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1. Introduction

Networks are structures that describe systems with multiple components, called cells.
These cells can be connected through edges, which encode how one cell affects another.
In general, these edges can be directed or undirected and they can have weights in order
to parameterize their interaction.

Networks are ubiquitous structures, both in the natural world and in engineering
applications. Some examples are for instance the brain, the internet, the electric grid
and electronic circuits in general, food webs and the spread of a virus in a pandemic.
In order to study these types of systems, the theory of coupled cell networks (CCN)
was first formalized in [1, 2, 3]. In [4], this was generalized for networks with weighted
connections and with arbitrary edges and edge types, and it is the formalism that we
adopt in this work.

In theory of CCNs the concept of admissible function is defined such that a function
f is admissible in a network if it satisfies certain minimal properties that allow it to be
a valid modeling of some dynamical system x*/x = f(x) on that network.

In this work we study general equality-based invariant synchrony patterns, which are
represented through partitions on the set of cells of a network. Much work has been
done regarding balanced partitions, which represent patterns of synchrony that are
invariant under any admissible function on the network of interest. Although balanced
partitions represent a very important subclass of invariant synchrony patterns with
strong properties, it is possible for other invariant patterns to be present in a network.
Consider for instance the subset of admissible functions such that a cell becomes
insensitive to cells that are on the same state. Note that such a system is, consequently,
always insensitive to self-loops. This happens, for instance, in the Kuramoto model
[5, 6, 7]. This property leads to the study of exo-balanced partitions [8, 9, 10], which is
a larger class of partitions than the balanced ones.

For this reason, we consider arbitrary subsets of admissible functions F' and show that
the set of partitions Ly that describe synchrony patterns that are invariant under F
always form lattices. Furthermore, we show that these lattices have similar properties
to the lattices of balanced partition Ag. In particular, these lattices share the same join
operation V and have a cirg function associated with them.

The coarsest invariant refinement (cir), was first developed in [11] as polynomial-time
algorithm that finds the maximal element of the lattice balanced partitions. In [9] it was
noted that this algorithm does more that just finding the maximal balanced partition.
In fact, given any input partition, it outputs the greatest balanced partition that is finer
(<) than the input one. Therefore, the maximal balanced partition is given by cir(7).
In this work, we show that the concept of cir, as a function, is not specific to balanced
partitions and that every F-invariant lattice Lr has an associated cirp function.
Furthermore, we explore how the connectivity structure of a CCN affects an admissible
dynamical system in that network. In particular, we focus on the different types of
(cumulative) in-neighborhoods and the in-reachability sets. We show that differences
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in this structure can lead to qualitatively different behaviors of general equality-based
invariant synchrony patterns.

In section 2 we summarize the formalism for general weighted CCNs.

In section 3 we provide the necessary background regarding general equality-based
invariant synchrony patterns in CCNs.

In section 4 we clarify how the connectivity structure of a network affects its dynamics.
This motivates the study of the network according to its in-reachability sets.

In section 5, motivated by the previous observations regarding the role of connectivity,
we define a classification of partitions of invariant synchrony into strong, rooted and
weak types.

2. Weighted multi-edge formalism

We start by introducing the definition of a cell coupled network according to the general
weighted formalism.

2.1. Commutative monoids

The commutative monoid is a set equipped with a binary operation (usually denoted +)
such that it is commutative and associative. Furthermore, it has one identity element
(usually denoted 0). This is the simplest algebraic structure that can be used to describe
arbitrary finite parallels of edges. Note that associativity and commutativity, together,
are equivalent to the invariance to permutations property.

In this work, the “sum” operation is denoted by ||, with the meaning of “adding in
parallel”. In this context, the zero element of a monoid should be interpreted as “no
edge”. Note that we do not require the existence of inverse elements. That is, given an

edge, there does not need to exist another one such that the two in parallel act as “no
edge”. This is the reason for the use of monoids instead of the algebraic structure of

groups.

2.2. Multi-indexes

A multi-index is an ordered n-tuple of non-negative integers (indexes). That is, an
element of Njj. In particular, 0,, represents the tuple of n zeros. We denote the multi-
indexes with the same notation we use for vectors, using bold, as in k = [ky, ... .kn]T.
We will often specify the tupleness n of a multi-index k indirectly, by using k > 0,, in
order to denote k € N.

2.3. CCN formalism

According to [4], a general weighted coupled cell network is given by the following
definition.
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Definition 2.1. A network G consists of a set of cells Cg, where each cell has a type,
giwen by an index set T = {1,...,|T|} according to Tg: Cg — T and has an |Cg| x |Cg|
n-adjacency matrix Mg. The entries of Mg are elements of a family of commutative
monoids {M;;}i jer such that [Mg],, = mea € M,j, for any cells ¢,d € Cg with types
i =T5(0), j = Tald). 0

For each commutative monoid M;; we denote its “zero” element as 0;;.

Remark 1. The subscripts g are omitted when the network of interest is clear from
context. U

2.4. Admissibility

A function f:X — Y is said to be admissible on a network if it respects the minimal
properties that we expect from it in order to be a plausible modeling of the dynamics
x/xt = f(x) or some measurement function y = f(x) on the network. In particular, it
has to describe some first-order property. That is, it models something that, when
evaluated at cell, depends on the state of that cell and its in-neighbors. This does not
mean that everything on a network has to (or can) be defined by such a function. For
instance, the second derivative or the two-step evolution of a dynamical system on a
network will not be of this form. Those functions will be second-order in the sense
that, when evaluated on a cell, they depend on the states of that cell, together with the
states of the cells in its first and second in-neighborhoods (neighbor of neighbor). Such
second-order functions are, however, fully defined from the original first-order functions.
We construct admissible functions through the use of mathematical objects called oracle
components, first introduced in [4] and then simplified in [12]. An oracle component
is a mathematical object that describes how cells of a given type respond to arbitrary
finite in-neighborhoods. It completely separates the modeling of the behavior of cells
from the particular network on which the cells of interest are inserted.

Consider the simple network of fig. la, (which could be part of a larger network)
consisting of cell ¢ and its in-neighborhood. We have cell types T = {1,2} which

Lq Ty Lg = Ty

N o Jem
Q

(a) Original. (b) Merged.

Figure 1: Edge merging.

represent “circle” and “square” cells, respectively. In order to define functions on the
cells we associate with them the state sets X;, Xy and the output sets Yy, Y, according
to their respective type.
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We consider that the input received by a cell is independent of how we draw the network,
that is, from the point of view of cell ¢, there would be no difference if cell b was at the
left of cell a. Then, for a function f; acting on cells of type 1, we would expect that

Al L)) =l 2])

for x, € X1, x4, 75 € Xy and w,, w, € Mis. Moreover, since cells a and b are of the

same cell type (square) (7{a) = T(b) = 2), we expect that when they are in the same
state (z, = o, = x4), the total input received by cell ¢ at that instant, is the same as if
both edges originated from a single “square” cell with that state, as in fig. 1b. That is,

h (93 [ Z‘; ] , [ i“i D = f1 (e; wal|wp, Tap) -

Although this might look inconsistent since the domains look mismatched, the following
definition formalizes it in a rigorous way. Finally, when fl is evaluated at a cell it should
only depend on the in-neighborhood of that cell. Therefore, if w, = 012, cell ¢ should
not be directly influenced by cell a. That is,

7 . O12 Lq
fl(xcvlwb]>[xb

These ideas are now formalized in the following definition.

