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Abstract

We consider a decentralized bidirectional control of a gaat of N identical vehicles moving in a
straight line. The control objective is for each vehicle taintain a constant velocity and inter-vehicular
separation using only the local information from itself arsddwo nearest neighbors. Each vehicle is modeled
as a double integrator. To aid the analysis, we use contmapproximation to derive a partial differential
equation (PDE) approximation of the discrete platoon dyinamThe PDE model is used to explain the
progressive loss of closed-loop stability with increasmgnber of vehicles, and to devise ways to combat

this loss of stability.

If every vehicle uses the same controller, we show that th&t litable closed-loop eigenvalue approaches
zero asO(%) in the limit of a large numberX) of vehicles. We then show how to ameliorate this loss
of stability margin by small amounts of “mistuning”, i.ehanging the controller gains from their nominal
values. We prove that with arbitrary small amounts of mistgnthe asymptotic behavior of the least stable
closed loop eigenvalue can be improved@@%). All the conclusions drawn from analysis of the PDE

model are corroborated via numerical calculations of tlagesspace platoon model.

I. INTRODUCTION

We consider the problem of controlling a one-dimensionakqun of V identical vehicles where the
individual vehicles move at a constant pre-specified vglogj; with an inter-vehicular spacing of.
Figure 1(a) illustrates the situation schematically. Timisblem is relevant to automated highway systems

(AHS) because a controlled vehicular platoon with a cortstam small inter-vehicular distance can help
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improve the capacity (measured in vehicles/lane/houmd4]) of a highway [2]. Due to this, the platoon
control problem has been extensively studied [1, 3—7]. Hmadhic and control issues in the platoon problem

are also relevant to a general class of formation contrddlpros including aerial vehicles, satellitets.[8, 9].

Several approaches to the platoon control problem havedmesidered in the literature. These approaches
fall into two broad categories depending on the informaticchitecture available to the control algorithm(s):
centralized and decentralized. In a decentralized awthite, the control action at any individual vehicle
is computed based upon measurements obtained by on-bowmdrseand possibly using wireless commu-
nication with a limited number of its neighbors. Decengedl architectures investigated in the literature
include the predecessor-following [1, 10] and the bidimwl schemes [7, 11-14]. In the predecessor-
following architecture, the control action at an indivitlwahicle depends only on the spacing error with
the predecessor, i.e., the vehicle immediately ahead bf the bidirectional architecture, the control action
depends upon relative position measurements from bothré@epessor and the follower.

In a centralized architecture, measurements from all thecles are continually transmitted to a central
controller or to all the vehicles. The optimal QR designsfg] typically lead to centralized architectures.
Predecessor and Leader follower control schemes (see §lant references therein), which require global
information from the first vehicle in the platoon are also rapées of the centralized architecture. The
high communication overhead in a centralized architectiaes it less attractive for platoons with a large
number of vehicles. Additionally, with any centralized sofe, the closed loop system becomes sensitive to

communication delays that are unavoidable with wirelesarnanication [17].

The focus of this paper is on a decentralized bidirectiomaitrol architecture: the control action at an
individual vehicle depends upon its own velocity and theatieé position errors between itself and its
predecessor and its follower vehicles. The decentralizduelstional control architecture is advantageous
because it is simple, modular, and it does not require coatimter-vehicular communication. Measurements
needed for the control can be obtained by on-board sensong.aEach vehicle is modeled as a double
integrator. A double integrator model is common in the matoontrol literature since the velocity dependent
drag and other non-linear terms can usually be eliminatedebgback linearization [1, 10]. The control

objective is to maintain a constant inter-vehicular spgcin

In spite of the advantages over centralized control, thezeaanumber of challenges in the decentralized
control of a platoon, especially when the number of vehjclgs is large. First, the least stable closed-
loop eigenvalue approaches zero as the number of vehialesaises [18]. Among decentralized schemes,
one particularly important special case is the so-caflgghmetricbidirectional control, where all vehicles
use identical controllers that are furthermore symmetriith wespect to the predecessor and the follower

position errors. In this case, the least stable closed laggnealue approach@sasO(#) with a symmetric
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bidirectional control and this behavior is independenthaf thoice of controller gains [18]. This progressive
loss of closed-loop stability margin causes the closed |meformance of the platoon to become arbitrarily
sluggish as the number of vehicles increases. It is infegegd note that th@(%) decay of the least stable

eigenvalue occurs with the centralized LQR control as wall |

The second challenge with decentralized control is thatsiwesitivity of the closed loop to external
disturbances increases with increasiig With predecessor following control, disturbance actirigaa
individual vehicle causes large spacing errors betweearatbhicle [1, 3, 19]. The seminal work of Darbha
and Hedrick [19] onstring instability was partly inspired by this issue. It was shown in [7] thatss@rity
to disturbances with predecessor following control is petedent of the choice of the controller. Similar
controller-independent sensitivity to disturbances g atxhibited by the symmetric bidirectional architec-
ture [7, 12]. In Yadlapallet al.[20], it was shown that symmetric architectures have sityilaoor sensitivity
even when every vehicle uses information from more than ®ighbors, as long as the number of neighbors

is no more tharO(N?/3).

Third, there is a lack of design methods for decentralizexthigectures. ForV vehicles, in generalN
distinct controllers need to be designed, for which few mindesign methods exist. This has led to the
examination of only the symmetric control among bidirecéibarchitectures [7, 12, 20]. Some symmetry

aided simplifications are possible for analysis and degigthis case.

In summary, while issues such as stability and sensitiatgisturbances become critical as the platoon
size increases, a lack of analysis and control design teoldecentralized settings makes it difficult to

address these issues.

In this paper we present a novel analysis and design method fitecentralized bidirectional control
architecture that ameliorates the progressive loss okdldsop stability margin with increasing number of

vehicles. There are three contributions of this work that summarized below.

First, we derive a partial differential equation (PDE) hsentinuous approximation of the (spatially)
discrete platoon dynamics. Just as PDE can be discretizag adinite difference approximation, we carry
out a reverse procedure: spatial difference terms in theretis model are approximated by spatial derivatives.

The resulting PDE yields the original set of ordinary diffetial equations upon discretization.

Two, we use the PDE model to derive a controller independentlasion on stability with symmetric
bi-directional architecture. In particular, the behavidrthe least stable eigenvalue of the discrete platoon
dynamics is predicted by analyzing the eigenvalues of th&.Re show that the least stable closed-loop

eigenvalue approaches zero@%). This prediction is confirmed by numerical evaluation ofezigalues
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for both the PDE and the discrete platoon model. The real gfatie least stable eigenvalue of the closed

loop is taken as a measure of stability margin.

The third and the main contribution of the paper migtuning-based control desigimat leads to significant
improvement in the closed loop stability margin over the syatric case. The biggest advantage of using a
PDE-based analysis is that the PDE reveals, better thandbespace model does, the mechanism of loss
of stability margin and suggests a mistuning-based appre@m@ameliorate it. In particular, analysis of the
PDE shows that forward-backward asymmetry in the contradgyes beneficial. The asymmetry refers to
the assignment of controller gains such that a vehiclezaslinformation from the preceding and following
vehicles differently. Our main results, Corollary 2 and @tary 3, give control gains that achieve the best
improvement in closed-loop stability by exploiting thisyasmetry. In particular, we show that an arbitrarily
small perturbation (asymmetry) in the controller gainsrirtheir values in the symmetric bidirectional case
can result in the least stable eigenvalue approadhiogly asO(%) (as opposed t@(%) in the symmetric
bidirectional case). Numerical computations of eigerealof the state-space model of the platoon is used
to confirm these predictions. Mistuning based approaches been used for stability augmentation in many
applications; see [21-24] for some recent references. @perpis the first to consider such approaches in

the context of decentralized control design.

