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Abstract

We consider the problem of computing the root-mean-square (RMS) gain of switched linear systems. We develop a new
approach which is based on an attempt to characterize the \w orst-case" switching law (W CSL), that is, the switching law
that yields the maximal possible gain. Our main result provides a su�cien t condition guaranteeing that the WCSL can be
characterized explicitly using the di�eren tial Riccati equations (DREs) corresponding to the linear subsystems.This condition
automatically holds for �rst-order SISO systems,so we obtain a complete solution to the RMS gain problem in this case.
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1 In tro duction

Consider the switched linear system

_x = A � ( t ) x + B � ( t ) u; y = C� ( t ) x ; (1)

where x 2 Rn , u 2 Rm , y 2 Rk , and the switching
signal � : R+ ! f 1; 2; : : : ; lg is a piecewiseconstant
function specifying, at each time instant t, the index
of the currently active system. Roughly speaking, (1)
models a system that can switch between the l linear
sub-systems:

_x = A i x + B i u; y = Ci x ; (2)

for i = 1; : : : ; l . Note that we considersubsystemswith
no direct input-to-output term. To avoid sometechni-
cal di�culties, we assumethroughout that each linear
subsystemis a minimal realization.
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Let S denote the set of all piecewiseconstant switching
laws. Many important problems in the analysisand de-
sign of switched systemscan be phrasedas follows.

Problem 1 Given S0 � S and a property P of dynamic
systems,determine whetherthe switched system(1) sat-
is�es property P for every � 2 S0.

For example,when u � 0, P is the property of asymp-
totic stabilit y of the origin, and S0 = S, Problem 1 spe-
cializesinto the following problem.

Problem 2 [1,2] Is the switched system(1) asymptoti-
cally stableunder arbitrary switching laws?

Solving Problem 1 is di�cult for two reasons.First, the
set S0 is usually huge,soexhaustively checking the sys-
tem's behavior for each � 2 S0 is impossible.Second,it
is entirely possiblethat each of the subsystemssatis�es
property P, yet the switched system admits a solution
that doesnot satisfy property P. Thus, merely checking
the behaviors of the subsystemsis not enough.

A general approach for addressingProblem 1 is based
on studying the \w orst-case"scenario.We say that ~� 2
S0 is the worst-caseswitching law (WCSL) in S0, with
respect to property P, if the following condition holds:
if the switched systemsatis�es property P for ~� , then it
satis�es property P for any � 2 S0. Thus, the analysisof
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property P under arbitrary switching signalsfrom S0 is
reducedto analyzingthe behavior of the switchedsystem
for the speci�c switching signal ~� .

The WCSL for Problem 2 (that is, the \most destabi-
lizing" switching law) can be characterized using vari-
ational principles (seethe survey paper [3]). This idea
originated in the pioneeringwork of E. S. Pyatnitskii on
the celebrated absolutestability problem [4,5] (seealso
[6{9]). The basic idea is to embed the switched system
in a more general bilinear control system.1 Then, the
\most destabilizing" switching law can be characterized
as the solution to a suitable optimal control problem.
For second-ordersystems,this problem canbeexplicitly
solvedusing the generalized�rst integrals of the subsys-
tems [11,12].

In this paper, weusea similar approach for studying the
root-mean-square(RMS) gain problem. Our main result
shows that if a certain condition holds, then the WCSL
can be obtained by switching betweenthe l di�eren tial
Riccati equations (DREs) corresponding to the l linear
subsystems.This condition automatically holdsfor �rst-
order SISOsystems,soweobtain a completesolution to
the RMS gain problem for this case.

We usestandard notation. Vectorsare denotedby bold-
face letters, and the transposeof a vector v is denoted
by v0. Matrices aredenotedby capital letters. If P; Q are
two symmetric matrices, then P > Q meansthat P � Q
is positive-de�nite.

2 Preliminaries

In this section, we describe someknown results on the
RMS gain of (non-switched) linear systemsand the as-
sociated Riccati equations.

Consider the linear system

_x = Ax + B u; y = Cx ; (3)

with (A; B ) controllable and (A; C) observable. For T 2
(0; + 1 ], let L 2;T denote the set of functions f (�) such

that jj f jj2;T :=
� RT

0 f 0(t)f (t)dt
� 1=2

< 1 . The RMS

gain over [0; T ] of (3) is de�ned by g(T) := inf f 
 � 0 :
jjy jj2;T � 
 jju jj2;T ; 8 u 2 L 2;T g; where y is the output
of (3) corresponding to u with x (0) = 0.