) = fi (xe; wp, wp) .

Definition 2.2. Consider the set of cell types T, and some related sets {X;,Y,;}jer
together with a family of commutative monoids {M;;};er, for a given fivzed i € T. Take
a function f; defined on

fir X, x U (MEx X¥) - v, (1)

k207

where LOJ denotes the disjoint union and for multi-index k we define XX := X’fl X. . .XX@T"
and M = MU x . x ML
The function f; is called an oracle component of type 1, if it has the following
properties:
(i) If o is a permutation matriz (of appropriate dimension), then
fi(:c;w,x) = fi(x;aw,ax), (2)
where we assume, without loss of generality, that one can keep track of the cell types

of each element of ow and ox.

(ii) If the indexes j1, j» and jio denote cells of type j € T, then

w; X,

A~ W ||w €T R J J1z2

fi <37; [ JIW J2 ] , [ ;{12 ]) = fz T, W), , Ty . (3)
W X
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(111) If the index j denotes a cell of type j € T, then

fi<x;[2§],[f’j§]>=ﬁ<x;w,x>. (4)

0

The disjoint union allows us to distinguish neighborhoods of different types. That
is, even in the particular case of X; = Xy and M;; = M, we are able to differentiate
the part of the domain associated with M?% x X? from the one associated with
M1 X Mz x Xy x Xy, A non-disjoint union, on the other hand, would merge these sets
together.

Remark 2. As stated in item i of Definition 2.2, it is always assumed that given any
weight w, or state x., we always know the cell type of the corresponding cell c. Note that
one can always do enough bookkeeping in order to ensure this. For instance, one can
extend ﬁ(x, W, X) into ﬁ(a:, t,w,x), where t would be a vector that encodes the cell types
associated with w,x. Then, we would have fl(a:, t,w,x) = ﬁ(x, ot,ow,0x) instead.
Our implicit bookkeeping means that we do not have to constrain o to preserve cell
typing. That is, if we assume some canonical order of the cell types in the part of the
domain M¥ x X¥ in Definition 2.2, then we know the correct k > O and can reorder
the rows of w and x in fl(x, w,X) appropriately.

Note that by considering invariance under general permutations, and not having to worry
about preserving cell types or respecting some canonical ordering of cell types, we are
always able to shift the cells of major interest to the top of the vectors, as in items i
and i1, regardless of the types of other cells. O

We consider the function K such that for a set of cells s, we have that k = K(s)
is the |T'|-tuple such that k; is the number of cells in s that are of type ¢ € T. This
allows us to pick the proper k > 07 in Definition 2.2 when we want to evaluate oracle
components at a cell and its in-neighbors.

The oracle set is the set of all |T'|-tuples of oracle components, such that each element
of the tuple represents one of the types in 7. It is denoted as

F-T1%
i€T

where F; is the set of all oracle components of type i. We are always implicitly assuming
sets {X;, Y, }ier and commutative monoids {M;;}; jer. Note that modeling some aspect
of a network that follows our assumptions is effectively choosing one of the elements of
ﬁT, which we call oracle functions.

Definition 2.3. Consider a network G on a cell set C with cell types in T according
to the cell type partition T, and an in-adjacency matriz M. Assume without loss of
generality that the cells are ordered according to the cell types such that we can associate
with the network a state X := XX and output Y := Y* sets, with k = K(C).

A function f:X =Y, given as

f=f)eec,  with foX=Y;,  i=Tlc),
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1s said to be G-admissible if there is some oracle function fe ﬁT, f: (fi)ieT such
that

fc(x> = fz (xc; m;ryx) ) (5)
for x € X, where x, is the ¢ coordinate of x and m, is the c® row of matriz M. In

this case we write f = f| . O
g

The set of all G-admissible functions is denoted as Fg. It can be thought of as
the result of evaluating Frat G , which can be written as ]:"T) . Note that process of
evaluating oracle functions at a network is not necessarily injective. There might be
oracle functions f, g e Fr with f # g such that f’g = dlg-

The next example makes explicit the relation between the connectivity graph of a

network and how that constrains any possible admissible function that acts on it.

Example 2.1. Figure 2 shows an example of a CCN of three cells. We have cell types
T = {1,2} which represent “circle” and and “square” cells, respectively. This CCN

A
XD

Figure 2: Simple network with admissible functions that have the structure given by

Example 2.1.

can be described by the in-adjacency matriz M
1 01
M=1]101]/, (6)
1 11

together with the cell type partition T = {{1,2},{3}}. This means that a suitable f € Fg
should have the following structure

i) = Ao 10 1] ), (7)
Rx) = il [1 0 1] ), g8
fox) = e [ 11 1] ) g
for some f € Fr. O

3. Equality-based synchronism

In this section, we concern ourselves with patterns of synchronism defined by equalities
between the states of cells. Such a set of equalities establishes an equivalence relation,
which we encode through the use of partitions on the set of cells.
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3.1. Partitions and their representations

A partition A on a set of cells C is a set of non-empty subsets of C such that they are
pairwise disjoint and their union is equal to C. We often refer to each element of a given
partition (corresponding to a subset of cells) by the term color. The number of colors
in a partition is called its rank.

We construct the quotient set C/A by taking the elements of C and merging them
together according to A, such that each color of A is associated with an element of
C/A. We can now think of A as a function from C to C/.A, which we illustrate in the
following example.

Example 3.1. Consider the set of cells C = {a,b,c,d e}. Then, A =
{{a,b},{c},{d,e}} is a partition on C with three colors (rank(A) = 3). We denote
the quotient set as C/A = {ab,c,de}, which contains three elements. Then, A acts as
function inC — C/A, and we write A(a) = A(b) = ab, A(c) = ¢ and A(d) = A(e) = de.
]

Remark 3. In the example above it might look more canonical to think of the elements
of C/A as ab := {a,b}, ¢ :== {c} and de := {d,e}. That is, each of its elements is a
color according to partition A. However, using this notation, A and C/A would look
indistinguishable. We want to think of these objects as semantically different. While we
think of a partition A as a set of sets of elements (cells), we think of C/ A as just a set
of elements, (which are colors, and therefore end up being sets themselves). In order to
make this clear we use this shorthand notation. This becomes more important when we
compose partitions (e.g., we apply a partition on the set C/A) and define the concept of
partition quotients. O

Interpreting partitions as functions allows us to say that two cells ¢,d € C are of
the same color, according to A, if and only if A(c) = A(d). Furthermore, they are
surjective functions by construction and each color is given by the preimage of each
element of C/A. Conversely, note that every surjective function establishes a partition
on its domain through its level sets.

Given two partitions A, B on a set of cells C, we say that A is finer than B, denoted
as A < B, if

Ale) = A(d)=B(c) = B(d) (10)

for all ¢,d € C. Conversely, B is said to be coarser than A. Roughly speaking,
section 3.1 means that if any pair of cells have the same color according to partition A,
then they also have the same color according to B. In other words, if we merge some
of the colors of A together, we can obtain B. Conversely, we can obtain A by starting
with B and splitting some of its colors into smaller ones. The trivial partition, in which
each color consists of a single cell, is the finest and its rank is |C|. We now show that
if A < B we can define a quotient partition B/A.