Although the PDE model is derived under the assumption gfela¥, in practice the predictions of the
PDE model match those of the state-space model accurately fev small values ofV. Similarly, the

benefits of mistuning are significant even for small valuesVofsee Section VI).

In addition to the stability margin improvements, the migtiy design reduces the closed loop’s sensitivity
to external disturbances as well. In bidirectional ardttitees, theH ., norm of the transfer function from
the external disturbances to the spacing errors is used asaaume of sensitivity to disturbances; cf., [7].
Numerical computation of thé/., norm of this transfer function shows that mistuning desitpo aeduces

sensitivity to disturbances significantly (see SectionDyl-

We briefly note that there is an extensive literature on mingdeiraffic dynamics using PDEs; see the
seminal paper of Lighthill and Whitham [25] for an early nefiace, the paper of Helbing [26] and references
therein for a survey of major approaches, and the papers afuéaet al. [27] and Li et al. [28] for
control-oriented modeling. In spite of apparent similagt our approach is quite different from the existing
approaches. PDE models of traffic dynamics typically statt wontinuity and momentum equations [26].
Moreover, one requires a model of human behavior to deterrmmappropriate form of the external force
in the momentum equation. This difficulty frequently leadsthe introduction of terms in the PDE that
are determined by fitting data; see [26, Section |lI-D] forharbugh discussion of such approximations

used in various continuum traffic models. In contrast, wer@ximate the closed loop dynamic equations
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(a) A platoon with fictitious lead and follow vehicles. (b) Same platoon iy coordinates.

Fig. 1. A platoon withN vehicles moving in one dimension.

by a continuous functions of space (and time) that is inspbe finite-difference discretization of PDEs.
Ad-hoc approximations of human behavior is not needed. blare the original dynamics can be recovered
by discretizing the derived PDE, which provides furtherdevice of consistency between the (spatially)
discrete and continuous models.

We also note that macroscopic models of traffic flow modelghmen used for designing control laws for
a complete automated highway system (AHS) with lane changierging, etc. (see [28, 29] and references
therein). The PDE model derived in the paper is not appleabla complete AHS, but only to a single

platoon.

The rest of the paper is organized as follows: Section llestalie platoon problem in formal terms by
describing a state-space model of the closed loop platooardics; Section Il then describes the derivation
of the PDE model from the state space model. In Section IV th& & analyzed to explain the loss of
stability margin with N when symmetric bidrection control is used. Section V désszihow to ameliorate
such loss of stability margin by mistuning. Section V-C mgpsimulation results that show the benefit of
mistuning in time-domain. In Section VI, we comment on vas@spects of the proposed mistuning-based

design.

[I. CLOSED LOOP DYNAMICS WITH BIDIRECTIONAL CONTROL

Consider a platoon aV identical vehicles moving in a straight line as shown scherally in Figure 1(a).
Let Z;(t) and V;(t) := Z;(t) denote the position and the velocity, respectively, of #ievehicle fori =

1,2,..., N. Each vehicle is modeled as a double integrator:
Z; = U, 1)

whereU; is the control (engine torque) applied on ti& vehicle. Formally, such a model arises after the
velocity dependent drag and other non-linear terms have blminated by using feedback linearization [1,
10].
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Scenario| LengthL | Leader| Follower

| (N + 1)A 20 =0 1~)N+1 =0

Il NA vo =0 -

TABLE |

THE TWO SCENARIOS

The control objective is to maintain a constant inter-valac distanceA and a constant velocity,; for
every vehicle. Every vehicle is assumed to know the desipeating A and the desired velocityy. The
control architecture is required to be decentralized, abékiery vehicle uses locally available measurements.
We assume that the error between the position (as well agitglof a vehicle and its desired value is

small, so that analysis of the platoon dynamics with linestti®le model and linear control law is justified.

In this paper, we assume a bi-directional control architecfor individual vehicles in the platoon (except
the first and the last vehicles). For the first and the lastolesiwe consider two types of control architectures
(termed as scenarios | and Il) as tabulated in Table I. Ina@en, we introduce (after [5, 6]) a fictitious
lead vehicle and a fictitious follow vehicle, indexedtaand N + 1 respectively. Their behavior is specified
by imposing a constant velocity trajectories As(t) = V¢t and Zy.1 = Vgt — (N 4+ 1)A. In scenario I,
only a fictitious lead vehicle with index= 0 with Zy(¢) = V,t is introduced. For the last vehicle in the
platoon in scenario Il, there is no follower vehicle and iesignformation only from its predecessor to

maintain a constant gap.

Consistent with the decentralized bidirectional lineanteol architecture, the contral; for the ;™ vehicle
is assumed to depend only on 1) its velocity ef¥pr V,;, and 2) the relative position errors between itself

and its immediate neighbors. That is,
Ui =kD(Zi0 = Zi— D) = (2 — Zigr — A) = b(Vi = V). )

whereki('), b; are positive constants. The first two terms are used to cosaperfor any deviation away from
nominal with the predecessor (front) and the follower (Daahicles respectively. The superscripts and

) correspond tdront andback respectively. The third term is used to obtain a zero stesale error in
velocity. In principle, relative velocity errors betweeaighboring vehicles can also be incorporated into the

control, but we do not examine this situation here. Siigand A are known to every vehicle, the relative
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errors used in the control law, including the velocity erman be obtained in practice by on-board devices

such as radars, GPS, and speed sensors.

The control law (2) represents state feedback with onlyll@e@arest neighbor) information. Analysis of
this controller structure is relevant even if there are @il dynamic elements in the controller. There
are several reasons for this. First, a dynamic controllenotihave a zero at the origin. It will result in a
pole-zero cancelation causing the steady-state errorsot® githout bound asV increases [12]. Second, a
dynamic controller cannot have an integrator either. Fitrdbes, the closed-loop platoon dynamics become
unstable for a sufficiently large values of [12]. As a result, any allowable dynamic compensator must
essentially act as a static gain at low frequencies. Thdtsesti[12] indicate that the principal challenge in
controlling large platoons arises due to the presence ofublddntegrator with its unbounded gain at low
frequencies. Hence, the limitation and its amelioratistdssed here with the local state feedback structure

of (6) is also relevant to the case where additional dynareiments appear in the control.

To facilitate analysis, we consider a coordinate change

Zi(t) — Vgt + L ;
O Tt l) g il ©

whereL denotes the platoon length, which equ@lé+1)A in scenario | andV A in scenario Il. Figure 1(b)

yi = 2m(

depicts the schematic of the platoon in the new coordindtes.scaling ensures thagg(t) = 27, y;(t) €
[0,27], andyn+1(t) = 0 (yn(t) = 0) in scenario | (Il). Here, we have implicitly assumed thatvid&ons

of the vehicle positions and velocities from their desiretues are small.

