-
ability one for every t ≥ t0.

Our knowledge about the position of the objects im-
proves with time through the measurements collected
by the sensors. These measurements are denoted by
yk, k ∈ {1, 2, . . . }, and each yk consists of a triple of
the form

{tk,ak, sk},

where tk ≥ t0 denotes the time at which the mea-
surement was made and ak ∈ R the sensor position.
The variable sk has the value sk = ∅ when nothing is
detected or some value sk ∈ R when an object is de-
tected at position sk. However, we assume that the
sensors are not perfect and therefore sk = ∅ simply
means that they were not able to detect an object
but one must take into account that this may be a
“false negative.” Similarly, sk ∈ R may be caused
by a “false positive,” or there may be a object close
to sk but not exactly at that location. The set of all
possible measurement triples is denoted by Y.

Sensors of this type can be modeled by a likelihood
function of the form

`n(y, r) := P(yk = y | r(t) = r), (1)

y := {t, a, s} ∈ Y, r ∈ Rn, k ≥ 1. We refer to
`n as the n-object sensor likelihood function. We as-
sume that each yk is conditionally independent of any
other measurements, given a particular configuration
r(tk) for the objects. Given a list of k measurements

Yk := {y1, y2, . . . , yk},

yi := {ti, ai, si}, i ∈ {1, . . . , k}, we define the (a pos-
teriori) probabilistic map at time t ≥ t0 given Yk by

mr(r; t|Yk) := P(r(t) = r | Yk = Yk), r ∈ Rn.

For simplicity, we assume that the measurements in
Yk are ordered by time and that t ≥ tk. The goal
of this paper is to determine efficient algorithms to
compute probabilistic maps. Inspired by the recur-
sive formulas for a Kalman filter, we will construct a
prediction operator Tpred[t, τ, · ] that takes a proba-
bilistic map at time τ and propagates it forward in

time to obtain a map at time t > τ ; and a fusion
operator Tfuse[y, · ] that takes a new measurement y
taken at time t and an existing map also at time t
to produce a new map at t, given y together with all
the measurements already considered in the old map.
With these operators we can compute the probabilis-
tic map mr( · ; t|Yk), t ≥ tk recursively as depicted in
Figure 1. Formally, the recursion can be written as
follows:

mr( · ; t0|Y0) = p0( · , t0),

mr( · ; ti|Yi−1) = Tpred[ti, ti−1, mr( · ; ti−1|Yi−1)],

mr( · ; ti|Yi) = Tfuse[yi, mr( · ; ti|Yi−1)],

mr( · ; t|Yk) = Tpred[t, tk, mr( · ; tk|Yk)],

i ∈ {1, 2, . . . , k}, where Y0 denotes an empty list of
measurements.

When the objects being mapped are static, r(t) is
constant over t and therefore

mr(r; t|Yk) = mr(r; τ |Yk), ∀t, τ.

This means that the prediction operator does not al-
ter the probabilistic map and is therefore not needed.
In the following sections we address the prediction
and fusion problems separately. We start with the
fusion operator, which is sufficient for static objects.
However, before that we need to specify the class of
sensor likelihood functions under consideration.

3 Sensor likelihood functions

In practice, the precise shape of the sensor likelihood
function should be estimated experimentally. We de-
rive next a simple parametric model for it that can
be “best-fitted” to experimental data. For simplicity
of notation, in this section we consider a fixed time
t ≥ t0 and drop the time-dependence of r.

3.1 Single object

We start by considering the case of a single object,
i.e., n = 1 and r = r1. To this effect consider the
parameters in Table 1. In general, these parameters
may depend on the time at which the measurement
was taken, the sensor position, and the object po-
sition but for simplicity we take them as constant.
The generalization for non-constant parameters is
straightforward. Also for simplicity, we assume that
the distractors can appear anywhere in the sensor
range with equal probability.

Pick an arbitrary object position r ∈ R and a
nonzero probability realization y := {t, a, s} for the
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Figure 1: Recursive computation of mr( · ; t|Yk), t ≥ tk using the prediction and fusion operators.

ρsensor > 0 Range over which the sensor can detect objects.
p1 Probability of not recognizing anything, given that there is an object in the

range of the sensor.
p2 Probability of recognizing a distractor instead of a real object, given that there

is an object in the range of the sensor.
p3 Probability of recognizing a distractor instead of a real object, given that there

is no object in the range of the sensor.
eloc Maximum localization error for the position of the object when the sensor de-

tects the presence of object. The actual error is assumed uniform within the
range specified by eloc. Without loss of generality, we assume that eloc ≤ ρsensor.