Lemma 3.1. Consider a set of cells C and the partitions A : C — C/A and B :C — C/B.
Then, A < B if and only if there is some B/A :C/A — C/B such that B/Aoc A= B. O
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Proof. Note that B/ Ao A = B means that B/ A(A(c)) = B(c) for all ¢ € C. This means
that B/A is the function that maps A(c) € C/A into B(c) € C/B for all ¢ € C. Note
that this is enough to define /A on its whole domain since A is surjective. That is, for
every element k € C/A there is some ¢ € C such that A(c) = k. Finally, B/A exists if
and only if such a function is well-defined. That is, for every k € C/A, the mapping of
k = A(c) into B(c) has to be completely independent of the particular choice of ¢ € C,
which is equivalent to A < B. H

In particular, if A < B, the partition B/A describes how to merge the colors
of A into the colors of B. Furthermore, note that B/A is uniquely defined and
is also surjective. If we consider the particular case B = A, then we have that
A/A : C/A — C/A is such that A/Ao A = A. That is, A/ A acts as the identity
map in the set C/A and it is the trivial partition in that set.

Example 3.2. Consider the set of cells C = {a,b,c,d,e} on which we define the
partitions A = {{a,b},{c},{d,e}} B = {{a,b},{c,d,e}}. We denote the quotient sets as
C/A = {ab,c,de} and C/B = {ab,cde}. Consider that the mappings A:C — C/A and
B :C — C/B are defined in the expected way. Then, since we have A < B, the quotient
partition B/A:C/A — C/B is such that B/ A(ab) = ab and B/ A(c) = B/ A(de) = cde.
Using the set of colors notation, we can write B/ A = {{ab},{c,de}}. Finally, note that
rank(B/A) = rank(B) = 2. O

It should be clear that rank(B/A) = rank(B) is true in general, since it always
corresponds to the size of their common image set C/B.

Lemma 3.2. The partition quotient preserves the partial order relation <. That is, for
all partitions A, By, By on C such that A < By, By, we have that By < By if and only if
Bi/A< By A [

Proof. Firstly, note that B;/A and By/A are both partitions on the set C/A, therefore
the statement B;/A < By/A is meaningful.

Since we have that A < By, By from assumption, we can, using Lemma 3.1, write
By < By as By /A(A(c)) = B/ A(A(d))=B2/ A(A(c)) = B2/ A(A(d)) for all ¢,d € C.
We have to show that this is equivalent to By/A(k) = B/ A(l)=Bs/A(k) = By/A(l)
for all k,l € C/A. The forward direction comes from the fact that A is surjective.
That is, for all k,l € C/A there are some ¢,d € C such that A(c) = k and A(d) = .
The backwards direction is immediate from the fact that for all ¢, d € C, we have that

A(c), A(d) € C/A. O

It is often convenient to establish an order on a set of cells. That is, to associate
with each cell a distinct integer from 1 to n, where n is the size of that set. We now see
that this allows us to represent partitions using matrices.

Consider we identify C with {1,...,|C|} and C/A with {1,...,|C/A|}. Then, we
can represent a partition A : C — C/A through a partition matrix (also called
characteristic matrix) P € {0, 1}I¢IXI¢/4l "such that [P], = 1 if A(c) = k and [P], = 0
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otherwise. That is, rows corresponds to the cells and columns correspond to the colors,
with 1 encoding that the cell of that row maps into the color associated with that
column. This is illustrated in the following example.

Example 3.3. Consider the same sets of cells and partitions as in Example 3.2. For C
we use the indexing (a,b,c,d,e) = (1,2,3,4,5), for C/A we index (ab,c,de) = (1,2,3),
and we index C/B according to (ab,cde) = (2,1). Note that we indexed ab differently
as a member of C/A than as a member of C/B. This is not an issue since an
ordering is a property within a given set, not something intrinsic to an element. Using
the mentioned indexing, the partitions A,B,B/A are represented through the partition
matrices Py, Py, Pg/a, which are given by

100 01

100 01 01
Pa=|010]|, Ps=|10]|, Pga=1]10

00 1 10 10

(0 0 1| 10 |

O

Note that these matrices are related by P4Pg/4 = Pg. This is equivalent to
B/Ao A= B. It is more clear that these formulas are analogous if we consider the
transposed version PBT/ 4P = P4 . In this work, we considered it more useful to define
partition matrices the way we did instead of the transposed alternative.

Note that given a partition A, we can index its related sets C and C/.A in different ways.
This means that A can be represented by multiple partition matrices that are related
to each other by a reordering of rows and columns. This is not an issue as long as we
keep things consistent by always using the same assigned ordering when constructing
other partition matrices that also involve C and C/.A.

We will often use the partition and its matrix interchangeably, that is, P4 < B or
P4 < P to mean A < B.

Note that given partition matrices P4, Pg such that P4 < Pg, we have, from assumption,
already assigned an ordering on all the relevant sets C, C/A and C/B. Therefore, there
exists an unique partition matrix Pyp, representing B/A such that P4Pg/4 = Pp.

The trivial partition can be represented by any |C| x |C| permutation matrix, one of
which is the identity.

The rank of a partition corresponds to the rank of any of its matrix representations.
That is, rank(A) = rank(Py).

Note that given some matrix M of appropriate dimensions, PM is always well-defined
as an expansion of M, where its rows get replicated. In the case of M P, we require
the ability of summing elements of M. In our context, the sum operations will be the
previously mentioned monoid sum operations ||.
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3.2. Lattices of partitions

A lattice L is a partially ordered set such that given any two elements a,b € L, there
exists in L a least upper bound or join denoted by a V b. Similarly, there is in L a
greatest lower bound or meet denoted by a Ay b.

Example 3.4. Consider fig. 3, where we represent two partially ordered sets L and S.
We connect two different elements if and only if one is larger than the other (according to
its assigned partial order <) and they have no other element in-between. Furthermore,
we present graphically the larger elements above the smaller terms. For instance, in
fig. 3b, we have that e <p b and b <j, a so we connect them. However, we do not
connect e —a despite e <y, a since b is in-between them. Note that L is a lattice since V7,
and N, are well-defined for every pair of elements (e.g., bNpd =a andbApd= f). On
the other hand, S does not have this property. Note that the set of elements larger than
[ and m is {i,7,k}. Out of these, j,k are both smaller than i, however, neither j < k
nor k < j. That is, they are non-comparable. Since {i,j, k} does not have a smallest

element, | Vg m is not defined, which means that S is not a lattice. 0

a i
| / \

b c d J k

[ XX X [ X

€ f g l m
| \_/
h n

(a) Lattice L. (b) Non-lattice S.

Figure 3: Partially ordered sets L, .S such that L is a lattice and S is not a lattice.

In this work, we are only interested in lattices of partitions, partially ordered
according to the finer (<) relation, described in section 3.1.
The set of all partitions on a finite set of cells C, partially ordered by the finer (<)
relation, forms a lattice L¢. In this set, the join (V) and meet (A) operations can be
calculated according to Lemmas 3.3 and 3.4 respectively.