It is well-known that g(1 ) = jjC(sI � A) � 1B jj1 ;
where jjQ(s)jj1 := supRe(s) � 0 jjQ(s)jj is the H1 norm
of the transfer matrix Q(s) [13].

1 For a recent and comprehensive presentation of bilinear
systems,see[10].

The RMS gain can also be computed by solving a suit-
able Riccati equation [14]. This equation arisesbecause
the Hamilton-Jacobi-Bellman equation,characterizing a
suitable dissipation function [15],admits a solution with
a quadratic form for linear systems.Fix T 2 (0; 1 ), a
symmetric matrix PT 2 Rn � n , and considerthe DRE:

_P(t) = � S
 (P(t)) ; P(T) = PT ; (4)

where S
 (P) := PA + A0P + C0C + 
 � 2PB B 0P.
Let I (PT ) � [0; T ] denotethe maximal time interval for
which the solution P(t) exists.

Theorem 1 [16] g(T) = inf f 
 � 0 : I (0) = [0; T ]g.

The next result, which is a special case of [17,
Thm. 4.1.8], provides a su�cien t condition for P(t) to
be monotonic.

Theorem 2 If _P(T) � 0 then _P(t) � 0, for all t 2
I (PT ).

The algebraic Riccati equation (ARE) associated with
the DRE (4) is:

S
 (P) = 0: (5)

Theorem 3 [16] Consider the linear system (3),
where A is Hurwitz. Fix 
 > 0 and denoteR := 
 � 2B B 0.
If 
 > g(1 ) then the ARE (5) admits symmetric and
positive de�nite solutions P � ; P+ 2 Rn � n , referred to
as the stabilizing and antistabilizing solutions, respec-
tively, suchthat A + RP � and � (A + RP + ) are Hurwitz.
Moreover, P + > P � .

It is possible to expressthe solution to the DRE (4)
using P � and P+ .

Theorem 4 [16] Suppose that the conditions of The-
orem 3 hold, and that PT � P+ is nonsingular. De-
�ne Q := A + RP + , and

�( t) := eQ(t � T ) �
(PT � P+ )� 1 + (P+ � P � )� 1�

eQ0( t � T )

� (P+ � P � )� 1; t � T:

(1) The solution to (4) is P(t) = P + + (�( t)) � 1, for
all t 2 I , where I � (�1 ; T ] is an interval on
which � is nonsingular.

(2) If PT � P+ < 0, then P(t) exists for all t � T and
lim t #�1 P(t) = P � .

(3) If PT � P+ 6� 0, the solution P(t) hasa �nite escape
time, 2 that is, there exist � 2 (�1 ; T ) and z 2 Rn

suchthat lim t #� z0P(t)z = + 1 .

Theorem 4 implies in particular that g(T) � g(1 ) for
all T . Indeed,seekinga contradiction, supposethat there

2 See[17,18] for somerelated considerations.
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exists a time T such that g(T) > g(1 ). Fix 
 such
that g(1 ) < 
 < g(T). Theorem 3 implies that for
this 
 the ARE admits solutions P � ; P+ > 0. Part (2)
of Theorem4 implies that the solution P(t) to the DRE,
with PT = 0, exists for all t � T . Theorem 1 now
yields g(T) � 
 , which is a contradiction.

3 RMS gain of switc hed systems

The RMS gain of (1), over some set of switching sig-
nals S0 � S, is de�ned by

gS0(T ) := inf

 � 0

f jjy jj2;T � 
 jju jj2;T ; 8 u 2 L 2;T ; 8 � 2 S0g;

where y is the solution to (1) corresponding to u ; � ,
with x (0) = 0. This can be interpreted as the \w orst-
case"energyampli�cation gain for the switchedsystem,
over all possibleinput and switching signalsin S0. Com-
puting gS0(T ) is an important open problem in the de-
sign and analysisof switchedsystems[19]. In particular,
calculating induced gainsis the �rst step toward the ap-
plication of robust control techniques to switched sys-
tems [20{22].

