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Abstract

We consider the problem of computing the root-mean-square (RMS) gain of switched linear systems. We develop a new
approach which is based on an attempt to characterize the \w orst-case" switching law (WCSL), that is, the switching law
that yields the maximal possible gain. Our main result provides a su cien t condition guaranteeing that the WCSL can be
characterized explicitly using the di eren tial Riccati equations (DRES) corresponding to the linear subsystems.This condition
automatically holds for rst-order SISO systems, so we obtain a complete solution to the RMS gain problem in this case.
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1 Intro duction

Considerthe switched linear system

X=A pnhx+ B yu; y=C X; 1)
wherex 2 R", u 2 R™, y 2 RX, and the switching
signal : Ry ! f1;2;:::;1g is a piecewiseconstart
function specifying, at ead time instant t, the index
of the currently active system. Roughly speaking, (1)
models a system that can switch betweenthe | linear
sub-systems:

x = Aix + Bju; y=Gx; (2)

no direct input-to-output term. To avoid some techni-
cal di culties, we assumethroughout that ead linear
subsystemis a minimal realization.
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Let S denotethe set of all piecewiseconstart switching
laws. Many important problemsin the analysisand de-
sign of switched systemscan be phrasedas follows.

Problem 1 GivenS® S anda property P of dynamic
systems,determine whetherthe switched system (1) sat-
is es property P for every 2 SO

For example,whenu 0, P is the property of asymp-
totic stability of the origin, and S°= S, Problem 1 spe-
cializesinto the following problem.

Problem 2 [1,2] Is the switchel system (1) asymptoti-
cally stableunder arbitrary switching laws?

Solving Problem 1is di cult for two reasons.First, the
set S%is usually huge, so exhaustively cheding the sys-
tem's behavior for eath 2 SCis impossible.Second,it
is ertirely possiblethat ead of the subsystemssatis es
property P, yet the switched system admits a solution
that doesnot satisfy property P. Thus, merely chedking
the behaviors of the subsystemsis not enough.

A generalapproach for addressingProblem 1 is based
on studying the \w orst-case"scenario.We say that ~ 2
SCis the worst-case switching law (WCSL) in SO, with
respect to property P, if the following condition holds:
if the switched systemsatis es property P for ~, then it
satis es property P forany 2 S° Thus, the analysisof
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property P under arbitrary switching signalsfrom SCis
reducedto analyzingthe behavior of the switchedsystem
for the speci ¢ switching signal ~.

The WCSL for Problem 2 (that is, the \most destabi-
lizing" switching law) can be characterized using vari-

ational principles (seethe survey paper [3]). This idea
originated in the pioneeringwork of E. S. Pyatnitskii on
the celebrated absolutestability problem [4,5] (seealso
[6{9]). The basicidea is to embed the switched system
in a more generalbilinear cortrol system.! Then, the
\most destabilizing" switching law canbe characterized
as the solution to a suitable optimal cortrol problem.
For second-ordersystems,this problem canbe explicitly

solved using the generalized rst integrals of the subsys-
tems [11,12].

In this paper, we usea similar approad for studying the
root-mean-square(RMS) gain problem. Our main result
shows that if a certain condition holds, then the WCSL
can be obtained by switching betweenthe | di eren tial
Riccati equations (DREs) corresponding to the | linear
subsystems.This condition automatically holdsfor rst-

order SISO systems,sowe obtain a complete solution to
the RMS gain problem for this case.

We usestandard notation. Vectorsare denoted by bold-
faceletters, and the transposeof a vector v is denoted
by v Matrices are denotedby capital letters. If P; Q are
two symmetric matrices,then P > Q meansthat P  Q
is positive-de nite.

2 Preliminaries

In this section, we describe someknown results on the
RMS gain of (non-switched) linear systemsand the as-
sociated Riccati equations.

Considerthe linear system

X = AX + Bu; y = Cx; 3)

with (A; B) cortrollable and (A; C) obsenable.For T 2
(0;+1 1], let Lov denote the set of functions f () such

Lo Ry
that jjf jjor ==, f(OF (H)dt < 1. The RMS

gain over [0; T] of (3) is de ned by g(T) := inff 0:
iiyiizT jjujj2;t; 8u 2 Lot g; wherey is the output
of (3) corresponding to u with x(0) = 0.

It is well-known that g(1) = jjC(sl A) !Bjj1 ;
where jjQ(s)jj1 = SUPke(s) 0liQ(S)jj is the Hy norm
of the transfer matrix Q(s) [13].

! For a recert and comprehensiwe presertation of bilinear
systems, see[10].