Lemma 3.3. The partition given by A= A; V Ay is such that A(c) = A(d) if and only
if there is a chain of cells c = ¢y, ..., ¢, = d such that, for each c;,c;11, with 1 < i < k,
we have either Ay(c;) = Ai(cip1) or Az(e;) = Az(ciy). dJ

Proof. Any partition A that is simultaneous coarser than A; and A, has to obey (from
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section 3.1)

./41 (C) = ./41 (d)

or = A(c) = A(d).
As(c) = Ax(d)
For such partition, any chain of cells ¢ = ¢y, ..., ¢, = d such that, for each ¢;, ¢;y1, with

1 < < k, either Ay(¢;) = Ai(cit1) or As(c;) = As(citr), implies that A(c) = A(d).
The finest such partition A is the one such that A(c) = A(d) if and only if there is such
a chain. Note that the existence of such chains induces an equivalence relation on the
set of cells. Therefore, this defines a valid partition. m

Lemma 3.4. The partition given by A = Ay A As is such that A(c) = A(d) if and only
Zf Al (C) = Al (d) and AQ(C) = Az(d) O

Proof. Any partition A that is simultaneous finer than A; and A, has to obey (from
section 3.1)

.Al (C) == Al (d),

AQ(C) = Ag(d)

The coarsest such partition is created by making the implication into an equivalence.

Alc) = Ald)=> {

This induces an equivalence relation on the set of cells. Therefore, it defines a valid
partition. m

Not every subset of partitions forms a lattice. Furthermore, subsets of lattices that
are themselves lattices might not be sublattices of the original lattice. That is, their
join and meet operations might be different. With regard to lattices of partitions, either
the join will be coarser that in Lemma 3.3 or the meet will be finer than in Lemma 3.4
(or both).

Denote by L the subset of L consisting on the partitions of C that are finer than
7. Note that Ly remains closed under the same join (V) and meet (A) operations.
Therefore, L+ is a sublattice of L¢.

All the lattices in this work are bounded, which means that they have a
(maximum/greatest element/top), denoted by T and a (minimum/least
element /bottom), denoted by L. In particular, the top partitions of L and Ly
are T¢ = {C} and T+ = T, respectively. The bottom elements L. = L are given by
the trivial partition.

We now show that the existence of a minimal element together with a join operation is
enough to guarantee that a finite set forms a lattice.

Lemma 3.5. Consider a finite partially ordered (<p) set L such that there is a minimal
element L1, € L and for every pair Ay, Ay € L, there exists an element denoted AV Ay
which s their least upper bond in L. Then, L is a lattice. 0
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Proof. Consider any pair of elements A;, A, € L. Call S the subset of L of the
elements that are simultaneously smaller (<;) than A; and As. That is, S =
{PeL:P <y A, As}. Note that S is finite. Furthermore, it is not empty since
1, € S. Then, to obtain the largest element of S we apply the join (V) operation over
the whole set, obtaining B = \/7LDe ¢ P. From assumption, the result is in L. Furthermore,
since all the elements of S are smaller than A; and A,, then B is smaller as well.
Therefore, B € S. By construction, B is larger than every other element of S, therefore,
it is an upper bound of S. That is, B € S is the greatest lower bound of A, A5 in L,
which we denote by A; A Ay, which means that L is a lattice. O

In this work, we have particular interest in lattices of partitions L in which the
bottom partition is the trivial one (L, = 1) and the join is given according to Lemma 3.3
(\/L = \/).

Lemma 3.6. Consider a lattice of partitions L C Ly such that L, = 1 and Vi = V.

Then, given any partition A € L, there is a partition B € L that is the coarsest one in
L such that B < A. O

Proof. Call S the subset of L of the elements that are finer (<) than A. That is,
S:={PeL:P <A} Notethat S is finite. Furthermore, it is not empty since L € S.
Then, to obtain the coarsest element of S we apply the join (V, = V) operation over
the whole set, obtaining B = \/,.¢P. Then, B € L. Furthermore, due to the fact that
L C Ly and V;, =V, we know that all the elements of S being finer than A implies
that B is finer as well. Therefore, B € S. By construction, B is coarser than every other
element of S, therefore it is an upper bound of S. That is, B € S is the greatest lower
bound of A in L. ]

Remark 4. Note that Lemma 3.6 only holds because we have that 1, = 1 and vV = V.
If 1 # L, then it would not work for any A < L (or non-comparable). Furthermore,
note that Ay, As < A only implies A1 Vi Ay < A if those partitions are all in the lattice
associated with V. The fact that Vi = V is what allows us to apply this implication
with respect to the lattice L. O

The correspondence between partitions A € Lyand B € L described in Lemma 3.6
establishes a function in L+ — L, which we denote by ciry,.
We know from Lemma 3.5 that a set L with a minimal partition 1, and a join Vp, is
automatically a lattice, therefore, it has a meet operation Ay. Furthermore, in the case
that L is a lattice of partitions such that L ; = 1 and vV, =V, it is not guaranteed that
A = A. We know, however, that A; Ay Ay < A; A Ay, Then, using ciry, it is clear how
to write Az, as a function of A.

Corollary 3.1. Consider a lattice of partitions L C Ly such that 1, = L and Vi = V.
Then, given partitions Ay, Ay € L, we have that Ay A, A = cirp(A; A Ay). O

Note that the meet operation Ay is only meaningful when applied to elements of L
while cir;, can be applied to any element of L.
We now illustrate the ciry operation in the following example.
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Example 3.5. In fig. 4Ja we have the lattice of all partitions finer than T =
{{1,2,3},{4,5}} and in fig. 4b we have some lattice L, which contains the trivial
partition L and is closed under the partition join V. We present the partitions in a
simplified manner such that singletons do not appear, which correspond to cells that are
not synchronized with any other cell (e.g., the partition {{1,2},{3},{4,5}} is simply
represented as 12/45). The lattices are colored such that each element of Lt is of the

same color of the element of L that cir;, maps to. 0
123/45
12/4é 12/45
13 23
\J_/ s

(b) Lattice L.
(a) Lattice Lt

Figure 4: Illustration of a ciry, function over a suitable lattice of partitions L.

3.3. Lattice quotients

In this section, we define the quotient operation on sets of partitions. In particular, we
show that for lattices of partitions L with the properties we are interested in (Vy = V
and L, = 1), all these properties are preserved under the quotient operation.

Definition 3.1. Consider a set of partitions L on some set of cells C. Then, for some
A € L, we define the quotient L/ A as the set of elements of the form B/ A, for all B € L

such that A < B. O
Remark 5. Note that L/ A, which is a set of partitions defined on C/A, always contains
the trivial partition on that set (consider B = A). O

We now show that if L is a lattice, then the quotient L/A is also a lattice in its
own right and its join and meet operations are induced from the join and meet of the
original lattice L.

Lemma 3.7. Consider a lattice of partitions L and some partition A € L. Then, L/ A
is also a lattice and its join (Vi ) and meet (Apja) operations are given by
(B1/A) Vija (B2 A) = (B Vi Ba)/ A, (11)
(B1/A) Arja (B2 A) = (B A Ba)/ A, (12)
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for any By,By € L such that A < By, Bs, or equivalently, for any Bi/A,Bs/ A € L] A.
Furthermore, its top (Tp,4) and bottom (Lp,4) partitions are given by

Tra=Tr/A, (13)
Lrja=A/A (14)
U

Proof. Consider any partition P/ A € L/A such that P/A > B,/ A and P/ A > By/A.
From Lemma 3.2, this is equivalent to saying that P > B; and P > B;. Since
P,By, By € L, this is equivalent to P > B; Vi By. Once again from Lemma 3.2, this
is equivalent to P/ A > (By V By)/A. Note that (B; Vi Bs)/A € L/A. Furthermore,
(B1 VL By)/A is coarser than B;/A and By/A and any partition that is coarser than
them has to also be coarser than (B Vp By)/A. Then, (B Vi By)/ A is the finest such
partition, which means that it corresponds to the join (Vys4) of L/A, which proves
Lemma 3.7. Lemma 3.7 is proven in a completely analogous way.