By de�nition, gS (T ) � max1� i � l f gi (T )g, where gi (T )
is the RMS gain of the i th linear subsystem.Consider
the switched system (1) with u � 0. It is well-known
that global asymptotic stabilit y of the individual lin-
ear subsystemsis necessary, but not su�cien t for global
asymptotic stabilit y of the switchedsystemfor every � 2
S [1]. We assumefrom here on that the switched sys-
tem with u � 0 is globally uniformly asymptotically
stable (GUAS), that is, there exist � 1; � 2 > 0 such
that jjx (t)jj � � 1 jj x (0)jje� � 2 t , for all t � 0, � 2 S,
and x (0) 2 Rn . In particular, this implies of course
that A i , i = 1; : : : ; l , are all Hurwitz. The next exam-
ple, adapted from [23], shows that even in this case,the
RMS gain of the switched system can be very di�eren t
from that of the subsystems.

Example 1 Consider the system (1) with l = 2, n =
k = m = 1 and a1; a2 < 0. Each subsystemis asymp-
totically stable and since n = 1 the switched systemis
GUAS.

Fix T > 0, x(0) = 0, the switching signal � (t) = 1
for t 2 [0; T=2), � (t) = 2 for t 2 [T=2; T ], and thecontrol
u(t) = 1 for t 2 [0; T=2), u(t) = 0 for t 2 [T=2; T ]. A
calculation yields

y(t) =
�

c1b1(exp(a1t) � 1)=a1; t 2 [0; T=2);
c2b1 exp(a2(t � T=2))z=a1; t 2 [T=2; T ];

where z := exp(a1T=2) � 1. Note that y(t) does not de-
pendon b2. Thus, for this particular switchingsignaland

control

jjyjj2
2;T

jjujj2
2;T

= (2=T)
Z T

0
y2(t)dt

= c2
1b2

1(3 + Ta1 + exp(Ta1) � 4exp(a1T=2))=(Ta3
1)

+ c2
2b2

1(exp(a1T=2) � 1)2(exp(a2T) � 1))=(Ta2a2
1):

Now supposethat c1b1 = a1, c2 > 0, and b2 = a2=c2. In
this case,g1(1 ) = g2(1 ) = 1, sog1(T ); g2(T ) � 1. Yet,
we can make jj y jj 2;T

jj u jj 2;T
arbitrarily large by taking a large

enoughc2. Thus, gS (T ) can be made arbitrarily large,
eventhoughboth subsystemshaveRMS gain � 1. 2

Several authors consideredthe RMS gain of switched
systemsover setsof switching signalswith a su�cien tly
large dwell time between consecutive discontinuities.
Upper bounds for the RMS gain were derived in [24{
26]. Hespanha[23] provided a complete solution to the
problem of computing gS1 (1 ), where S1 is the set of
switching signalswith no more than a singleswitch.

Theorem 5 [23] Fix 
 > max1� i � l f gi (1 )g. If there
exist i; j 2 f 1; : : : ; lg suchthat P +

i 6� P �
j then gS1 (1 ) �


 . If P+
i > P �

j for all i; j then gS1 (1 ) � 
 .

Thus it is possible to determine whether gS1 (1 ) � 

or gS1 (1 ) � 
 by analyzing the relationship between
the stabilizing and antistabilizing solutions to the AREs
associated with the subsystems.

In this paper, we usea variational approach to address
the problem of computing the RMS gain.

4 Variational approac h

For z = (z1; : : : ; zl )0, let A(z) :=
P l

i =1 zi A i , B (z) :=
P l

i =1 zi B i , and C(z) :=
P l

i =1 zi Ci . Our starting point
is to replace(1) with the more generalcontrol system:

_x = A(v)x + B (v)u ; y = C(v)x ; v 2 V; (6)

where V is the set of measurablefunctions of time tak-
ing valuesin the set W :=

n
z 2 Rl : zk � 0;

P l
k=1 zk =

1
o

: For v(t) � ei , where ei 2 Rl is the i th unit vec-

tor in Rl , (6) becomes(2). Thus, every solution of the
switched system(1) is alsoa solution of (6).

The RMS gain of (6) over [0; T ] is de�ned by gb(T ) :=
inf f 
 � 0 : jjy jj2;T � 
 jju jj2;T ; 8u 2 L 2;T ; 8v 2 Vg;
where y is the solution to (6) corresponding to u ; v,
with x (0) = 0.