In the scaled coordinate, the dynamics of iflevehicle are described by

Ui = uj, 4)
wherew; := 27U; /L. The desired spacing and velocities are
A —
O T T VZ/QZd =5

and the desired position of th# vehicle is

yd(t) = 21 — id. (5)
The position and velocity errors for th& vehicle are given by:

7i(t) :yi(t)—yzd(t), Vi = v; — Vg = U;, andy; = ¥;.

We note thatty = ox11 = 0 for the fictitious lead and follow vehicles. In the scaled whoates, the

decentralized bidirectional control law (2) is equivalémthe following
wi o= kP i —yi = 8) — K (i — yie1 — 0) — bi (6)
= K @i —90) — B 55— Gi1) — bit. (7)
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It follows from (4) and (6) that the closed loop dynamics of i vehicle in thej-coordinate is
Ui + it = k,(f) (Gi—1 — i) — k‘i(b) (Ui — Jit1)- (8)
To describe the closed-loop dynamics of the whole platoan define
Vo=, 02,-- 0N, V=0, 05T

For scenario | with fictitious lead and follow vehicles, thentrol law (6) yields the following closed loop

{z] : A } )

where K\ = diag(k\" k. B, K = diag®? kD). kD), B = diag(by, by, ..., by), and

10 ..
-1

dynamics.
0 I
~EDMT - kM B

<

<4

1 —
01
M = o
1-1
. 01
For scenario Il with a fictitious lead vehicle and no followhige, the closed loop dynamics are

<

0 I y
A B N0 (b) | (10)
v ~K{'MT - KM, —-B| |¥
Ar
WhereKI(If) = Kl(f), KI(Ib) = diag(k:&b), kgb), . .,kg\?)_l,o), and
1-10 ..
01 -1

Mo: .. 0
1 -1
.00

Our goal is to understand the behavior of the closed looglgyaimargin with increasingV and to devise
ways to improve it by appropriately choosing the controfiains. While in principle this can be done by
analyzing the eigenvalues of the matuly,_  (scenario I) and ofd; (scenario Il), we take an alternate
route. For large values aV, we approximate the dynamics of the discrete platoon by aapalifferential

equation (PDE) which is used for analysis and control design

[1l. PDE MODEL OF PLATOON CLOSED LOOP DYNAMICS

In this section, we develop a continuous PDE approximatiothe (spatially) discrete platoon dynamics.
The PDE is derived with respect to a scaled spatial coorelinat [0, 27]. We recall that in Section Il, the
scaled location of theé™ vehicle (denoted ag;) too was defined with respect to such a coordinate system.
In effect, the two symbols: andy correspond to the same coordinate representation but ackhese to
distinguish the continuous and discrete formulations. iAthie discrete case, the platoon always occupies a

length of 27 irrespective ofN.
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A. PDE derivation
The starting point is a continuous approximation:
v(z,t) = vi(t), atx=uy,. (12)

Similarly, b(z), k) (), k) (z) are used to denote continuous approximations of discrates gak’ k"
respectively. We will construct a PDE approximation of dide dynamics in terms of these continuous

approximations. To do so, it is convenient to first differata (8) with respect to time,

Bi 4 bty = k) (521 — 5) — K (85 — Bi1). (12)
We recast this equation
1 _ 1 _
U + b = _k§+)vi + §(ki(+) + k‘z( ))Ui—l - §(k§+) - k’,( ))Uz'+1>

where
K= k) — k0, (13)

It follows that

. 1 - 1
V; + bz’l)z = §kz( )(1)2'_1 — Uz’—i—l) + iki—’_)(vi—l — 2%‘ + 1)2'_,_1)
1 (Vi1 — vig1 1 (yvic1r — 2v + v
S N
po ' 26 * 202" 62
where
1 N
=== 14
o= = o (14)

po has the physical interpretation of tleean densityfvehicles per unit length). Now, we make a finite-

difference approximation of derivatives
Viel —Vip1 _ | O
2% [ax”(m’tﬂ

Vi1 — 20; + Vi o
52 - [W”(””’t) !

T=Yi
where we recall that(z,¢) is a continuous approximation of the vehicle velocitieg#) = v(y;,t) etc).

Denoting k() (z) and k(~)(z) as continuous approximations &f ") and k™) respectively, the discrete

model is written as:
0? 0
[ﬁv(x,t)] + [b(m)av(m,t)]
Hence, we arrive at the partial differential equation (P[2E)a model of the discrete platoon dynamics:

0? 0 1 0 1 0?
(ﬁ T b(z)@ ol t) = <%k( L <x>@) v(, 1) (15)

0

= L ow @]+ [MOw@ L
ox 7, 22 ox2

T=Yi T=Yi Po T=Y;
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In the remainder of this paper, we assume #at)(z) > 0. Using (13), the continuous counterparts of the

front and the back gains are given by

1

. ( (16)
2 (

so that the gain valuels’ can be obtained a8’ = k() (y;) andk”) = k®)(y;). It can be readily verified
that one recovers the system of ordinary differential éqnaf(12) for: = 1,...,N) by discretizing the

PDE (15) using a finite difference scheme on the intef0ak=| with a discretizationy between discrete

points.

The boundary conditions for the PDE (15) depend upon the miggaof the first and the last vehicles
in the platoon. For scenario | with a constant velocity fictis lead and follow vehicles, the appropriate

boundary conditions are of the Dirichlet type on both ends:
9(0,t) = 9(2m,t) =0, Vt € [0,00). (17)

For scenario Il with the only a fictitious lead vehicle, thepagpriate boundary conditions are of Neumann-
Dirichlet type:

00 ~

8_x(0’t) =0(2m,t) =0. Vte|[0,00) (18)
We refer the reader to Appendix I-A for a discussion on wekgdness of the solutions to (15). It is shown

in Appendix I-A that a solution exists in a weak sense whén, k(—), 4 ¢ 120([0, 27]).

B. Eigenvalue comparison

For preliminary comparison of the PDE obtained above with $kate-space model of the closed loop
platoon dynamics, we consider the simplest case where thitigrocontrol gains are constant for every
vehicle, i.e.,k)(z) = k®(z) = ko andb(x) = bo. In such a casé&(~)(z) = 0, k) (z) = 2k and the
PDE (15) simplifies to

92 0 ko 0%\ _

which is a damped wave equation with a wave speeé’—j@f The wave equation is consistent with the physical
intuition that a symmetric bidirectional control architee causes a disturbance to propagate equally in both
directions.

Figure 2 compares the closed loop eigenvalues of a disctateop with N = 25 vehicles and the
PDE (19). The eigenvalues of the platoon are obtained by rioally evaluating the eigenvalues of the

matricesA;_r and Ay, (defined in (9) and (10)). The eigenvalues of the PDE are cosspoumerically
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Comparison of closed loop eigenvalues of the platgmamics and the eigenvalues of the corresponding PDE (&9) f

the two different scenarios: (a) platoon with fictitiousdeand follow vehicles, and correspondingly the PDE (19) vibinichlet
boundary conditions, (b) platoon with fictitious lead védjcand correspondingly the PDE (19) with Neumann-Dirithieundary
conditions. For ease of comparison, only a few of the eigergare shown. Both plots are fof = 25 vehicles; the controller
parameters are!’) = k(") = 1 andb; = 0.5 for i = 1,2,..., N, and for the PDE:)(z) = k) (z) = 1 andb(z) = 0.5.

after using a Galerkin method with Fourier basis [30]. Tharigshows that the two sets of eigenvalues
are in excellent match. In particular, the least stablereigkeies are well-captured by the PDE. Additional

comparison appears in the following sections, where weeptethe results for analysis and control design.