The RMS gain can also be computed by solving a suit-
able Riccati equation [14]. This equation arisesbecause
the Hamilton-Jacobi-Bellman equation, characterizing a
suitable dissipation function [15], admits a solution with
a quadratic form for linear systems.Fix T 2 (0;1 ), a
symmetric matrix Pr 2 R" ", and considerthe DRE:

R(t)= S (P(t); P(T)=Pr; 4)
where S (P) = PA+ AP + C’C + ?PBB%P.
Let I (Pt) [O; T] denotethe maximal time interval for

which the solution P (t) exists.

Theorem 1 [16] g(T) = inff 0:1(0) = [0; T]o.
The next result, which is a special case of [17,
Thm. 4.1.8], provides a su cien t condition for P (t) to
be monotonic.

Theorem 2 If R(T)
I (Pr).

0 then R(t) 0, for all t 2

The algebaic Riccati equation (ARE) assaiated with
the DRE (4) is:
S(P)=0: %)

Theorem 3 [16] Consider the linear system (3),
wher A is Hurwitz. Fix > OanddenoteR := 2BB°C
If > g(1) thenthe ARE (5) admits symmetric and
positive de nite solutions P ;P* 2 R" ", referred to
as the stabilizing and antistabilizing solutions, respec-
tively, suchthat A+ RP and (A+ RP*) areHurwitz.
Moreover, P* > P

It is possibleto expressthe solution to the DRE (4)
usingP andP*.

Theorem 4 [16] Supmsethat the conditions of The-
orem 3 hold, and that Pr  P* is nonsingular. De-
ne Q:= A+ RP*,and

()=t M (pr P*) 14" P )R

P* P)YH ot T

(1) The solution to (4) is P(t) = P* + (( t)) 1, for
all't 2 1, wher | (1 ;T]is an interval on

which is nonsingular.

(2) f Pt P* <0, thenP(t) existsfor allt T and
|imt#1 P(t) =P .

(3) If Pt P* 6 0, thesolution P(t) hasa nite esape
time, 2 that is, thereexist 2 (1 ;T)andz 2 R"
suchthat limyz z%P(t)z = +1 .

Theorem 4 implies in particular that g(T) g(1 ) for

all T. Indeed, seekinga contradiction, supposethat there

2 See[17,18] for somerelated considerations.



exists a time T such that g(T) > g(1). Fix sud
that g(1) < < o(T). Theorem 3 implies that for
this the ARE admits solutionsP ;P* > 0. Part (2)
of Theorem 4 implies that the solution P (t) to the DRE,
with Pt = 0, exists for all t T. Theorem 1 now
yields g(T) , Which is a contradiction.

3 RMS gain of switc hed systems

The RMS gain of (1), over some set of switching sig-
nalsS® S, isde ned by

gso(T) = inf fiiyjjzT
where y is the solution to (1) corresponding to u;
with x(0) = 0. This can be interpreted as the \w orst-
case"energyampli cation gain for the switched system,
over all possibleinput and switching signalsin S° Com-
puting gso(T) is an important open problem in the de-
sign and analysisof switched systems[19]. In particular,
calculating induced gainsis the rst steptoward the ap-

plication of robust cortrol techniquesto switched sys-
tems [20{22].

By de nition, gs(T) maxy i fgi(T)g, wheregi(T)
is the RMS gain of the ith linear subsystem.Consider
the switched system (1) with u 0. It is well-known
that global asymptotic stability of the individual lin-
ear subsystemsis necessarybut not su cien t for global
asymptotic stabilit y of the switchedsystemfor every 2
S [1]. We assumefrom here on that the switched sys-
tem with u 0 is glokally uniformly asymptotically
stable (GUAS), that is, there exist 1; 2 > 0 sud
that jjx (t)jj 1jix (0)jje  2t, for all t 0, 2 S,
and x(0) 2 R". In particular, this implies of course
that A;, i = 1;:::;1, are all Hurwitz. The next exam-
ple, adapted from [23] showsthat evenin this case,the
RMS gain of the switched system can be very di erent
from that of the subsystems.

Example 1 Consider the system (1) with | = 2, n =
k= m = 1andag;a; < 0. Each subsystemis asymp-
totically stableand since n = 1 the switched systemis
GUAS.