Consider any partition P/A € L/A. Then, we have that P € L is such that
A <P < Tp. Then, from Lemma 3.2, we have that A/ A < P/A < T,/ A, which
proves Lemma 3.7. O]

Lemma 3.8. Consider partitions A, By, By such that A < By, By. Then,
L]

Proof. Firstly, note that both sides describe partitions on the same set. Assume
A, By, By are partitions on a set of cells C. Then, B;/A and B,/ A are partitions on
C/A, and so is their join. Therefore, the left hand side describes a partition on C/A. It
is clear that the right hand side is also a partition on C/.A.

In order to prove that the two partitions are the same, we show that two cells are of
the same color in the partition of left hand side if and only if they are also of the same
color in the partition of the right hand side. That is,

(Bi/A)V (B2/ A)(k) = (B A) V (B2 A)(l) <=
(ByV Bs)/A(k) = (By Vv Bs)/A(l)
for all [,k € C/A. From Lemma 3.3, (B1/A)V (By/A)(k) = (Bi/A) V (By/A)(l) is

equivalent to the existence of a chain of cells k = ky,...,k, = [ in C/A such that,
for each ki, ki1, with 1 < ¢ < n, we have either (By/A)(k;) = (B1/A)(kiz1) or
(B2/ A)(k;) = (Ba/A)(kiz1). Note that k& € C/A if and only if there is some ¢ € C
such that A(c) = k. Then, under some cell correspondence A(c;) = k;, what we have is
equivalent to saying that there is some chain of cells ¢ = ¢1,...,¢, = d in C such that,
for each ¢;, ¢;11, with 1 < i < n, we have either (By/A)(A(¢;)) = (B1/A)(A(ciyq1) or
(Ba/ A)(A(c;)) = (By/A)(A(cit1)). This simplifies into having that either By(¢;) =
Bi(civ1) or Ba(¢;) = Ba(cip1). Then, from Lemma 3.3 again, this is equivalent to
B1V By(c) = By V By(d). Since A < By, By from assumption, it is always true that A <
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B, VB,. Therefore, what we have is equivalent to (B;VBy)/ A(A(c)) = (B1VBz)/A(A(d)).
This simplifies into (B V By)/A(k) = (By V Bs)/A(l), which completes the proof. [

The following is now immediate from Lemmas 3.7 and 3.8.

Corollary 3.2. Consider a lattice of partitions L, some partition A € L and its
respective quotient lattice L/ A. Then, for the joins of those lattices, we have that vV = V
with regard to partitions coarser than A, if and only if Vx4 = V. U

In this work we have a particular interest in lattices of partitions that contain the
trivial partition and whose join is determined by the partition join of Lemma 3.3. We

have shown that these properties are preserved under the lattice quotient operation.
That is,

Theorem 3.1. Consider a lattice of partitions L on a set of cells C, such that L = 1¢
and Vi, = V. Then, given any partition Ay € L, we have that L/ A is a lattice on the
set C/ A such that L4 = Le/a and Vija=V. O

We know from Lemma 3.6 that lattices with these properties have cir functions
associated to them. We now show how these functions are related.

Lemma 3.9. Consider a lattice of partitions L such that L, = 1 and Vi = V. Then,
given some partition A € L, the lattice L/ A has a cirp/a @ L1/ A — L/ A function,
which is related to the ciry, : L+ — L of the original lattice L. In particular, for every
B/A € L1/ A, we have that

cirpya(B/A) = cirp(B)/A. (16)
U

Proof. Firstly, note that since we consider elements B/ A € L1/ A, we have that A < B
from assumption.

Note that from definition, ciry(B) is the maximal element of the set S :=
{P € L:P < B} (which we know exists from Lemma 3.6). Then, since A € S, we
have that cir,(B) > A. Therefore, cir,(B)/A € L/A exists and it corresponds to the
maximal element of S/A.

On the other hand, cirp4(B/A) is by definition the maximal term of
{P/AeL/A:P/A<B/A}, which is again the set S/ A, concluding the proof. O

Example 3.6. In fig. 5a we have a lattice of partitions L, on a set of cells
C = {1,2,3,4}, such that L, = 1¢ and Vi = V. Consider the partition A =
{{1}.{2,4},{3}}, which is in L. We denote the elements of the quotient set C/A =
{1,24,3} and illustrate the quotient lattice L/ A in fig. 5b. Note that L/ A is also such
that Lpja= Lleja and Vipjqa = V. ]
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1234
|
124 [123] [234 1(24)3
[ X X /N
12] |24 o3 124)] [(24)3
| N/
le Leja
(a) Lattice L. (b) Quotient lattice L/A.

Figure 5: Illustration of a lattice L and its quotient lattice L/A.

3.4. Polydiagonals

We now relate a partition that encodes an equality-based synchrony pattern to its
corresponding subset of the state set in the network.

Definition 3.2. Given a partition A € L1, we call the subset of X
A = {x € Xt Ac) = A(d)=r, = 4}, (17)
the polydiagonal of A in X. O

This means that any x € A§ can be given by x = PX for some X, where P
is a partition matrix of A. Consider for instance A = {{1,2},{3}}, represented by

1 0 _ x1
P=1]110 .Then,x:PiwithK:[fllgivesuSX: T
T2 —

0 1 T2

Remark 6. Note that if the state sets {X;}ier only have one element, then it is irrelevant
to talk about synchronism in the first place. For this reason, we assume that the state
sets are non-empty and non-singleton. That is, we can always choose x. # x4 with

Zey kg € X; for i =T(c) =Td). O
The partial order relationship between partitions (<) induces the following inclusion

partial order (C) between polydiagonals.

Lemma 3.10. Consider partitions A, B € Ly and their respective polydiagonals A%, A%.
Then,

A< B+ A DAL (18)
O

Proof. The forward direction is direct from section 3.1 together with Definition 3.2.
The backwards direction is proved by showing its contrapositive, that is, —=(A <
B)=—(A% D AX). If =(A < B), then there are ¢,d € C such that A(c) = A(d)
and B(c) # B(d). Then, under the assumption that the state sets are non-singleton,
there is x € A% such that x, # x4, that is, x ¢ A%, which proves the contrapositive. [J
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Moreover, the intersection of two polydiagonals is itself a polydiagonal. In
particular, it is related to the join (V) operation as follows.

Lemma 3.11. Given partitions Ay, Ay € L, we have that A%, ,, = A% NA% . O

Proof. Since A; V Aj is coarser than both A; and As, we know from Lemma 3.10 that
A% a4, © A% and A% 4, C A% . Therefore, A%, C A% NA% .

We now prove the converse. Assume x € A% NA% . Then, x € A% and x € A% . This
implies that for every chain of cells ¢ = ¢y, .. ., ¢, = d such that either A;(c¢;) = Ai(cit1)
or Ay(¢;) = As(ciy1), we have that x. = z4. From Lemma 3.3, we have that x € A%h\/./lz'
Therefore, A% NA% C A% 4, O

The union of polydiagonals does not necessarily give us another polydiagonal. There
exists, however, the smallest polydiagonal that contains the union of two polydiagnals.
Note that these properties are analogous to the intersection and union of vector
subspaces.