Table 1: Sensor parameters for the sensor likelihood function.

kth measurement yk. We consider first the case in
which an object was detected, i.e., s ∈ R. From the
definition of `1,

`1(y, r) = P(sk = s | r1 = r, tk = t,ak = a)

P(tk = t,ak = a | r1 = r). (2)

We assume here that the time measurement tk = t
and the sensor position measurement ak = a are error
free and therefore P(tk = t,ak = a | r1 = r) = 1.
Using this, we can expand the right-hand side of (2)
to conclude that

`1(y, r) = P(sk = s | ×,E1) P(E1 | ×)

+P(sk = s | ×,E2) P(E2 | ×),

where × stands for {r1 = r, tk = t,ak = a}, and
E1 denotes the event that the algorithm recognized
the real object and E2 the event that it recognized
a distractor instead of the real object. According to
our sensor model:

P(E1 | ×) =

{

1 − p1 − p2 d(r, a) ≤ ρsensor

0 otherwise

P(E2 | ×) =

{

p2 d(r, a) ≤ ρsensor

p3 otherwise

P(sk = s | ×,E1) =

{

1
B

d(s, r) ≤ eloc

0 otherwise

P(sk = s | ×,E2) =

{

1
A

d(s, a) ≤ ρsensor

0 otherwise

where B is the area of the region
{s̄ ∈ R : d(s̄, r) ≤ eloc} and A the area of the
region {s̄ ∈ R : d(s̄, a) ≤ ρsensor}. Therefore

`1(y, r) =

{

1−p1−p2

B
d(r, a) ≤ ρsensor, d(s, r) ≤ eloc

0 otherwise

+











p2

A
d(r, a) ≤ ρsensor, d(s, a) ≤ ρsensor

p3

A
d(r, a) > ρsensor, d(s, a) ≤ ρsensor

0 otherwise

(3)

Once the likelihood function is known for each s ∈ R,
its values for s = ∅ can be obtained from

`1

(

y, r
)

= 1 −
∑

s̄∈R

`1

(

{t, a, s̄}, r
)

=

{

p1 d(r, a) ≤ ρsensor

1 − p3 otherwise
(4)

3.2 Multiple objects

The computation of the likelihood function for multi-
ple objects presented below is based on the following
basic assumptions:



Assumption 2. From the sensor point of view, the
objects are indistinguishable from each other.

Assumption 3. The distance between any two ob-
jects is no smaller than twice the sensor range ρsensor,
i.e., dmin ≥ 2 ρsensor.

For sensors with a wide range, Assumption 3 may be
too restrictive. The following alternative, assump-
tion covers the extreme case of sensors with a global
range:

Assumption 3’. The sensor range covers the entire
region and the distance between any two objects is
no smaller than twice the maximum localization error
eloc, i.e., d(x1, x2) ≤ ρsensor, ∀x1, x2 ∈ R and dmin ≥
2 eloc.

For sensors that do not produce negative readings
sk = ∅, the following assumption will also suffice:

Assumption 3”. The sensor does not produce neg-
ative readings sk = ∅, the probability of recognizing
a distractor does not depend on the existence of an
object within the sensor range, and the distance be-
tween any two objects is no smaller than twice the
maximum localization error eloc, i.e., p2 = p3 and
dmin ≥ 2 eloc.

The following is the main result of this section:

Theorem 1. Under Assumption 2 and either As-
sumptions 3, 3’, or 3”, for every k ≥ 1 and every
r ∈ Rn such that δ(r, dmin) > 0,

`n(yk, r) = c

n
∏

i=1

`1(yk, ri), (5)

with probability one, where c is a normalizing con-
stant2 that does not depend on r and `1 is the single-
object likelihood function defined by (3)–(4).

Proof of Theorem 1. Consider an arbitrary r :=
{r1, . . . , rn} ∈ Rn such that δ(r, dmin) > 0 and a
nonzero probability realization y := {t, a, s} ∈ Y for
the kth measurement triple yk.

We consider first the case of a measurement y for
which an object was not detected, i.e., s = ∅.

2With some abuse of notation, we use the same symbol c

to denote different normalizing constants when this does not
lead to ambiguity.