Fix T > 0, x(0) = 0, the switching signal (t) =
fort 2 [0;T=2), (t) = 2fort 2 [T=2;T], andthe control
u(t) = 1fort 2 [0;T=2), u(t) = Ofort 2 [T=2,T]. A
calculation yields

1)=ay;
T=2))z=a;

t 2 [0; T=2);
t2[T=2,T];

_  Cibi(exp(ast)
y(t) = coby exp(az(t

where z ;= exp(a;T=2) 1. Note that y(t) doesnot de-
pendon by. Thus, for this particular switching signaland

jjUjjz;T;SU 2 Lz;T; 8 2 Sog;

control
Zq

= (2=T)  y3(t)dt
0

=GB+ Ta + exp(Tay)
+ gbf(exp(aiT=2) 1)*(exp(azT)

Now suppsethat ¢;by = a3, ¢; > 0, and b, = a,=c. In
thiscase,g1(1 ) = g(1 ) = 1,500:(T); %(T) 1. Yet,

we can make ﬂ ﬁﬂ” arbitrarily large by taking a large

enoughc,. Thus, gs(T) can be made arbitrarily large,
eventhoughboth subsystemdiaveRMS gain 1. 2

iivii3r
jjuii3r

4exp(a; T=2))=(Ta3)
1))=(T aza):

Seweral authors consideredthe RMS gain of switched
systemsover setsof switching signalswith a su cien tly
large dwell time between consecutive discortin uities.
Upper bounds for the RMS gain were derived in [24{
26]. Hespanha[23] provided a complete solution to the
problem of computing gs, (1 ), where S; is the set of
switching signalswith no more than a single switch.

Theorem 5 [23] Fix > max; ; fg(l)g. If there
existi; j 2 f1;:::;lgsuchthat P," 6 P, thengs, (1)
Jf P> P; for all i; j thengs, (1 )

Thus it is possibleto determine whether gs, (1 )

or gs,(1) by analyzing the relationship between
the stabilizing and antistabilizing solutionsto the AREs
assaiated with the subsystems.

In this paper, we usea variational approac to address
the problem of computing the RMS gain.

4 Variational approac h

P
or z = (z1;:::,2)° let A(z) = ::1 zZAi, B(z2) =
i=1 ziBj, and C(z) := ::1 z;C;. Our starting point
is to replace(1) with the more generalcontrol system:

x = A(V)x + B(v)u; y = C(v)X; v2V; (6)

whereV is the set of meaaurablefuncuons oﬁ,tme tak-
|ng valuesin the setW = z 2 R': 0, oq Zk =

1 . For v(t)

tor in R', (6) becomes(2). Thus, every solution of the
switched system (1) is alsoa solution of (6).

e, wheree' 2 R! is the ith unit vec-

The RMS gain of (6) over [0;T] is de ned by gy(T) :=
inff 0 : jiyiizT jjujizT; 8u 2 La1; 8v 2 Vg;
where y is the solution to (6) corresponding to u;v,
with x(0) = 0.

PA(z) + AYz)P +

For z 2 W, let S (P;z) :=



2PB(z)BYz)P + C%Yz)C(z). We can now state our
main result.

Theorem 6 Fix arbitrary T 2 [0;1) and >
maxy |fgi|g)g. Consider the problem of maximizing
J(u;v) = oA )y()  2u%)u( ))d along the
trajectories of (6), with x(0) = 0, u 2 Lot andv 2 V.
Let Py () denotethe solution of the equation

R()= S (P(1);v(1);

andletly [0; T] denotethe maximal time interval for
which the solution Py (t) exists.® If there existsv 2 V
suchthat

P(M=0 ()

S (Pv (t);v (1)

then the following properties hold.

S (Py (1);z);8t21y ;822 W;
8

@) If Iy = [0;T], then the problem of maximiz-
ing J(u;v) is wel-de ned; (u (t) 0,v)is a
maximizing pair; and gs(T)  gn(T) .

(2) If thesolution Py (t) doesnot existfor allt 2 [0; T],
thenJ is unbounded, go(T) 2 [ ;+1 ],andgs(T) 2
[;+1]

Remark 1 A cglculanon yields @ZZSF;PV ;Z) = 2H,

where H = _C°C+ 2PV(,lBBO)PV.
SinceH  Othis |mpI|esthat

max S (Py ;e');

Enzevxs (Py ;2) = .

so if condition (8) holds then there eX|sts a piecewise-
constantv (t) taking valuesin fel;:::; :e'g only. Specif-
ically, v (t) = e' if

S (Pv (t);e") S (Py (t);€); 9)

forallj 2 f1;:::;1g.

In order to prove Theorem 6, we require the following
result.

Prop osition 1 If the conditions of Theorem 6 holdthen
thereexistsav satisfyingv (t) 2 fel;:::;e'gforallt 2
lv . The correspnding solution Py (t) is monotonically
non-increasingon ly .