Lemma 3.12. Given partitions Ay, Ay € L7, we have that A% D A§1 UA§2 if and only
if A< AL A As. O

Proof. Consider a partition A € Ly such that A% D A% U A% . Then, A% D A%
and A% D Affb. From Lemma 3.10, this means that A < A; and A < A,, therefore
A< A A As.

We now prove the converse. It is enough to show that A; A A, satisfies the inclusion
condition since from Lemma 3.10, any partition finer than it would also satisfy it. Since
A1 AN Ay is finer than both A; and A, we know that A% , . 2 A% and A% , 4, 2 A%
Therefore, A% , 4, 2 A%, UAY . O

3.5. Invariance of polydiagonals

We now investigate the properties of a function that preserves equality-based synchrony
patterns.

Definition 3.3. If for a G-admissible function f:X — Y and a partition A € L we
have

F(A%) € A (19)

then A is f-invariant.
Furthermore, if for F' C Fg, A is f-invariant for every f € F, then we say that A is
F-invariant. U

Note that if A is f-invariant, then for every x € X such that x = PX, with P
representing A, there is ¥ such that f(PX) = Py. This means that there is a function
F:X = Y with sets X := XK and Y := Y¥, for an appropriate k > 07|, such that

f(PX) = Pf(X). (20)
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10
Consider again A = {{1,2},{3}}, represented by P = | 1 0 |. Then, Ais f-invariant
01

T Y1 — _
if f T = | 5, |. That is, f (P fl ]) =P %1 This means that f
T
T Yo ? Y2
induces a related function 7 ( [ fl ] ) = %l ] .
T2 Yo
Corollary 3.3. The trivial partition L is always Fg-invariant. O

Lemma 3.13. Consider partitions Ay, Ay € L1 and f € Fg such that Ay, As are both
f-invariant. Then, Ay V Ay is also f-invariant. O

Proof. Take any x € AffllvAg = Afil N Afﬁz. Then, x € Affh and x € Ai. From
assumption, we have f (x) € A} and f (x) € A, thatis, f (x) € AN NAY, =AY L4
Therefore, A; V A, is f-invariant. O

Corollary 3.4. Consider partitions Ay, As € Ly and F C Fg such that Ay, Ay are both
F-invariant. Then, A; V As is also F-invariant. O

Proof. From definition, A;, A5 being F-invariant implies that they are f-invariant for
every f € F. Then, from Lemma 3.13, A; V A, is also f-invariant for every f € F.
That is, A; V A, is F-invariant. O

Remark 7. Note that only being interested in a particular subset of admissible functions
F C Fg is quite natural. In particular, the definition of Fg does not include any type
of smoothness assumption. In general, we could be interested in admissible functions
that are constructed through of oracle components that have more properties than the
minimal ones described in Definition 2.2. For instance, an oracle component such that
a cell becomes insensitive to cells that are on the same state, corresponds, under the
current formalism, to the following constraint.

ﬁ(x;[“;j],[fcbzﬁ(x;w,x). (21)

This assumption is present, for instance in the Kuramoto model. Note that this makes
the cells of such a system always insensitive to self-loops. O

We can now show that the sets of F-invariant partitions form lattices.

Theorem 3.2. Denote by Lp the subset of partitions in Ly that are F-invariant, with
F C Fg. Then, Lg is a lattice whose minimal element L g is the trivial partition L and
whose join operation Vg s the partition join V as described in Lemma 3.3. O

Proof. We know that Ly is finite, therefore, Lp is also finite. From Corollary 3.3, we
know that L € L for all ' C Fg. Since L is the finest partition, we have that Lp = 1.
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Consider any Ay, As € Lr. Then, from Corollary 3.4, we know that A,V Ay € Lp. Any
partition coarser than A; and A, has to be coarser than A; V A,. Therefore, Vi = V.
From Lemma 3.5, we know that Ly is a lattice. O]

Remark 8. Note that Ly = Ly since being D-invariant is vacuously satisfied. 0

Corollary 3.5. Denote by Ly (instead of by Lisy) the subset of partitions in Ly that
are f-invariant, with f € Fg. Then, for oll FF C Fg, we have that Ly = ﬂfep Ly O

Corollary 3.6. For every Fy, Fy C Fg, we have that
(Z) ]fFl Q Fg, then LF1 2 LFQ.

(ZZ) LF1UF2 - LFI ﬂ LFQ.
(ZZZ) LFlﬂFQ 2 LF1 U LFz-

O

From item i of Corollary 3.6, we know that Lz, is the smallest possible lattice of
invariant partitions.
We have shown in Lemma 3.6 that for a lattice L such that 1, = 1 and Vj =V, there
exists of a function ciry that assigns to each element in Ly an element of L. Since every
F-invariant lattice satisfies these assumptions, we have the following.

Corollary 3.7. Consider a F-invariant lattice Ly, with F' C Fg. Given any partition
A € L, there is a partition B € Lg that is the coarsest one in Lp such that B < A.
This establishes the function cirg: L+ — Lp. O

Corollary 3.8. Consider partitions Ay, Ay € Lp, with FF C Fg. Then A; A\p Ay =
CiTF(Al VAN Ag) OJ

In summary, we have seen that the join operation (V) as described in Lemma 3.3
is fundamental with regard to the study of invariance in polydiagonals. In particular, it
corresponds to the fact that the intersection of invariant polydiagonals gives us another
invariant polydiagonal. On the other hand, the meet operation is not fixed. It is
dependent on the particular lattice L and does not present a clear intuitive meaning.
In fact, from Lemma 3.5, its existence can be seen as a mere consequence of a minimal
partition | together with some join operation V. Since we have that Vj = V for all
the lattices we are interested in (F-invariant lattices), we see that the join operation is
the most convenient of the two fundamental operations on lattices and we focus on it
in this work.

3.6. Balanced partitions

We now show that if the connectivity structure of a network G respects certain
conditions, it enforces certain polydiagonals to be invariant, regardless of the particular
choice of admissible f € Fg.



An in-reachability based classification of invariant synchrony patternso 21

Definition 3.4. Consider a network G defined on a cell set C with a cell type partition
T and an in-adjacency matriz M. A partition A € Ly with characteristic matrix P is

said to be balanced on G if for all c,d € C
A(c) = A(d)=—m.P = myP, (22)
where m., my are the rows of matrix M corresponding to cells ¢ and d, respectively. [

Note that a partition is balanced if and only if there is a matrix () of elements in
the appropriate monoids {M;}; jer such that

MP = PQ. (23)

A balanced partition is usually indicated with the symbol > and we denote the set of
all balanced partitions in a given network G by Ag.

In [13] it was shown that for the unweighted formalism, Ag forms a lattice under the
partition refinement relation (<), as described in section 3.1. We show that this follows
easily from the results in section 3.5.

Corollary 3.9. The trivial partition L is always balanced. U
Proof. For any M, the condition eq. (23) is satisfied with P = I and ) = M. O

The following was proven in [4] for the weighted formalism.

Lemma 3.14. Consider balanced partitions ><iy,><o € Ag. Then, >y V Xy is also
balanced. O

Using Lemma 3.5 again, the following is an immediate consequence of Corollary 3.9
and Lemma 3.14.

Corollary 3.10. Given a network G, the set of balanced partitions Ag forms a lattice
whose minimal element 1 g is the trivial partition L and whose join operation Vg is the
partition join V as described in Lemma 3.35. 0

From Lemma 3.6, the following is immediate.