IV. ANALYSIS OF THE SYMMETRIC BIDIRECTIONAL CASE

This section is concerned with asymptotic formulas for gitglmargin (least stable eigenvalue) for the
symmetric bidirectional architecture with symmetric amahstant control gaing:() (z) = k®)(z) = k and

b(x) = by. The analysis is carried out with the aid of the associate& Riddel:

0? 0 0?
4 by— —ak—— | = 20
<8t2+ 05t “Oax2>” 0 (20)
wherez € [0, 27] and
k
2 0
ag = — (22)
0 P(%
is the wave speed. The closed-loop eigenvalues of the PDEelmeduire consideration of the eigenvalue
problem
d*n
p2) An(z), (22)
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boundary condition eigenvalue)\; | eigenfunctiony;(x) l

1n(0) =n(2m) =0
(Dirichlet - Dirichlet) - sin(4) 1=1,2,...

52(0) =n(2m) =0 .
(Neumann - Dirichlet) — e cos( =12 1=1,2,...

TABLE Il

THE EIGEN-SOLUTIONS FOR THELAPLACIAN OPERATOR WITH TWO DIFFERENT BOUNDARY CONDITIONS

andn is an eigenfunction that satisfies appropriate boundarglitons: (17) for scenario | and (18) for
scenario Il. The eigensolutions to the eigenvalue probl2®) {or the two scenarios are given in Table IlI.

The eigenfunctions in either scenario provide a basi&xfo, 27]).

After taking a Laplace transform, the eigenvalues of the Rbdglel (20) are obtained as roots of the
characteristic equation
5%+ bos — adA =0, (23)

where \ satisfies (22). Using Table I, these roots are easily ewatlaor instance, th&" eigenvalue of

the PDE with Dirichlet boundary conditions is given by

RV (24)
2 )

5]

wherel = 1,2,.... The real part of the eigenvalue depends upon the discrithibél, N) = (b2 — a3?),
where the wave speeg) depends both on control gaky and number of vehicled’ (see (21)). For a fixed
control gain, there are two cases to consider:

1) If D(I,N) < 0, the rootssi" are complex with the real part given by%,

2) If D(I,N) > 0, the rootss;~ are real withs;” + s, = —by.
In the former case, the damping is determined by the veldeitgback terrrbo%, while in the latter case
one eigenvalues{') gains damping at the expense of the othﬁr)(which looses damping. Wheqt are
real, the eigenvalug;" is closer to the origin thas;; so we calls;” the ['™" less-stableeigenvalue. The

following lemma gives the asymptotic formula for this eigalue in the limit of largeN.
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boundary condition| s for I << I, le

Dirichlet-Dirichlet | — ko L 4 O(L) | sk

.. 2k 2
Neumann-Dirichlet| —“5* 1 + O(57) | 329

TABLE 1l

THE TREND OF THE LESS STABLE EIGENVALUEs;" FOR THEPDE (20)

Lemma 1:Consider the eigenvalue problem for the linear PDE (20) viitundary conditions (17)
and (18), corresponding to scenarios | and Il respectivete I less-stable eigenvalugJr approaches

0 asO(1/N?) in the limit asN — oo. The asymptotic formulas appear in Table Il O

Proof of Lemma 1We first consider scenario | with Dirichlet boundary corais (17). Using (24) and (21),

272\ 1/2 21 72
+ aol . 2T ]{70 l 1
for a3i?/b3 << 1. The asymptotic formula holds for wave numbers
bo bo N
l _— = — = lC) 25
< ap 271‘\/]{30 ( )

and in particular for each as N — oc. The proof for the scenario Il with Neumann-Dirichlet boany
conditions (18) follows similarly. [
The stability margin of the platoon can be measured by thepaa of s;, the least stable eigenvalue

Corollary 1: Consider the eigenvalue problem for the linear PDE (20) vaittundary conditions (17)

and (18), corresponding to scenarios | and Il respectivBhe least stable eigenvalue, denoted 4y,

satisfies
m2ky 1 1 N N
st =- boo ~z TO(57) (Dirichlet-Dirichlet (26)
2
o TR 1 o L o
1T T gy N2 +0(577)  (Neumann-Dirichief 27)
as N — oo. )

The result shows that the least stable eigenvalue of thedllm®p platoon decays @(%) with symmetric

bidirectional control.
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Fig. 3. Comparison of the least stable eigenvalue of theedidsop platoon dynamics and that predicted by Corollary th wi
symmetric bidirectional control. In the plot legends, “D-8tands for “Dirichlet-Dirichlet”, “N-D” for “Neumann-Diichlet”, “L-F”
for fictitious leader-follower, and “L” for fictitious leadeThe plot for “PDE (20), D-D” should be compared with “platg L-F”
since they both correspond to scenario |. Similarly, “PDB)(2N-D” and “platoon, L’ correspond to scenario Il. Note thihe
predictions (26) and (27) are valid far<< [. (defined in (25)), which in this case means for>> 12.

We now present numerical computations that corroboratssRBE-based analysis. Figure 3 plots as
a function of N the least stable eigenvalue of the PDE and of the state-gpadel of the platoon, as
well as the prediction from the asymptotic formula. The eigdues for the discrete platoon are obtained
by numerically evaluating the eigenvalues of the matrides » and Ay (see (9) and (10)) with constant
control gainskz(f) = kgb) =ko=1andb;, = by =05 fori =1,...,N. The comparison shows that the

PDE analysis accurately predicts the eigenvalue of the-siaace model of the platoon dynamics.

Figure 4(a) graphically illustrates the destabilization depicting the movement of eigenvalue$ as
N increases. For sufficiently small values &, the discriminantD(1, N) is negative and the eigenvalue

sf are complex. The real part of the eigenvalue depends onlyhervalue ofby. At a critical value of

N =N, := “ﬁT“, the discriminant becomes zergf = s; and the eigenvalues collide on the real axis.
For values ofN > N. and in particular asV — oo, the eigenvalue; asymptotes t@ while staying real,
ands; asymptotes to-b. Their cumulative damping, as reflected in the sgjints;” = —by, is conserved.
In other words,s is destabilized at the expense gf.