Proof. The rst statemert follows from Remark 1. To
prove the secondstatemert, let ; 2 |y denote the
switching times of v with < 3< 5,< 1<T.
Since Py (T) = 0, Ry (T) = S O;v (T)) =

CYv (T))C(v (T)), and Theorem2impliesthat Py (t)

% By solution, we mean an absolutely continuous func-
tion P(t) that satis es (7) for almost all t 2 |v.

0,fort2 (1;T].By 8),Rv (;) PRy (;) 0,and
we concludethat Ry 0,t 2 ( 2; 1). Proceedingin
this way yields Ry (t) O, foralmostallt2 1y . 2

Let x denotethe solution of (6) correspondingto v =
v and an arbitrary u 2 L. Proposition 1 implies
that x is alsoa solution of the switched system(1), and
that Py (t) is obtained by switching appropriately be-
tweenthe DREs R-= S;(P), i = 1;:::;I, correspond-
ing to the | linear subsystems(see[27,28]for somere-
lated considerations).

We can now prove Theorem 6. Fix an arbitrary s2 Iy
(so Py (t) existsfor all t 2 [s;T]). Fix alsou 2 Lo,
v 2 V, Xo 2 R", and let x denote the corresponding
trajectory of (6), with x(s) = xo. Fort 2 [s;T], de-
note V(x;t) := x%Py (t)x, and
z t

yO)y() 2l )u( )d:
S

(10)

Note that x and y are evaluated along the trajectory
corresponding to (u;v). However, Py (t) is the matrix
de ned by (7) with v = v . Then

m(t) := V(x(t);t) +

m= xRy x + 2Py (A(V)x + B(V)u)+yy  2uQ
= 2u 2BYv)Py x)qu 2BYv)Py x)
+xqRy +S (Py ;V))x
x( S (Pv ;v )+ S (Py ;V))x: (11)

Using (8) yields m(t) 0, som(T)
admissible pair (u;v), and m(T) =
andu=u = 2BYv )Py x .

m(s) for any
m(s) for v = v

Combining (10) with the fact that Py (T) = Oyields

Zy
V(zi)= (yX)y() Zu%)u( )d +m(t) m(T);
(12)
wherey : [t; T] ! RK is the solution to (6) for the

initial condition x(t) = z. Sincethe linear subsystems
are cortrollable, there exists a control taking x(0) = 0
tox(t) = z,forany z 2 R", so(12) holdsforany z 2 R".
The analysisof m(t) above and (12) yield
V(z;t); supfu 2 Lot; v2V; x(t)=12z:
T

()  Aufu()ndg (13

forallt 2 [s;T]andall z 2 R". In other words, V is the
nite-horizon \cost-to-go" function [29].

If v = [0;T], thentaking s = Oandt = T in (10),
and using the fact that x(0) = 0 and Py (T) = Oyields



J(u;v) J(u ;v )=0foranyu 2 Uandv 2 V. By
the de nition of J, this implies that gy(T) . Since
every tra jectory of (1) isalsoatrajectory of (6), gs(T)
ob(T), sogs(T)

Consider now the casewhere Py (t) is not well-de ned
forall t 2 [0; T]. It follows from the absolute cortin uity
and monotonicity of Py (t) that there existss 2 [0; T]
and z 2 R" such that lims z%®Py (t)z = +1 . Eq. (13)
implies that for x = z there exist (u ;v ) de ned

on[s; T]that make | (yX )y() 2uY )u( ))d arbi-
trarily large. Sinceead linear subsystemis cortrollable,
there existsapair (u; v) that takesthe state from x (0) =
0 to x(s) = z, with v(t) = el, t 2 [0;s] . Summa-
rizing, we can nd inputs (u;v) de ned on [0; T] that
make J(u;v) arbitrarily large, so Ou(T). It follows
from Proposition 1 that we canactually nd sud a pair
gs(T).
This completesthe proof of Theorem6. 2

Remark 2 It is possibleto givean intuitive explanation
ofthe WCSL v asfollows. Fix an arbitrary t 2 int (Iy )
and > Osuciently small, anddenote :=t . Then
Pv () Pv(t) PR(t)=Py (t)+ S (Py (t);v (1)).
Thus, when condition (8) holds, the choice v maxi-
mizesPy (). 2

The next exampledemonstratesa simple application of
Theorem 6.