Because of the object indistinguishability Assump-
tion 2,

`n(y, r) =

{

p1 ∃i : d(ri, a) ≤ ρsensor

1 − p3 otherwise

= `1(y, ri+), (6)

where i+ is the index of the object that is closest to
the sensor position a. Moreover, for every i 6= i+,
under Assumption 3 we have that

`1(y, ri) =

{

p1 d(ri, a) ≤ ρsensor

1 − p3 d(ri, a) > ρsensor

= 1 − p3

because if the distance between any two objects is no
smaller than 2ρsensor, then at most i+ can be in the
range of the sensor. Alternatively, under Assumption
3’, we have that

`1(y, ri) = p1, ∀i

In either case, `1(y, ri) is independent of ri for every
i 6= i+ and therefore, because of (6), equation (5)
holds with c := 1

(1−p3)n−1 or c := 1
pn−1
1

, depending

on which Assumption 3 or 3’ holds. Under Assump-
tion 3” we do not need to consider this case.

Let us consider now the case of a measurement y for
which an object was detected, i.e., s ∈ R. Similarly
to what was done for the single object case, we ex-
pand

`n(y, r) = P(sk = s | ri∗ = ri∗ ,×,E1) P(E1 | ×)

+P(sk = s | ×,E2) P(E2 | ×),

where × stands for {r = r, tk = t,ak = a}, and
E1 denotes the event that the algorithm recognized
a real object and E2 the event that it recognized a
distractor instead of a real object. Given E1, i∗ de-
notes the index of the object that was recognized and
therefore d(ri∗ , a) ≤ ρsensor. Since there can only be
one object within eloc of the sensor position s, the
index i∗ is uniquely determined. According to our
sensor model:

P(E1 | ×) =

{

1 − p1 − p2 ∃i : d(ri, a) ≤ ρsensor

0 otherwise

P(E2 | ×) =

{

p2 ∃i : d(ri, a) ≤ ρsensor

p3 otherwise

P(sk = s | ri∗ = ri∗ ,×,E1) =

{

1
B

d(s, ri∗) ≤ eloc,

0 otherwise



P(sk = s | ×,E2) =

{

1
A

d(s, a) ≤ ρsensor

0 otherwise

where B is the area of the region
{s̄ ∈ R : d(s̄, ri∗) ≤ eloc} and A the area of the
region {s̄ ∈ R : d(s̄, a) ≤ ρsensor}. The object
indistinguishability Assumption 2 is implicit in the
first two equations.

Suppose first there is one object with index i+ within
eloc of the sensor reading s and in the range of the
sensor, i.e., d(s, ri+) ≤ eloc, d(ri+ , a) ≤ ρsensor. Since
the minimum distance between two objects is 2 eloc,
the object i+ is the only one than could have pro-
duced the sensor reading and therefore i∗ = i+, given
E1. In this case,

`n(y, r) =
1 − p1 − p2

B
+

{

p2

A
d(s, a) ≤ ρsensor

0 otherwise

= `1(y, ri+). (7)

Moreover, for every i 6= i+, we have that

`1(y, ri) =











p2

A
d(ri, a) ≤ ρsensor, d(s, a) ≤ ρsensor

p3

A
d(ri, a) > ρsensor, d(s, a) ≤ ρsensor

0 otherwise

because no other object can be within eloc of the
sensor reading. Then, under Assumption 3,

`1(y, ri) =

{

p3

A
d(s, a) ≤ ρsensor

0 otherwise
(8)

(because in this case i+ is the only object within the
range of the sensor) and, under Assumption 3’,

`1(y, ri) =

{

p2

A
d(s, a) ≤ ρsensor

0 otherwise
(9)

(because in this case all objects are within the range
of the sensor). Under Assumption 3” both (8) and
(9) hold because p2 = p3. From (7) and (8) or

(9) we conclude that (5) holds with c := An−1

pn−1
3

or

c := An−1

pn−1
2

. Note that for a nonzero probability mea-

surement d(s, a) ≤ ρsensor.

Suppose now that there is no object both within
eloc of the sensor reading a and in the range of
the sensor, i.e., there is no i∗ for which d(s, ri∗) ≤
eloc, d(ri∗ , a) ≤ ρsensor. In this case

`n(y, r) =











p2

A
d(ri+ , a) ≤ ρsensor, d(s, a) ≤ ρsensor

p3

A
d(ri+ , a) > ρsensor, d(s, a) ≤ ρsensor

0 otherwise

= `1(y, ri+),

where i+ is the index of the object that is closest to
the sensor position a. Also now, for every i 6= i+,
we have that (8) or (9) hold, from which (5) follows.