Corollary 3.11. Given any partition A € Ly, there is a partition < € Ag that is the
coarsest one in Ag such that > < A. OJ

This implies the existence of a cir function from Ly to Ag, which we denote by just
cir. Then, we have the following.

Corollary 3.12. Consider balanced partitions ><y,0<do € Ag. Then, >3 Ag Mo =
CZ.T’(D<11 VAN l>42). L]

The particular cir function associated with Ag is easy to compute and was extended
in [4] for the general weighted case.
In order to present the interesting properties of balanced partitions, we require the
following result, which relates partitions and oracle components.
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Lemma 3.15. For any oracle component fl € .7:}, we have that
filz; w, PX) = fi(z; PTw,X), (24)

where P is a partition matriz of appropriate dimensions such that the vectors w and
PX have elements of matching cell types. 0

Proof. We prove this by induction. Consider fixed integers n, k such that 0 < k& < n.
Assume Lemma 3.15 applies to all partition matrices of dimension n x (k + 1) as
long as it is applied to suitable (type matching) w and X. Note that any partition
matrix P of dimension n x k can be obtained by taking some partition matrix P of
dimension n x (k +1) and merging together two of its columns. That is, P = Ppo, with

1 o'
p=|1 0F and where ¢ is a permutation matrix of dimension k x k.
0 I

Consider one such P and any suitable w and X. Then, f;(z; w, PX) = fi(z; w, P(poX)).
From assumption, we call apply Lemma 3.15 with respect to P, which gets us
fi(x; Z_DTW, poX). Due to the particular shape of p, applying Lemma 3.15 with regard to
p is equivalent to item ii of Definition 2.2. This gives us f,(x, pT?TW, 0X). Similarly, we
can apply Lemma 3.15 with regard to o since it corresponds to item i of Definition 2.2.
Note that since o is a permutation matrix, we have that 0=! = o'. Therefore, this
becomes f;(x; JTpTFTW,K) = fi(x; (Ppo)Tw,X) = f;(x; PTw,X), which proves that
Lemma 3.15 is satisfied for any partition matrix P of size n x k. In the base case
k = n, the partition matrix is in fact a permutation, therefore, it is direct from item i

of Definition 2.2, which concludes the proof. m

A more convoluted version of Lemma 3.15 was originally part of the definition of
oracle components in [4]. We had it in place of items i and ii in Definition 2.2. We
just proved Lemma 3.15 using items i and ii. Furthermore, it is straightforward that
these items are just particular cases of Lemma 3.15. Therefore, the two definitions are
equivalent.

Remark 9. Note that Lemma 3.15 is valid for all inputs such that the evaluation is
meaningful. That is, whenever the domain Definition 2.2 is respected. Furthermore, it
can be seen that vectors w and PX having elements of matching cell types is equivalent to
PTw and X having elements of matching cell types and the sum PTw being well-defined.
That is, each sum operates on elements of the same commutative monoid. [l

Having proven this, we can now state the following result, which underlines the
importance of balanced partitions in the study of invariance.

Theorem 3.3. Consider a balanced partition <t € Ag on a network G and any G-
admissible function f € Fg. Then, 0 is f-invariant. O

Proof. Consider any 1 € Ag and a state in the related polydiagonal x € AX. That is,
x = PX for some X, where P is a partition matrix of <.
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For any pair of cells ¢, d € C such that <i(c) = i(d), we have that z. = z4. Furthermore,
from Definition 3.4, we have that P'm] = P'm,. Therefore, fz (xC;PTmCT,i) =
f; (:vd; PTm;,i) for any f; € Fi, with i = Tlc) =Td).

Using Lemma 3.15, this becomes ﬁ (xc; m,, Pi) = ﬁ (xd; m,, Pi), which from
Definition 2.3 is equivalent to f.(PX) = f;(PX). This means that for every G-admissible
function f € Fg, there is a f such that f(PX) = Pf(X). That is, t< is f-invariant. [

Which is equivalent to the following statement.
Corollary 3.13. Given a network G, we have that Ag C L, for any F C Fg. 0

Theorem 3.4. Consider a partition A < T on some network G. If A is Fg-invariant,
then A is balanced on G. O

Which is equivalent to the following statement.
Corollary 3.14. Given a network G, we have that Ag O Lx,. O

Note that Lz, is the smallest possible lattice of invariant partitions. In [1, 2, 3],
Theorem 3.4 was derived by proving a stronger result. In particular, by showing that
exists some subset F' C Fg such that Ag O Lp. This type of results is of interest since
one might only be interested in certain subclasses of admissible functions and not the
full Fg.

This stronger result, which was originally hid away in their proof of the unweighted
version of Theorem 3.4, was made explicit and generalized in [4] for the general weighted
formalism.

From and Corollaries 3.13 and 3.14 the following is now immediate.

Corollary 3.15. Given a network G, we have that Ag = Lz,. O

3.7. Quotient networks

In this section we describe how the behavior of a network G when evaluated at some
polydiagonal AX for some balanced partition i can be described by a smaller network
Q.

Definition 3.5. Consider a network G defined on a cell set Cg with a cell type partition
Tg and an in-adjacency matrix M. Take a balanced partition <1 € Ag.

The quotient network Q of G over <, denoted Q := G/i<, is defined on a cell set
Co = Cg /<t with a cell type partition Tg := Tg/>< and an in-adjacency matriz @ given
by MP = PQ, where P represents <. [l

Remark 10. We assume that a particular ordering has been chosen for the sets of cells
Cg and Cq. Then, the partition P representing > and the in-adjacency matrices M and
@ are uniquely defined. O

Lemma 3.16. Consider a balanced partition <0y € Ag, on a network Gy and its
respective quotient network Gy = Go/Xo1. For a partition gy such that g < Xog,
define Xy := oo /M<o1. Then, oo € Ag, if and only if <12 € Ag,. Furthermore, if >
and o satisfy this, then Gy /oo = G1/M<13. O



An in-reachability based classification of invariant synchrony patternso 24

From Theorem 3.3, we know that any balanced partition > € Ag is f-invariant for
any f € Fg. Note that in eq. (20) it was shown that for a partition 4 and a function
f such that A is f-invariant, then, f, when evaluated on A% can be determined by a
simpler function f. We will see that for the case of balanced partitions this function is
particularly noteworthy.

Definition 3.6. Consider a network G and a balanced partition <1 € Ag. Let f € Fg.
The quotient function g := f /i< is defined through constraining f to the polydiagonal

AX. That is,
f(PX) = Py(x). (25)
U

We now show that the quotient function is very intimately related to the quotient
network.

Theorem 3.5. Consider networks G and Q such that Q@ = G/t for some balanced
partition <1 € Ag. Then, for any f € Fg, which is given by f = f’ , for some f e Fr,
g

we have that its quotient function g = f /< is given by g = f‘ . Therefore, g € Fo. U
Q

Now that we understand the relationship between f € Fg and its quotient g = f /i<
in terms of oracle functions, the following is clear.

Corollary 3.16. Consider networks G and Q such that Q = G/ for some balanced
partition <1 € Ag. Then, for any g € Fo, there is some f € Fg such that g = f/>. O

Note that Corollary 3.16 only refers to existence, not to uniqueness. That is, it
could be possible to have fi, fo € Fg such that f; # fs but g = fi/p<x = fo/><. They
will, however, match when evaluated at the polydiagonal A%

Example 3.7. Consider the given partition A = {{1,2},{3}} on the CCN of
Ezxample 2.1 (fig. 2). One partition matriz of A is

10
P=|10]|, (26)
01

in which each column identifies one of the colors of the partition. From this we obtain
the product

11
MP=|11]. (27)
2 1

Note that rows 1 and 2 are the same and the respective cells are of the same cell type.
That means that for any admissible f we have f1(x) = fo(x) when x; = 5.