Remark 1: The preceding analysis shows that the loss of stability eepeed with a symmetric bidirec-
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Fig. 4. A schematic explaining the loss of stability Asincreases and how mistuning ameliorates this loss.

tional architecture is controller independent. The letdile eigenvalue approacheasO(1/N?) irrespective

of the values of the gaing, and by, as long as they are fixed constants independenV ofCorollary 1
also implies that for the least stable eigenvalue to be umifp bounded away fronf, one has to increase
the control gaink, as N2. In Jovanovic and Bamieh [6], the same conclusion was ehébr the least
stable eigenvalue with LQR control of a platoon on a circl®R._control typically leads to a centralized
architecture, whereas symmetric bidirectional contralésentralized. It is interesting to note that the least

stable eigenvalue behaves similarly in these distinctigectures. 0

V. REDUCING LOSS OF STABILITY BY MISTUNING

In this section, we examine the problem of designing the robmain functionsk/) (), k) (z) so as
to ameliorate the loss of stability margin with increasiNgthat was seen in the previous sections when
kU (x) = k® = ky. Specifically, we consider the eigenvalue problem for th&€ RID5) where the control
gains are changed slightly (mistuned) from their valueshi@ symmetric bidirectional case in order to
minimize the least-stable eigenvalkie. With symmetric bidirectional control, one obtains@ﬁ%) estimate
for the least stable eigenvalue because the coefficie@j—zoterm in PDE (15) isO(#) and the coefficient
of a% term is0. Any asymmetry between the forward and the backward gaitidesid to non-zerd:(-)(z)
and a presence c(t)(%) term as coefficient of(%. By a judicious choice of asymmetry, there is thus a
potential to improve the stability margin frofi(+5) to O(+).

We begin by considering the forward and backward positi@dliack gain profiles:
£ (x) = ko + ek(f’p“”)(x),

kO (2) = ko + ek (),
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wheree > 0 is a small parameter signifying the amount of mistuning &) (z), kP4 (1) are
functions defined over the intervél, 27| that capturgperturbationfrom the nominal valuésy. Define
ko(z) = kFPurt) () 4 EOPurt) (1)

km(x) = k(f,purt) (1‘) _ k(b,purt) (x)’

so that from (16),

The mistuned version of the PDE (15) is then given by
@—i—b@—az&—ke k_m@_’_ﬁﬁ
oz " ot 002 po 0z 2p2 Da?

We study the problem of improving the stability margin byigidus choice of,,(z) andks(z). The results

(28)

of our investigation, carried out in the following sectipmsovide a systematic framework for designing

control gains in the platoon by introducing small changethtosymmetric design.

A. Mistuning-based design for scenario |

The control objective is to design mistuning profiles,(z) and ks(z) to minimize the least stable
eigenvalues;. To achieve this, we first obtain an explicit asymptotic fatanfor the eigenvalues when
a small amount of asymmetry is introduced in the control gdire., whene is small). For scenario |, the
result is presented in the following theorem. The proof a@ppén Appendix I-B.

Theorem 1:Consider the eigenvalue problem for the mistuned PDE (28) Wirichlet boundary condi-

tion (17) corresponding to scenario |. THR eigenvalue pair is given by the asymptotic formula

l 2 1
+ _ : 2
57 (e) = 62b0 /0 kp (x) sin(lz)dz + O(e )+O(—N2),
O = by eg /%k (&) sin(iz)dz + O() + ()
Sl € = 0 62b0N . m\ T ) SIN(Lx)ax € N2 s
that is valid for eacH in the limit ase — 0 and N — oo. O

It is apparent from the theorem above that to minimize thetletable eigenvalue;, one needs to
choose onlyk,, carefully; ks has onIyO(%) effect. Therefore we choosk(z) = 0, or, equivalently,
kUpurt) () = —g®Grurt) (1), which leads tok,, (z) = 2k (). The most beneficial control gains are
now can be readily obtained from Theorem 1, which is sumradrin the next corollary.

Corollary 2 (Mistuning profile for Scenario I)Consider the problem of minimizing the least-stable eigen-
value of the PDE (28) with Dirichlet boundary condition (I%) choosingk"*%) () € L ([0, 27]) with
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norm-constraint| kP4t (z)|| . = max,ejgoq [KVP ) (2)| = 1 and kCPurd)(z) = ke (z). In the
limit as ¢ — 0, the optimal mistuning profile is given bit/*u™) (z) = —2(H (v — ) — 3), where H ()

is the Heaviside functionH (z) = 1 for x > 0 and H(x) = 0 for = < 0. With this profile, the least stable
eigenvalue is given by the asymptotic formula

4e
s7 () = " boN

in the limit ase — 0 and N — oo. O

The result shows that even with anbitrarily small amountof mistuninge, one can improve the closed-
loop platoon stability margin by a large amount, especi@hlarge values ofV. The least-stable eigenvalue

s{ asymptotes td as O(%) in the mistuned case as opposecﬂ%) in the symmetric case.

Figure 5(a) shows the control gains for the individual védsic(that are obtained from sampling the
functionsk() (z) andk(® (z)), suggested by Corollary 2 for20 vehicle platoon, withky = 1 ande = 0.1.
A confirmation of the predictions of Corollary 2 is presented=igure 6. Numerically obtained mistuned
and nominal eigenvalues for both the PDE and the platoor-sfzdce model are shown in the figure, with

mistuned gains chosen as shown in Figure 5(a). The figure stiwat

1) the platoon eigenvalues match the PDE eigenvalues aebumver a range ofV, and
2) the mistuned eigenvalues show large improvement ovendimeinal case even though the controller
gains differ from their nominal values only bi10%. The improvement is particularly noticeable for

large values ofV, while being significant even for small values df.

For comparison, the figure also depicts the asymptotic gaea formula given in Corollary 2.
Figure 4(b) graphically illustrates the mechanism by whigistuning affects the movement of eigenval-

ues st

as N increases. By properly choosing the mistuning pattérnéx) and ks(z), damping can be
“exchanged” between the eigenvalugsands; so that the less stable eigenvakje“gains” stability at the
expense of the more stable eigenvalife The net amount of damping is preserved, sieget s; = —by

(as seen from Theorem 1).
B. Mistuning-based design for scenario Il

For scenario Il, asymptotic formula for the eigenvalue (@ewart of Theorem 1) is summarized in the

following theorem. The proof is entirely analogous to thegdrof Theorem 1, and is therefore omitted.
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Fig. 5.
the gains chosen according to Corollary 2 to be optimal fenado/ for small e: k§f> =ko (1 —0.1(2H (y¢ — 7) — 1)) ,kgb) =
ko (1+ 0.1(2H (y9 — 7) — 1)), whereH (-) is the Heaviside function ang’ defined in (5) is the desired position of tHe vehicle.
Figure (b) shows the optimal mistuned gains for scenario ithwhe same parameters, which turns out to be (see Cordlpary
kP = 1.1k andk” = 0.9k for i =1,..., N.