4 Recursive probabilistic map building

The goal of this section is to determine the predic-
tion operator Tpred[t, τ, · ] that takes a probabilistic
map at time τ and propagates it forward in time
to obtain a map at time t > τ ; and the fusion op-
erator Tfuse[y, · ] that takes a new measurement y
taken at time t and an existing map also at time t
to produce a new map at t, given y together with all
the measurements already considered in the old map.
With these operators we can compute the probabilis-
tic map mr( · ; t|Yk), t ≥ tk recursively as depicted in
Figure 1.

We say that a probabilistic map mr is separable if it
can be written as

mr(r; t|Y ) := c
(

n
∏

i=1

f(ri; t|Y )
)

δ(r; dmin), (10)

∀r := {r1, . . . , rn} ∈ Rn, where c is a normalizing
constant, f is an appropriately defined function, and
δ(r, dmin) is zero whenever two ri, rj , i 6= j are closer
than some minimum distance dmin > 0 and one oth-
erwise. The function f( · ; t|Y ) is called the aggregate
measurement function and encapsulates the informa-
tion contained in all the measurement. Together with
dmin, it unambiguously represents the probabilistic
map. This representation is very useful because for
any region of reasonable size, the posterior proba-
bilistic map mr( · ; t|Yk) cannot be represented ex-
haustively as such representation has memory com-
plexity o(Nn), where N is the number of cells in R.
However, using (10) one can represent mr( · ; t|Yk)
using a single function f( · ; t|Yk), whose representa-
tion has memory complexity o(N).

We shall see shortly that both the fusion and the pre-
diction operators preserve separability. This means
that if the a priori map is separable then any a pos-
teriori map will also be separable. Moreover, it is
possible to apply these operators directly to the ag-
gregate measurement functions, avoiding the explicit
computation of the intermediate a posteriori maps.
This makes recursive probabilistic map building ex-
tremely efficient and scalable. It should be noted



however, that the prediction operator only “approx-
imately” preserves separability. This issue is dis-
cussed below.

4.1 Fusion Operator

Consider a list Yk := {y1, y2, . . . , yk} of k measure-
ments with yk := {tk, ak, sk}, corresponding to a
nonzero probability realization of Yk. Using the
Bayes rule, we conclude that

mr(r; tk|Yk)

= cP(yk = yk | r(tk) = r,Yk−1 = Yk−1)

mr(r; tk|Yk−1),

where Yk−1 := {y1, y2, . . . , yk−1}, r ∈ Rn, and c > 0
is a normalizing constant independent of r chosen so
that

∑

r∈R mr(r, Yk) = 1. From this and the defini-
tion of the sensor likelihood function in (1) we obtain

mr(r; tk|Yk) = c `n(yk, r)mr(r; tk|Yk−1), (11)

which defines the fusion operator Tfuse[yk, · ]. Note
that this formula takes a map at time tk, given a list
of old measurements Yk−1 and a new measurement yk

taken at time tk, to produce a new map given both
the old and new measurements.

Suppose now that (5) holds and that the probabilis-
tic map given Yk−1 is separable, i.e., that (10) holds
with t := tk and Y := Yk−1. Then, from (11) one
concludes that

mr(r; tk|Yk) = c
(

n
∏

i=1

f(ri; tk|Yk)
)

δ(r; dmin),

where c is a different normalizing constant, and

f(x; tk|Yk) := `1(yk, x) f(x; tk|Yk−1), ∀x ∈ R. (12)

This means that the map given Yk is still separable
and therefore that Tfuse[yk, · ] indeed preserves sepa-
rability. The following was proved:

Theorem 2. The fusion operator that produces the
probabilistic map mr( · ; tk|Yk) from the measurement
yk := {tk, ak, sk} and the map mr( · ; tk|Yk−1) is
given by (11). Moreover, in case (5) holds and
mr( · ; tk|Yk−1) is separable, then mr( · ; tk|Yk) is also
separable and the aggregate measurement function for
the latter can be computed from the one for the for-
mer using (12).