Example 2 Consider the switched system (1) with | =
2,A2=A1 |, >0,By=B;,andC; = C;. Recall
that weassumethat A; is Hurwitz, soQA; + AJQ = |
admits a solution Q > 0. It is straightforward to verify
that the switched systemis GUAS usingthe commonLya-
punovfunction V(x) := x%Qx. In this case,S (Py;z) =
PvA; + A?PV + 2PvBlB(1)PV + CfCl 27, P vy,
so (8) holdsfor v (t)  (1;0)% Thus, Theorem 6 implies
that (t) 1isaWCSL, andthat go(T) = g1(T). This
is, of course, what we may expect for this particular
example. 2

5 The casen=1

In this section,we show that Theorem 6 providesa com-
plete and computable solution to the RMS gain problem
for rst-order SISO switched linear systems

For n = 1, the matrix sign condition (8) becomesan in-
equality betweenscalars,and it is immediate to deter-
mine v (t) for which (8) holds. We canintegrate py (t)
badkwardsin time fromt = T to t = 0, and then g,

(9 ) if py (t) exists(doesnot exist) forall t 2 [0; T].
This yields a simple bisection algorithm for determining
the RMS gain of the switched system. It is also possi-
ble to derive a bound on the number of switchesin the
WCSL.

Corollary 1 Consider the system (1) with n = 1
For any T > O there existsa WCSL v () : Iy !

Proof. The existenceof aWCSL taking valuesin fel;::::e'g

followsfrom Remark 1. To prove the bound on the num-

ber of switches, consider rst the casel = 2. By (9),

every switching in v correspondsto a zero of the func-

tion d(r) := s (r;e!) s (r;e?), whichis asecond-order
polynomial in r. Sincepy (t) is monotonous,d(py (t))

can change sign no more than twice, so the number of

switchesis bounded by two. For | > 2, any switching

point correspondsto a zeroof oneof '2 functions which

are all second-ordemolynomials. 2

Example 3 Considerthe swit?ped system (1) with n =
L1=2a =, 0:8642 by = 40, ¢ = 1:4402 a, =
0:0622 b, = 0:9, c; = 0:6831 and nal time T = 15

Corollary 1 implies that there exists a WCSL with no
more than 2 switches.Using a bisection algorithm yields
10:7573< gy < 10:7574 The correspnding WCSL can
be written asv (t) = (1w (t);w (1)) Fig. 1 de-
picts w (t) for = 10:7574 Note that w is piecewise
constant with two switching points.

We now explain the dynamics of this examplein de-
tail (see Fig. 2). We use the notation from Theorem 5
and the proof of Corollary 1. A calculation yields: p; =

2:000Q p; = 3:0003 p, = 6:0067 andp, = 9:9886
and that the roots of the polynomial d(p) := s (p;el)

s (p;e?) areqy = 1:4375and o := 3:3098 Since d(0) =

¢ ¢ > 0, there exists a minimal time > 0 such
that d(py (t)) > Ofort 2 (;T], sov (t) = (1;0)°
fort 2 ( ;T]. We know that py (t) increasesmonoton-
ically ast # andthatpy (t)! p, > qpast# 1 .

At time , wehavepy ( ) = q, sod(py (t)) changes
sign and the WCSL is v (t) = (0;1)° for someinter-

valt2 (; ). Sincepy () < p;, the solution tends to-

wardp, > past# 1 .Attime ,wehavepy ( )= o,

and d(py (t)) changessign again. Finally, on the inter-

valt 2 (0; ), pv (t) continues to increase, so there are
no more sign changesofdfort 2 (0; ). 2

6 Conclusions

We consideredthe problem of computing the RMS gain
of a switched linear system.Our main result shows that
if a certain condition holds, then the switching-law that
yields the maximal gain can be described explicitly in
terms of the DREs of the linear subsystems.This condi-
tion automatically holdswhenn = 1, soour main result
providesa completesolution to the problem in this case.

Topics for further researd include the following. More
work is neededin order to characterize the conditions
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under which (8) holds. In this case,e cien t numerical
schemesare neededin order to compute the RMS gain
accordingto the resultsin Theorem 6.

As noted above, a promising approach for addressing
Problem 2 is based on studying the \most unstable"
switching-law using variational principles. It is possible
to shaw that certain geometric properties imply that
there existsaWCSL with aboundednumber of switches.
The bound on the number of switchesis uniform over
any time interval [0; T] [30][31].An interesting problem
is to seekgeometric conditions guaranteeing that there
exists a WCSL for the RMS gain problem with a uni-
form bound on the number of switchings. This would
imply that, under theseconditions, computing the RMS
gain could be done e cien tly using suitable numerical
algorithms (see,e.g.,[32,33]for somerelated considera-
tions).
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