For z 2 W, let S
 (P; z) := PA(z) + A0(z)P +
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 � 2PB (z)B 0(z)P + C0(z)C(z). We can now state our
main result.

Theorem 6 Fix arbitrary T 2 [0; 1 ) and 
 >
max1� i � l f gi (T )g. Consider the problem of maximizing
J (u ; v) :=

RT
0 (y 0(� )y (� ) � 
 2u 0(� )u (� ))d� along the

trajectories of (6), with x (0) = 0, u 2 L 2;T and v 2 V.
Let Pv (�) denotethe solution of the equation

_P(t) = � S
 (P(t); v(t)) ; P(T) = 0; (7)

and let I v � [0; T ] denotethe maximal time interval for
which the solution Pv (t) exists.3 If there exists v � 2 V
suchthat

S
 (Pv � (t); v � (t)) � S
 (Pv � (t); z); 8 t 2 I v � ; 8 z 2 W;
(8)

then the following properties hold.

(1) If I v � = [0; T ], then the problem of maximiz-
ing J (u ; v) is well-de�ned; (u � (t) � 0, v � ) is a
maximizing pair; and gS (T ) � gb(T ) � 
 .

(2) If thesolution Pv � (t) doesnot exist for all t 2 [0; T ],
then J is unbounded, gb(T ) 2 [
 ; + 1 ], and gS (T ) 2
[
 ; + 1 ].

Remark 1 A calculation yields @2

@z 2 S
 (Pv � ; z) = 2H ,
where H :=

P l
i =1 C0

i Ci + 
 � 2Pv � (
P l

i =1 B i B 0
i )Pv � .

Since H � 0 this implies that

max
z2W

S
 (Pv � ; z) = max
i 2f 1;::: ;l g

S
 (Pv � ; ei );

so if condition (8) holds then there exists a piecewise-
constant v � (t) taking valuesin f e1; : : : ; el g only. Specif-
ically, v � (t) = ei if

S
 (Pv � (t); ei ) � S
 (Pv � (t); ej ); (9)

for all j 2 f 1; : : : ; lg.

In order to prove Theorem 6, we require the following
result.

Prop osition 1 If theconditions of Theorem6 hold then
thereexistsa v � satisfyingv � (t) 2 f e1; : : : ; el g for all t 2
I v � . The corresponding solution Pv � (t) is monotonically
non-increasing on I v � .

Proof. The �rst statement follows from Remark 1. To
prove the secondstatement, let � i 2 I v � denote the
switching times of v � with � � � < � 3 < � 2 < � 1 < T.
Since Pv � (T ) = 0, _Pv � (T ) = � S
 (0; v � (T )) =
� C0(v � (T ))C(v � (T )), andTheorem2implies that _Pv � (t) �

3 By solution, we mean an absolutely contin uous func-
tion P(t) that satis�es (7) for almost all t 2 I v .

0, for t 2 (� 1; T ]. By (8), _Pv � (� �
1 ) � _Pv � (� +

1 ) � 0, and
we conclude that _Pv � � 0, t 2 (� 2; � 1). Proceedingin
this way yields _Pv � (t) � 0, for almost all t 2 I v � . 2

Let x � denote the solution of (6) corresponding to v =
v � and an arbitrary u 2 L 2;T . Proposition 1 implies
that x � is alsoa solution of the switchedsystem(1), and
that Pv � (t) is obtained by switching appropriately be-
tweenthe DREs _P = � Si (P), i = 1; : : : ; l , correspond-
ing to the l linear subsystems(see[27,28] for somere-
lated considerations).

We can now prove Theorem 6. Fix an arbitrary s 2 I v �

(so Pv � (t) exists for all t 2 [s;T ]). Fix also u 2 L 2;T ,
v 2 V, x 0 2 Rn , and let x denote the corresponding
tra jectory of (6), with x (s) = x 0. For t 2 [s;T ], de-
note V (x ; t) := x 0Pv � (t)x , and

m(t) := V (x (t); t) +
Z t

s
(y 0(� )y (� ) � 
 2u 0(� )u (� ))d� :

(10)
Note that x and y are evaluated along the tra jectory
corresponding to (u ; v). However, Pv � (t) is the matrix
de�ned by (7) with v = v � . Then

_m = x 0 _Pv � x + 2x 0Pv � (A(v)x + B (v)u ) + y 0y � 
 2u 0u

= � 
 2(u � 
 � 2B 0(v)Pv � x )0(u � 
 � 2B 0(v)Pv � x )

+ x 0( _Pv � + S
 (Pv � ; v))x
� x 0(� S
 (Pv � ; v � ) + S
 (Pv � ; v))x : (11)

Using (8) yields _m(t) � 0, so m(T) � m(s) for any
admissible pair (u ; v), and m(T) = m(s) for v = v �

and u = u � := 
 � 2B 0(v � )Pv � x � .