4.2 Prediction Operator

Consider again a list Yk := {y1, y2, . . . , yk} of k mea-
surements with yk := {tk, ak, sk}, corresponding to
a nonzero probability realization of Yk and pick an
arbitrary time t ≥ tk. By the Total Probability The-
orem, we have

mr(r
′; t + dt|Yk) =
∑

r∈R

P(r(t + dt) = r′ | r(t) = r,Yk = Yk)

mr(r; t|Yk).

Moreover, since t ≥ tk, r(t + dt) is conditionally in-
dependent of Yk, given r(t). Therefore

mr(r
′; t + dt|Yk) =

∑

r∈R

Φ(r′, r; t + dt, t)mr(r; t|Yk),

(13)

which defines the prediction operator Tpred[t+dt, t, · ]
that takes a probabilistic map at time t and propa-
gates it forward in time to obtain a map at time t+dt.

Suppose now that the probabilistic map at time t is
separable, i.e., that (10) holds with Y := Yk. Our
goal for the remaining of this section is to determine
if the probabilistic map mr(r

′; t + dt|Yk) is still sep-
arable.

4.2.1 Single object

We start by considering the case n = 1 and therefore
the single-object transition probability function

ϕ1(r
′, r; t + dt, t) := Φ(r′, r; t + dt, t),

r, r′ ∈ R, t ≥ t0, dt ≥ 0, for which
∑

r′∈R

ϕ1(r
′, r; t + dt, t) = 1, (14)

∀r ∈ R, t ≥ t0, dt ≥ 0. To compute the object’s
probabilistic map at some time t+ dt, dt > 0, we use
(13) and the maps’ separability at time t to obtain

mr(r
′; t + dt|Yk) = c

∑

r∈R

ϕ1(r
′, r; t + dt, t)f(r; t|Yk).

Note that for a single object δ(r; dmin) is always equal
to one. Therefore, the map at time t + dt is still
separable and can be written as in (10) with Y := Yk

and

f(r′; t + dt|Yk) =
∑

r∈R

ϕ1(r
′, r; t + dt, t)f(r; t|Yk),

(15)

for every r′ ∈ R.



4.2.2 Multiple objects

We consider now the general case n ≥ 1. We assume
that the multiple objects essentially move indepen-
dently of each other according to a model similar to
that in the previous section, except that we enforce
the constraint that two objects will never get closer
than dmin from each. This is needed for consistency
with Assumption 1. The following n-object transition
probability function captures this:

Φ(r′, r; t + dt, t) =

c(r)
(

n
∏

k=1

ϕ1(r
′
k, rk; t + dt, t)

)

δ(r′; dmin) (16)

r, r′ ∈ Rn, where c(r) is the following normalizing
constant

c(r)−1 =
∑

r̄∈Rn

n
∏

k=1

ϕ1(r̄k, rk; t + dt, t)δ(r̄; dmin). (17)

We assume here that the objects’ velocity is bounded
and therefore, for small values of dt > 0, ϕ1(r, r

′; t, t+
dt) is nonzero only when r and r′ correspond to the
same or adjacent cells. Moreover, in the latter case
ϕ1(r, r

′; t, t+dt) is of order dt, i.e., ϕ1(r, r
′; t, t+dt) ≤

c dt for some finite constant c. This corresponds to
the following assumption:

Assumption 4. The n-object transition probability
function is given by (16), with

ϕ1(r
′, r; t + dt, t) =











1 − o(dt) r = r′

o(dt) r, r′ adjacent

0 otherwise

(18)

∀r, r′ ∈ R, t ≥ t0, dt ≥ 0.

We show next that under this assumption the proba-
bilistic map is approximately separable at time t+dt,
for small dt. Moreover, the error is o(dt2) for most
object configurations and o(dt) for a small set Abad ⊂
Rn of “bad” configurations r for which

1. δ(r; dmin) 6= 0, i.e., no two objects are closer than
dmin from each other; and

2. there exists some configuration r̄ ∈ Rn for which
δ(r̄; dmin) = 0 and it is possible to go from con-
figuration r̄ to configuration r by a single object
moving to an adjacent cell.

In practice, Abad denotes the set of configurations for
which the objects still satisfy the minimum distance
constrain but are very close to violating it.