Mistuned front and back gairis(,f) and k:,Eb) of the vehicles in a platoon withy = 1 ande = 0.1. Figure (a) shows
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Fig. 6.
platoon (i.e., ofAr,_r in (9)) and of the PDE (28) with Dirichlet boundary conditsrwith and without mistuning, for a range

Stability margin improvement by mistuning in Sceéadr The figure shows the least stable eigenvalue of the dldsep

of values of N. Parameters for the nominal case &= 1 andby = 0.5, and the mistuning amplitude is= 0.1. The mistuned
control gains are shown in Figure 5(a). The legend “Corglit refers to the prediction by Corollary 2 for largg.
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Theorem 2:Consider the eigenvalue problem for the mistuned PDE (28) Weumann-Dirichlet bound-

ary condition (18) corresponding to scenario Il. THeeigenvalue pair is given by the asymptotic formula

2m
87(6) = _€4b(l)N /0 k() Sin(%)dm + 0(62) + O(%),
_ l 2 .z 9 1
s, () = —bo+ €4boN /0 k() sm(;)dm + O(e*) + O(W)’
that is valid for eacH in the limit ase — 0 and N — oc. =

As with scenario |, here again we use the above result to méterthe most beneficial profile,, (=) for

small e:

Corollary 3 (Mistuning profile for Scenario 1) Consider the problem of minimizing the least-stable eigen-
value of the PDE (28) with Neumann-Dirichlet boundary cdindis (18) by choosing/* ) (z) € L>([0, 27])
with norm-constrainimax, ¢ (o o) [k/P) (2)| = 1, and ket (z) = —kPert) (). In the limit ase — 0,
the optimalk(/:*urt) is given by k{/rurt) (1) = 1. With this profile, the least-stable eigenvalue is given by

the asymptotic formula

€
57 (€) = " boN

in the limit ase — 0 and N — oo. O

The result shows that, as in scenario |, it is possible to awprthe closed-loop stability margin in
scenario Il with an arbitrary small amount of mistuninguch that the least-stable eigenvaiijeasymptotes
to0 asO(%) in the mistuned case as opposedﬂ%) in the symmetric case. Numerically obtained least
stable eigenvalues for the PDE and the platoon state-spadelrfor scenario Il are shown in Fig. 7 for
a range of values ofN. It is clear from the figure that, as in scenario |, the mistue&genvalues show
an order of magnitude improvement over their values in tharsgtric bidirectional case with onhk10%

change in the control gains.

Remark 2 (Robustness to small changes from the optimal )gaftrs advantage of the mistuning design
is that mistuned closed loop eigenvalues are robust to dowl discrepancies in the control gains from
the optimal ones. This can be seen (for scenario 1) from thyenp®tic eigenvalue formula fos; in
Theorem 1, which shows that one would obtairO&+;) estimate for any choice of,,(z) as long as

f02” km(x) sin(z)dz # 0. A similar argument holds for scenario 1.

C. Simulations

We now present results of a few simulations that show the-tioreain improvements — manifested in

faster decay of initial errors — with the mistuning-basesligie of control gains. Simulations were carried out
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Fig. 7. Stability margin improvement by mistuning in scéadt. The figure shows the least stable eigenvalue of theeddeop
platoon (i.e., ofAz, in (9)) and of the PDE (28) with Neumann-Dirichlet b.c., wiahd without mistuning, for a range of values of
N. The parameters for the nominal case Rse= 1 and by = 0.5, and the mistuning amplitude is= 0.1. The mistuned control
gains that are used are shown in Figure 5(b). The legend fl@ord3” refers to the prediction by Corollary 3 of mistune®P

eigenvalues.

for a platoon of N = 20 vehicles with scenario |, i.e., with fictitious lead and @mll vehicles. The desired
gap wasA = 1 and desired velocity was; = 5. The initial velocity of every vehicle was chosen as the
desired velocity and the initial position of & vehicle was chosen &;(0) = iA—0.5 fori = {1,..., N}.

As a result, the initial relative position error and velgadtrror of every vehicle was zero except for the first

vehicle, whose relative position error with respect to tloéitious lead vehicle was.5.

Figure 8 depicts the time-histories of the absolute andivelgosition errors of the individual vehicles
with a symmetric bidirectional control, where the contrairgs were chosen akéf) = kgb) = landb; = 0.5
for i = {1,...,20}. The absolute position error of th# vehicle isZ; — Z¢ and the relative position error
is Z;_1 — Z; — A.

Figure 9 depicts the time-histories of the absolute andivelgosition errors for the platoon with mistuned
controller gains. The mistuning gains used for the simofatre the ones shown in Figure 5(a) (chosen
according to Corollary 2) so that maximum and minimum gaimerall vehicles are withint10% of the

nominal value. On comparing Figures 8 and 9, we see that thesén the initial conditions are reduced faster
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Fig. 8. Performance of symmetric bidirectional contromei histories of the absolute and relative position errorthefvehicles
in a platoon with symmetric bidirectional control (scewat). The control gains aré:gf) = kng) = 1 andb;, = 0.5 for every
i=1,...,20.

in the mistuned case compared to the nominal case. Thesevatises are consistent with the improvement

in the closed-loop stability margin with the mistuned desig

VI. DISCUSSION ON MISTUNING DESIGN

There are several remarks to be made regarding the mistingisgd design. We first comment on the
implementation issues, in particular, on the effect of $mkatoon size on the proposed design, and on the

information requirements for its implementation.

A. Large vs. smallv

The PDE model is developed for largé. However, detailed numerical comparisons presented afseee
Figures 3, 6 and 7) show that the PDE model provides quawmétatcorrect predictions about the discrete
platoon dynamics even for small values®f The PDE has an infinite number of eigenvalues as opposed to
a finite number for the discrete platoon. So, one can not éxgeexact match. However, PDE eigenvalues
exactly match the least stable and other dominant eigeesatfi the discrete platoon (see Figure 2 and
Figure 10). In a similar vein, the benefits of mistuning asoakalized for relatively small values of. For
example, when the number of vehicleis a mistuning of+10% results in an improvement a0% (from
—0.0491 to —0.1281 ) in scenario | and an improvement ¢60% (from —0.012 to —0.05) in scenario Il

over the symmetric case.
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Fig. 9. Performance of mistuned control: time historiesta absolute and relative position errors of the vehicles platoon
(scenario 1) with mistuned bidirectional control. The aohtgains used are those shown in Figure 5(a). The legends tefthe

vehicle indices.

B. Information requirements

In order to implement the mistuned controller gains degigakeove, every vehicle needs the following
information (in addition to what is needed to use a symmditidtirectional control): (1) the mistuning
amplitudee, and (2) in scenario |, whether it is in the front half of thatplon or not. This information can
be provided to the vehicles in advance. Note that in scenhramly the value ofe is needed.

It is possible that due to vehicles leaving and joining thaqadn, information on whether a vehicle belongs
to the front half of the platoon may become erroneous wittetigspecially for the vehicles that are close to
the middle. In scenario |, such error may lead to a non-optaaas used by the vehicles. However, since
the improvement in closed loop stability margin due to migtg is robust to small deviations in the gains
from the optimal ones (see Remark 2), errors in determinihgtiaer a vehicle belongs to the front half of
the platoon or not will not greatly affect the improvementsiability margin. Note that in scenario Il this

issue does not even arise.

C. Large asymmetry

Although the mistuning profiles described in Corollariesri2l 8 are optimal in the limit as — 0, one
would like to be able to use them with somewhat larger valdesto realize the benefit of mistuning. To
do so, one has to preclude the possibility of “eigenvalussimver”, i.e., of the second) or some other
marginally stable eigenvalue from becoming the least stalgjenvalue in the presence of mistuning. It turns

out that such a cross-over is ruled out as a consequence &tiina-Liouville (S-L) theory for the elliptic
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Fig. 10. The real parts of six eigenvalues (closedd)tof the closed loop platoon dynamics for Scenario |, andrtbemparison
with the PDE eigenvalues with Dirichlet-Dirichlet boungaronditions, with controller gains mistuned as those showhigure 5.
As predicted by Strum-Liouville theory, the least stablgesivalue stays the least stable, although eigenvaluesithahore stable

merge with it asV increases.

boundary value problems. The standard argument relieseopdahitivity of the eigenfunction corresponding
to s7; the reader is referred to [31] for the details. Figure 10fiear this numerically by depicting the six
eigenvalues closest 1 (for both the PDE and the discrete platoon) as a functiotwoivhen mistuning is

applied.