Combining (10) with the fact that Pv � (T ) = 0 yields

V(z; t) =
Z T

t
(y 0(� )y (� )� 
 2u 0(� )u (� ))d� + m(t)� m(T);

(12)
where y : [t; T ] ! Rk is the solution to (6) for the
initial condition x (t) = z. Since the linear subsystems
are controllable, there exists a control taking x (0) = 0
to x (t) = z, for any z 2 Rn , so(12) holdsfor any z 2 Rn .

The analysisof m(t) above and (12) yield

V (z; t) = supf u 2 L 2;T ; v 2 V; x (t) = z :
Z T

t
(y 0(� )y (� ) � 
 2u 0(� )u (� ))d� g; (13)

for all t 2 [s;T ] and all z 2 Rn . In other words, V is the
�nite-horizon \cost-to-go" function [29].

If I v � = [0; T ], then taking s = 0 and t = T in (10),
and using the fact that x (0) = 0 and Pv � (T ) = 0 yields
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J (u ; v) � J (u � ; v � ) = 0 for any u 2 U and v 2 V. By
the de�nition of J , this implies that gb(T ) � 
 . Since
every tra jectory of (1) is alsoa tra jectory of (6), gS (T ) �
gb(T ), sogS (T ) � 
 .

Consider now the casewhere Pv � (t) is not well-de�ned
for all t 2 [0; T ]. It follows from the absolute continuit y
and monotonicity of Pv � (t) that there exists s 2 [0; T ]
and z 2 Rn such that lim t #s z0Pv � (t)z = + 1 . Eq. (13)
implies that for x (s) = z there exist (u � ; v � ) de�ned
on [s;T ] that make

RT
s (y 0(� )y (� ) � 
 2u 0(� )u (� ))d� arbi-

trarily large.Sinceeach linear subsystemis controllable,
there existsa pair (u ; v) that takesthe state from x (0) =
0 to x (s) = z, with v(t) = e1, t 2 [0; s] . Summa-
rizing, we can �nd inputs (u ; v) de�ned on [0; T ] that
make J (u ; v) arbitrarily large, so 
 � gb(T ). It follows
from Proposition 1 that we can actually �nd such a pair
with v(t) 2 f e1; : : : ; el g for all t 2 [0; T ], so 
 � gS (T ).
This completesthe proof of Theorem 6. 2

Remark 2 It is possibleto givean intuitive explanation
of the WCSL v � asfollows.Fix an arbitrary t 2 int (I v � )
and � > 0 su�ciently small, and denote� := t � � . Then
Pv � (� ) � Pv � (t) � � _P(t) = Pv � (t) + �S 
 (Pv � (t); v � (t)) .
Thus, when condition (8) holds, the choice v � maxi-
mizesPv � (� ). 2

The next exampledemonstratesa simple application of
Theorem 6.

Example 2 Consider the switched system (1) with l =
2, A2 = A1 � �I , � > 0, B2 = B1, and C2 = C1. Recall
that weassumethat A1 is Hurwitz, soQA1 + A0

1Q = � I
admits a solution Q > 0. It is straightforward to verify
that theswitched systemis GUAS usingthecommonLya-
punovfunction V (x ) := x 0Qx . In this case,S
 (Pv ; z) =
Pv A1 + A0

1Pv + 
 � 2Pv B1B 0
1Pv + C0

1C1 � 2z2�P v ,
so (8) holdsfor v � (t) � (1; 0)0. Thus, Theorem 6 implies
that � (t) � 1 is a WCSL, and that gb(T ) = g1(T ). This
is, of course, what we may expect for this particular
example. 2

5 The case n = 1

In this section,weshow that Theorem6 providesa com-
plete and computablesolution to the RMS gain problem
for �rst-order SISO switched linear systems

For n = 1, the matrix sign condition (8) becomesan in-
equality betweenscalars,and it is immediate to deter-
mine v � (t) for which (8) holds. We can integrate pv � (t)
backwards in time from t = T to t = 0, and then gb � 

(gb � 
 ) if pv � (t) exists (doesnot exist) for all t 2 [0; T ].
This yields a simple bisection algorithm for determining
the RMS gain of the switched system. It is also possi-
ble to derive a bound on the number of switchesin the
WCSL.