Theorem 3. The prediction operator that produces
the probabilistic map mr( · ; t + dt|Yk), dt ≥ 0 from
the map mr( · ; t|Yk) is given by (13). Moreover,
in case mr( · ; t|Yk) is separable and Assumption 4
holds, then

mr(r
′; t + dt|Yk) = c

(

n
∏

k=1

f(r′k; t + dt|Yk)
)

δ(r′; dmin)

+ ε(r′; dt), ∀r′ ∈ Rn,

where f( · ; t + dt|Yk) is defined as in (15), and
ε(r′; dt) = o(dt2) for r′ 6∈ Abad and o(dt) otherwise.

In practice, for small dt we can approximate

mr(r
′; t + dt|Yk) ≈ c

(

n
∏

k=1

f(r′k; t + dt|Yk)
)

δ(r′; dmin). (19)

Moreover, if one wants to compute mr(r
′; t′|Yk) for

some t′ > t for which t′ − t is not small, one can
divide the interval [t′, t] into N subintervals of length
dt := (t′− t)/N and apply (19) N times to propagate
the map from t to t′. Outside Abad, each of the N
steps will introduce an error o

(

(t′ − t)2/N2
)

, which
adds up to a total worst-case error o

(

(t′ − t)2/N
)

.
Therefore the error can be made small by making N
large, which means that the map at time t′ is still
approximately separable. For the configurations in
Abad, in general it will not be possible to make the
error arbitrarily small. However, in practice Abad is
a small subset of Rn.

Proof of Theorem 3. To compute the object’s prob-
abilistic map at some time t+dt, dt > 0, we use (13),
(16), and the maps’ separability at time t to obtain

mr(r
′; t + dt|Yk)

= c
∑

r∈R

c(r)
(

n
∏

k=1

ϕ1(r
′
k, rk; t + dt, t)f(rk; t|Yk)

)

δ(r; dmin)δ(r′; dmin)

= c
∑

r∈R

(

n
∏

k=1

ϕ1(r
′
k, rk; t + dt, t)f(rk; t|Yk)

)

δ(r′; dmin) − ε1 + ε2



= c
(

n
∏

k=1

f(r′k; t + dt|Yk)
)

δ(r′; dmin) − ε1 + ε2,

where

ε1 := c
∑

r∈R:
δ(r;dmin)=0

δ(r′;dmin)6=0

(

n
∏

k=1

ϕ1(r
′
k, rk; t + dt, t)f(rk; t|Yk)

)

ε2 := c
∑

r∈R:
δ(r;dmin)6=0

δ(r′;dmin)6=0

(c(r) − 1)
(

n
∏

k=1

ϕ1(r
′
k, rk; t + dt, t)f(rk; t|Yk)

)

.

We show next that both ε1 and ε2 are o(dt) for r′ ∈
Abad and o(dt2) otherwise. To this effect, we consider
three cases separately:

Case 1: For any r′ ∈ Rn (including r′ ∈ Abad), we
have r 6= r′ in all terms of the summation that defines
ε1. Therefore, there must always exist at least one
ϕ1(r

′
k, rk; t+dt, t) for which rk 6= r′k. Because of (18)

that term will be o(dt) and therefore ε1 = o(dt).

As for ε2, note that because of (17) and (14), we have
that

c(r)−1 =
∑

r̄∈Rn

n
∏

k=1

ϕ1(r̄k, rk; t + dt, t)

−
∑

r̄∈Rn:
δ(r̄;dmin)=0

n
∏

k=1

ϕ1(r̄k, rk; t + dt, t)

=

n
∏

k=1

∑

rk∈R

ϕ1(r̄k, rk; t + dt, t)

−
∑

r̄∈Rn:
δ(r̄;dmin)=0

n
∏

k=1

ϕ1(r̄k, rk; t + dt, t)

= 1 −
∑

r̄∈Rn:
δ(r̄;dmin)=0

n
∏

k=1

ϕ1(r̄k, rk; t + dt, t). (20)

Moreover, for any r such that δ(r; dmin) 6= 0, all the
r̄ in the summation must be different than r and
therefore there will always be one r̄k 6= rk. Because of
(18) we conclude that c(r)−1 = 1−o(dt) and therefore
c(r) − 1 = o(dt). From this and the definition of ε2

it follows that ε2 = o(dt).

Case 2: In case δ(r′; dmin) = 0, then ε1 = ε2 = 0 by
definition. Therefore ε1 and ε2 are o(dt2).