D. Sensitivity to disturbance

Automated platoons suffer from high sensitivity to exteérdisturbances; which is referred to as “string
instability” or “slinky-type effects” [1, 14, 19]. Here wergvide numerical evidence that mistuning also
helps in reducing the sensitivity to disturbances.

When external disrubances are present, we model the dysashieehiclei by Z; = U; + W;, where
W; is the external disturbance acting on the vehicle. In gheoordinates, the vehicle dynamics become

Ui = u; + w;, wherew; := 27W; /L. In scenario |, the state space model of the entire platocorbes,

. 0
d=Arrvt| |w
(29)

e=Cqv¢

wherey = [§7, 9717, A, _p, w = [w1,wy, ..., wy]7, ande := [e{”, ..., |7 is a vector of front spacing

)

errorse;” " = Yi—1 — Yi-
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Fig. 11. H. norm of the transfer functior-,,. from disturbancew to spacing errofe in (29), with and without mistuning,
for scenario I. The mistuned gains used are shown in Figuag Borms are computed using the Control Systems Toolbox in
MATLAB ©.

The H,, norm of the transfer functiod,,. from the disturbancev to the inter-vehicle spacing erroes
is a measure of the closed loop’s sensitivity to externaudimances [7, 12]. Figure 11 shows a plot of the
H., norm of Gy, as a function ofV, with and without mistuning. The mistuning profile used is #ame as
the one used for the eigenvalue trends reported in Figurei$ clear from the figure that10% mistuning
results in large reduction of th&., norm of G,... Although this reduction is more pronounced for large
N, it is still significant for smallN. In particular, forV = 20, a 10% mistuning yields approximatel§0%
reduction in theH, norm (from 6.69 to 3.38). Detailed analysis of the effect aétoming on sensitivity

to disturbances will be a subject of future work.

VIlI. CONCLUSION

We developed a PDE model that describes the closed loop dgsavh an N-vehicle platoon with
a decentralized bidirectional control architecture. Asa of the PDE model revealed several important
features of the problem. First, we showed that when evenjcielises the same controller with constant
gain that is independent d¥ (the so-called symmetric bidirectional architectureg kast stable eigenvalue
of the closed loop decays tbas O(#). Second, and more significantly, analysis of the PDE sugdest
way to ameliorate this progressive loss of stability marginintroducing small amounts of “mistuning”, i.e.,
by changing the controller gains from their nominal symiicetalues. We proved that with arbitrary small

amounts of mistuning, the decay of the least stable closguldigenvalue can be improved(ﬂ:(%). Several
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comparisons with the numerically computed eigenvaluesatésspace model of the platoon corroborate the

predictions of the PDE-based analysis.

Although the PDE model is derived under the assumption thatnumber of vehiclesy, is large, in
practice the PDE provides quantitatively correct preditdi for the discrete platoon dynamics even for
relatively small values ofV. The amount of information that is needed to implement thstumied control
gains (over that in the symmetric bidirectional architegjus quite small and need to be provided only
once. Furthermore, the stability improvement due to misiiis robust to small errors (between the actual
gains used and the optimal mistuned gains) that may occurdatipe due to changes in the number of

vehicles in the platoon over time.

The advantage of the PDE formulation is reflected in the eatie which the closed loop eigenvalues
are obtained for two different boundary conditions, witlhdeand follow vehicles as well as with only a
lead vehicle. Certain important aspects of the problemh siscthe beneficial nature of forward-backward
asymmetry in control gains, is revealed by the PDE while gueydifficult to see with the (spatially) discrete,
state-space model.

Numerical calculations show that the mistuning design abshuces sensitivity to disturbances of the
closed-loop platoon. Analysis of the beneficial effect oktmning in reducing sensitivity to external dis-
turbances is a subject of future research. In the future, la@ plan to examine PDE-based models for

modeling and analysis of fleet of vehicles aior 3 spatial dimensions.
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APPENDIX

TECHNICAL RESULTS
A. Solution properties of PDIEL5).

In this section, we use the semigroup theory to obtain resuit well-posedness of the PDE (15). To

apply these methods, we first re-write the PDE as a first ordaglutton equation:

B _ 9o ~
o = o =al’ (30)
0 = = [k (@)t gy (pho(@) +bi G

where A is a linear operatorky(z) := k*(z) and ki (z) := k™ (x) — 2—})0%(95). We will assume these

coefficientsko(x), k1 (x) € L*°([0,27]) andko(z) > 0. p has the units of and the physical interpretation of
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density perturbation.

Using (30), we denote the initial/boundary value problem as
Z(z,t) = Az(z,t) for xe X, t>0
z2(x,0) = z(x), (31)

wherez(z,t) := [p(x,t),0(z,t)], z0(x) = [po(x), 0o(x)] and A is defined in (30)p, andv, will be assumed

to functions in appropriately defined Banach spaces. Tha gaal of this section will be to show that the
solution for the linear problem (30) can be expressed in sevima C® semigroup provided eigenvalues of
the operatorA satisfy appropriate bounds. We begin with a discussion efnibtation.

Preliminaries and NotationWe denote: := 5, 3], L?(X) denotes the Hilbert space of square integrable

functions onX (||7]|2. := [ 3%dx), H* denotes the Sobolev space of functions such that derigatipe

to k'"-order exist in a weak sense and belongltq X) (the Sobolev norm is denoted by ||z+), and

H{ denotes the Sobolev spaég! of functions that satisfy the Dirichlet boundary conditiove denote

Z := L? x L?, and equip it with a nornj| - ||. Let D(A) := H! x (H} N L?) and consider the right hand

side of evolution equation (30) as an unbounded but closedddy defined linear operator
A:DA)CZ—Z. (32)

A real numbers belongs tp(A), the resolvent set fad, provided the operatoil — A : D(A) — Z is 1-1 and
onto. Fors € p(A), the resolvent operatdk, := (sI — A)~!. Finally, we recall that a one-parameter family
of linear operatorgS(t)};>o is aC-semigroup if 1)S(0)z = z for all z € Z, 2) S(t+s)z = S(t)S(s)z for
allt,s >0andz € Z, and 3) the mapping — S(t)z is continuous from0, co) into Z. A C° semigroup
is a contraction semigroup ifS(¢)z|| < ||z|| for all ¢ > 0. The Hille-Yosida theorem states that a closed

densely defined linear operatdris the generator of a contraction semigroup if and only if
1
(0,00) C p(A) and ||Rsz| < g||,z\| Vz e Z. (33)

Our strategy will be to apply Hille-Yosida theorem to dedwsodution properties of the evolution equa-
tion (31). Following closely the development in [31], thene three steps to accomplish this: 1) we show
that A is a densely defined closed linear operator£n2) characterize the resolvent set by considering
the eigenvalue problem, and 3) show the bound (33) for thelvest. Step 2 will lead to an eigenvalue
problem, whose analysis and optimization is the subjechigfpaper. We present details for the three steps

next:

1) The domain of4, D(A), is dense inZ becaused! is dense inL2. To showA is closed, consider a
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sequence pp,, U} C D(A) such that
(p,0) (34)
(f,9), (35)

where the arrow notation denotes the fact that the conveegenin Z = L? x L?. Sinced,, CNE
S0 —podl = f € L% i.e., v € H'. Now, {,,,} is Cauchy inL? by (34) and{%=} is Cauchy inL?
by (35) and

(ﬁmy 2~}m)

A(Pm, Um)

UASTAN

- - Oy, Oy
— < - -
”’Um leH — C <‘ ax ax

2+ 1 = 1) (36)
so {#,,} is Cauchy inH' and o, B 5. By repeating essentially the same argument, one also finds
thatp € H' andp,, H p. ConsequentlyA(p,, Om) EA A(p,0) and A(p,v) = (f,9).