Corollary 1 Consider the system (1) with n = 1.
For any T > 0 there exists a WCSL v � (�) : I v � !
f e1; : : : ; el g that contains no more than 2

� l
2

�
switches.

Proof.The existenceof aWCSL taking valuesin f e1; : : : ; el g
follows from Remark 1. To provethe bound on the num-
ber of switches, consider �rst the casel = 2. By (9),
every switching in v � correspondsto a zeroof the func-
tion d(r ) := s
 (r; e1) � s
 (r; e2), which is a second-order
polynomial in r . Sincepv � (t) is monotonous,d(pv � (t))
can changesign no more than twice, so the number of
switches is bounded by two. For l > 2, any switching
point correspondsto a zeroof oneof

� l
2

�
functions which

are all second-orderpolynomials. 2

Example 3 Consider the switched system(1) with n =
1, l = 2, a1 = � 0:8642, b1 =

p
40, c1 = 1:4402, a2 =

� 0:0622, b2 =
p

0:9, c2 = 0:6831, and �nal time T = 15.

Corollary 1 implies that there exists a WCSL with no
more than 2 switches.Using a bisection algorithm yields
10:7573< gb < 10:7574. The corresponding WCSL can
be written as v � (t) = (1 � w� (t); w� (t))0. Fig. 1 de-
picts w� (t) for 
 = 10:7574. Note that w� is piecewise
constant with two switching points.

We now explain the dynamics of this example in de-
tail (see Fig. 2). We use the notation from Theorem 5
and the proof of Corollary 1. A calculation yields: p�

1 =
2:0000; p+

1 = 3:0003; p�
2 = 6:0067; and p+

2 = 9:9886;
and that the roots of the polynomial d(p) := s
 (p;e1) �
s
 (p;e2) areq1 := 1:4375andq2 := 3:3098. Sinced(0) =
c2

1 � c2
2 > 0, there exists a minimal time � > 0 such

that d(pv � (t)) > 0 for t 2 (� ; T ], so v � (t) = (1; 0)0

for t 2 (� ; T ]. We know that pv � (t) increasesmonoton-
ically as t # � and that pv � (t) ! p�

1 > q1 as t # �1 .
At time � , we have pv � (� ) = q1, so d(pv � (t)) changes
sign and the WCSL is v � (t) = (0; 1)0 for some inter-
val t 2 (� ; � ). Since pv � (� ) < p+

2 , the solution tends to-
ward p�

2 > q2 ast # �1 . At time � , wehavepv � (� ) = q2,
and d(pv � (t)) changessign again. Final ly, on the inter-
val t 2 (0; � ), pv � (t) continues to increase,so there are
no more sign changesof d for t 2 (0; � ). 2

6 Conclusions

We consideredthe problem of computing the RMS gain
of a switched linear system.Our main result shows that
if a certain condition holds, then the switching-law that
yields the maximal gain can be described explicitly in
terms of the DREs of the linear subsystems.This condi-
tion automatically holds when n = 1, soour main result
providesa completesolution to the problem in this case.

Topics for further research include the following. More
work is neededin order to characterize the conditions
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under which (8) holds. In this case,e�cien t numerical
schemesare neededin order to compute the RMS gain
according to the results in Theorem 6.

As noted above, a promising approach for addressing
Problem 2 is based on studying the \most unstable"
switching-law using variational principles. It is possible
to show that certain geometric properties imply that
there existsaWCSL with a boundednumber of switches.
The bound on the number of switches is uniform over
any time interval [0; T ] [30][31].An interesting problem
is to seekgeometric conditions guaranteeing that there
exists a WCSL for the RMS gain problem with a uni-
form bound on the number of switchings. This would
imply that, under theseconditions, computing the RMS
gain could be done e�cien tly using suitable numerical
algorithms (see,e.g., [32,33]for somerelated considera-
tions).
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