Case 3: In case r′ 6∈ Abad and δ(r′; dmin) 6= 0, at
least two objects must change their positions to reach
r′ from any configuration r for which δ(r; dmin) =

0. Therefore, in the definition of ε1, each term
of the summation must always have at least two
ϕ1(r

′
k, rk; t+dt, t) for which rk 6= r′k. Because of (18)

that term will be o(dt2) and therefore ε1 = o(dt2).
Regarding ε2, we can re-write its definition as

ε2 := c(c(r′) − 1)
(

n
∏

k=1

ϕ1(r
′
k, r

′
k; t + dt, t)f(r′

k; t|Yk)
)

+ c
∑

r 6=r
′:

δ(r;dmin)6=0

δ(r′;dmin)6=0

(c(r) − 1)
(

n
∏

k=1

ϕ1(r
′
k, rk; t + dt, t)f(rk; t|Yk)

)

The second term is o(dt2) because c(r) − 1 = o(dt)
and all terms in the summation are also o(dt) because
r 6= r′. As for the first term, because of (20), c(r ′)−1
is of the same order as

∑

r̄∈Rn:
δ(r̄;dmin)=0

n
∏

k=1

ϕ1(r̄k, r
′
k; t + dt, t).

Using the same argument used to show that ε1 =
o(dt2), we conclude that this term is also o(dt2) and
therefore ε2 = o(dt2).

5 Occupancy maps

It is often convenient to work with occupancy maps
instead of probabilistic maps. Given a list of k mea-
surements Yk, we define the (a posteriori) occupancy
map at time t ≥ t0 given Yk by

mo(x; t|Yk) := P(∃i : ri(t) = x | Yk = Y ), x ∈ R.

It turns out that under suitable assumptions one
can compute the occupancy map mo( · ; t|Y ) directly
from the aggregate measurement function f( · ; t|Y ),
without explicitly computing the probabilistic map
mr( · ; t|Y ). Indeed, suppose that Assumption 1
holds; that the probabilistic map at time t is sep-
arable, i.e., that (10) holds with Y := Yk; and that
there exists a partition R0, R1, R2, . . . , Rm of R
such that

1. all points in each Ri, i ∈ {1, 2, . . . ,m}, are away
from each other by no more than dmin;

2. all the Ri, i ∈ {1, 2, . . . ,m}, are away from each
other by more than dmin;

3. the f( · ; t|Yk) are sufficiently uniform over R0 so
that, for any R̄ ⊂ R0 with small area compared
to R0,

∑

x∈R0\R̄

f(x; t|Yk) ≈
∑

x∈R0

f(x; t|Yk).



For each x ∈ R, we denote by σ := {σ1, σ2, . . . , σk} a
combination of k elements taken from the set {i : x 6∈
Ri} ⊂ {1, 2, . . . ,m} and by S (k)[x] the set of all such
combinations. The following Lemma can be adapted
to the setting of this paper from the results in [4, 5]:

Lemma 1. The occupancy map at time t given Yk is
given by

mo(x; t|Yk) =
∑

r∈Rn:∃i:ri=x

mr(r; t|Yk).

Moreover, in case Assumption 1 holds and the map
at time t is separable, then

mo(x; t|Yk) ≈ cf(x; t|Yk)

(

nfn−1
0 +

n−1
∑

k=1

n! fn−k−1
0

(n − 1 − k)!

∑

σ∈S(k)[x]

fσ1fσ2 . . . fσk

)

,

where fi :=
∑

x∈Ri
f(x; t|Yk), i ∈ {0, 1, . . . ,m} with

the regions Ri defined as above, and c a normalizing
constant chosen so that

∑

x∈R mo(x; t|Yk) = n.

6 Conclusions

We proposed an efficient algorithm to compute prob-
abilistic maps. This algorithm scales well with the
number of objects being mapped and is character-
ized by a memory complexity that is linear on the
area of the region where the objects lie. To achieve
this, we represent the joint probability distribution
of the objects’ positions approximately using an ap-
propriately defined aggregate measurement function.
In general, the approximation error can be made ar-
bitrarily small. Three main assumptions make this
approximation valid: the objects are indistinguish-
able from the sensor view-point, there is a minimum
distance between any two objects, and their motion
is essentially independent when the objects are far
from each other.

We are currently investigating implementations of
the algorithm proposed here that allow the measure-
ments yk to arrive out-of-order. We are also inves-
tigating distributed versions of these algorithms to
address the efficient fusion of measurements coming
from different agents.
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