2) Lets >0, (f,g9) € Z = L? x L?, and consider the operator equation

(s1—ay| " | = f} 37)
v g
This is equivalent to two scalar equations
PEmos = f (pel’nHY) (38)
50+ izkl(x)ﬁ - %Q(ko(x)ﬁ) + b@] = g (Pel*nHp. (39)
I 2p; Ox

Using the first equation to writep = —po% + f, this implies

$%0 + bsto + Lo = h, (40)
where
3 1 9 o 1 0v
Lo i= g g (“hol@)g0) = (k@) 50) 1)

is an elliptic operator (becausg(z) > 0 for all z € X) andh = sg — ng%(ko(x)f) — k(@) f
(note thath € H~!(X)). Consequently, solutions of ((37)) can be studied in teohsolutions
of ((41)). The spectrum ofd is completely characterized by the spectrum lof We will obtain
spectral bounds, dependent upkf(z) and k;(x), in the following sections. In particular, we will
establish that Rel] < « for somea < 0 and thusp(A4) D (a,00). For ki(z) = 0, its turns out
that [0, 00) C p(A) for any choice of positivés,(x) (this is also clear from the symmetric eigenvalue
problem (41)).

3) If a positives € p(A), there exists a unique solutidp, v) € Z for (38)-(39) via the theory of elliptic
operators: solve (40) to obtaine H} andsp = —po%Jrf. We write the solution a&, v) = Rs(f, g),
define a bilinear form ,

Blp o) = 53 | Fo@)a@)s()s (42)
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for 5, s € L? and consider an equivalent norm (ai) for solutions(p, %) as:
1(8,2)|| := Blp, p] + [|9]| > (43)
To obtain the resolvent bound, we multiply (39) byand use integration by parts:
s(le + Blp. 1)+ Wil + o [ ka(o)gods = [ gide -+ Bip. £ (44)
In general, the bound depends upariz). For ki (x) = 0, we have
sll(7,0)I* < (s + 0)[[ollz= + Blp, 7) = /g@dw + Bp, f1 < I(f: 9l - [[(5, 0], (45)

where the first inequality holds because> 0 andb > 0 and the last inequality follows from the
generalized Cauchy-Schwarz inequality. As a resiit, (f,g)|| < 1||(f,9)|| and ||R|| < 1.

For the general case wheke(z) is not identically zero, one expresses the operator

A=A+ A, (46)
where
awl? 0 oz || P gl L R e
B —sb 2 (ko(w)) b 5| B ~Lki() 0] |7

In words, Ay is the operator withk; (z) = 0 and A is the operator due té; (). We note thatd is a
bounded perturbation of, (on Z). We have already showed the existence 6f®asemigroup for4,.
For the general operatot, the existence follows from using a perturbation theorege (Bheorem 1.1

in Ch. 3 of [32]).

B. Proof of Theorem 1

Proof of Theorem 1The spatial inhomogeneity introduced by thelependent coefficients,, () andk,(x)
destroy the spatial invariance of the nominal PDE (20). lenlce Fourier basis — eigenfunctions of the
Laplacian — no longer lead to a diagonalization of the mistURDE. The methods of section IV thus need
to be suitably modified. In order to compute the eigenvaloedtfe mistuned PDE (28), we take a Laplace
transform of (28) and get

po Oz  2p% 0x? |’

28277
~U0g2

+ 5% + bosn = € (48)

wheren(z) is the Laplace transform (with respect#pof o(x,t). We are interested in eigenvalues of (48)

with Dirichlet boundary conditions, i.e., the valuessofor which a solution to the homogeneous PDE (48)
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exists with boundary conditiong(0) = n(2x) = 0. To obtain these eigenvalues, we use a perturbation

method expressing the eigenfunction and eigenvalue iniasstrm:
n(x) = no(x) +em(z) + O(), (49)
s = ro+er;+O(2). (50)

We note thater; denotes the perturbation to the nominal eigenvalyeas a result of the mistuning.
Substituting (50) in (48) and doing an(1) balance, we get

o) —a§(no)as + rgmo + bromo = 0, (51)
whose eigen-solution is given by
. x
n = d Sln(;% (52)
ro = s:(0), (53)

wherel = 1,2,..., d; is an arbitrary real constant, amﬁ‘(o) is given by (24). Next,

02 kp 00 ks 02
O . —_ 2_ 2 b = —m— s e — 2 b
(e) ( 453 + (rg + o?“o)) m + 2o O + 292 92 no — (2ror1 + bori)no

= R (54)

Substitutingrg = s;°(0) on the left hand side leads to a resonance condition for i Hiand side term,

denoted byR. In particular for a solution); to exist, R must lie in the range space of the linear operator
2

0
<—agw +(rg + bro)> : (55)
For this self-adjoint operator, the range space is the cem@ht of its null spacésin(%’)}. This gives the
resonance condition as

(Rsin(2)) =0,

where< -, - > denotes the standard inner productZif(0, 27). Explicitly, this leads to an equation

27 2 2
@ro+bo)ri = —— [ k(o) sin(lz)de — —— / () sin? (5 da (56)
47 pg 0 87Tp0 0 2

For values ofry = sli(O), wheresli(o) is given by (24), the equation above leads to an expression fo
perturbation in the two eigenvalues. We denote these fations aszrf. Forrg = s;f(o), we have from
from Lemma 1 thaby >> |2r¢| when! << I., which happens for everyas N — oo (see eq. (25)), so

that

ri =~ l /0% km () sin(lx)dz + O(%) (57)
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Note that we have dropped the second integral on the right kate of (56) becaus% = O(1/N?) for
large N. Forrg = s, (0), 2rg = —2bg for I << I. and

B l 2T . 1
" T i pobo /o (@) sin(lz)do + O(W)' 9

Note that
rf+r; = 0.

Putting the formulas for the perturbation to the eigenval(¥) and (58) in (50), we get
l 2w

577 (€) = 5;7(0) + ¢ k() sin(lz)dz + O(e®) + O(%),

4mbopo Jo

l 2m ) 5
/0 k() sin(lx)dx + O(e”) + O(

1
— 6 _—
47bopo

N2)'

5, (€) = —bg

Sinces; (0) = O(z) for | < I, (Lemma 1) andpy = 4%, the result follows. m
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