Observe that this is in agreement with the functional form we wrote in Example 2.1.
Since the rows of M P respect an equality relationship according to A, then A is balanced
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and there is a quotient matriz Q) that obeys the balanced condition eq. (23). In fact, the
quotient matriz () is

11
o-[11] -

which is directly obtained from MP by compressing its rows according to A.
The behavior of this CCN when x1 = x4 is then described by the smaller CCN given
by the quotient matriz () which s represented in fig. 6b. The coloring is a way of

& 3 & 3

21}

/7 N\
&9 ®

(a) Original. (b) Quotient.

Figure 6: Color-coded network of fig. 2 and its quotient over the balanced partition

{{1,2},{3}}.

representing the partition A = {{1,2},{3}} over which the quotient is done. Note that
i both figs. 6a and 6b each gray cell receives one connection from a gray cell and one
connection from a white cell. On the other hand, each white cell receives a connection
from a white cell and two connections from a gray cell. The function g = f /> has the
following structure

. T
g(x) = filewi [ 1 1] ), (29)
. T
gs(x) = folwgi [ 2 1] %), (30)
where f e Fris any oracle function such that f = f . 0

We now extend the concept of quotient of admissible functions to sets of admissible
functions.

Definition 3.7. Consider networks G and Q such that Q = G/ for some <1 € Ag.
Given any subset of G-admissible functions Fg C Fg, we define its quotient Fg = Fg /<
as the subset of Fo such that g € Fg if and only if there is some f € Fg such that

g=f/=. O
Note that from Corollary 3.16 it is immediate that Fg/><t = Fg. That is,
.Fg/DQ = fg/[x].

We are now ready to study the relation between the invariant lattices Ly, of a network
G and corresponding invariant lattice of its quotient network Q = G /ix.
The following is direct from Lemma 3.16.

Corollary 3.17. Consider networks G and Q such that Q@ = G/t for some <1 € Ag.
Then, AQ = Ag/l>4 [
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We now generalize this to lattices of F-invariant partitions.

Theorem 3.6. Consider networks G and Q such that Q = G /<1 for some 1 € Ag, and
subsets Fg C Fg, Fo C Fg such that Fg = Fg /.

Then, for partitions Ag < Tg and Ag < Tg such that Ag > < and Ag = Ag/<, we
have that Ag € Lp, if and only if Ag € Lp,. That is, Lp, = Lp,/><. O

Proof. We consider the partitions <, Ag and Ag to be represented by partition matrices
P, Pg and Py respectively, such that Pg = PPg.

Assume Ag € Lp,. Note that for any g € Fo, there is some f € Fy such that
g = f/>a. Then, from the fact that < is balanced, we know from Definition 3.6
that f(FPgX) = f(PPoX) = Pg(PgX). On the other hand, from the fact that
Ag € Lp, we know that f(P;X) = Pgf(X) = PPof(X) for some f. Therefore,
Pg(PoX) = PPof(X). Since P always has full column rank, it is left-invertible, which
means that g(PoX) = Pof(X). That is, Ag is g-invariant for any g € Fg, from which
we conclude that Ag € Ly, implies Ag € Lp,. We now prove the converse direction.
Assume Ag € Lp,. Note that for any f € Fy, its quotient g = f/>is in Fg. Then, from
the fact that Ag € Lp, we know that g(PoX) = Pog(X) for some g. Multiplying on the
left by P gives us Pg(PgX) = PPog(X) = Pgg(X). On the other hand, from the fact
that >a is balanced, we have from Definition 3.6 that Pg(PgoX) = f(PPgX) = f(FPgX).
Therefore, f(PgX) = Pgg(X). That is, Ag is f-invariant for any f € Fg, from which we
conclude that Ag € Lg, implies Ag € Lg,, which completes the proof. O

Note that this is in agreement with Corollary 3.17 when we consider the particular
case Iy = Fg and Fg = Fgo. The following is now immediate from Theorem 3.6
and Lemma 3.9.

Corollary 3.18. Consider networks G and Q such that Q@ = G/t for some <1 € Ag,
and subsets Fg C Fg, Fo C Fg such that Fg = Fg /.
Then, for A < Tg such that A > 1, we have that

Cirpg (A) /> = cirp, (A/>). (31)

4. Network connectivity

In this section we summarize the definitions and notation necessary to study the
connectivity of a directed network and relate those characteristics to its dynamics.

4.1. Newghborhoods and reachability

Definition 4.1. The in-neighborhood N~ of a cell ¢ € C, is the subset of cells d € C
such that the total of directed edges from d to ¢ has a non-zero weight. Similarly, its
out-neighborhood, denoted Nt (c), is the subset of cells d € C such that the total of
directed edges from c to d has a non-zero weight. 0
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In our context, this means that if M is an in-adjacency matrix of a network, we
have that N~ (c) = {d € C:meq # 0;;,i = T(c),j = T(d)}. Note that the commutative
monoid structure allows us to encode arbitrary (finite) edges from a cell d to a cell ¢
using a single element. This definition says that even if there are non-zero edges from d
to ¢, if their total effect is equivalent to a non-edge (0;;), then d is not in N~ (c).

Remark 11. We often denote c € N~ (d), or equivalently, d € N*(c), by c —d. O

Definition 4.2. The cumulative in-neighborhood V= of a cell ¢ € C, is defined as
V= (c) :=cUN (c). O

Definition 4.3. The k' cumulative in-neighborhood V, of a cell ¢ € C, is defined
recursively as

Vi (¢) =

=

—
)

~
I

C?
U v, k>o. (33)
dev,_(c)

That s, the set of cells from which there is a directed path of at most k edges that ends
at c. Note that Vi =V~. The k'™ cumulative out-neighborhood V! is defined similarly
by replacing the signs. O

Lemma 4.1. The sequence (V,; ) 15 monotonically increasing, that is,

k>0

Vi (e) SVinle), k>0,

Moreover, if V, (c) = V,,4(c) for some k > 0, then the recursion Definition 4.3 has
reached a fized point, which means that V; (c¢) =V, (c) for alln > k. O

This result motivates the following definition.

Definition 4.4. The in-reachability R~ of a cell ¢ € C, is defined as

R (c) = [J Vi (o). (34)

k>0

That is, the set of cells from which there is a finite directed path that ends at c.

The out-reachability R™ is defined similarly by replacing the signs. O
Remark 12. We often denote ¢ € R™(d), or equivalently, d € R*(c), by ¢ ~ d,
tllustrating that there is a direct path starting at cell ¢ and ending at cell d. 0
Corollary 4.1. For any cell ¢ we have that V, (¢) € R~ (c) for all k > 0. Moreover,
when considering a finite amount of cells, equality is achieved at some finite k. 0
Corollary 4.2. If c € R™(d), then R (c) C R (d). That is, if ¢ ~ d, then, for every
cell e such that e ~ c we also have that e ~ d. U

OnOnOn0

Figure 7: Simple chain of 4 cells.
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Example 4.1. Consider the simple network in fig. 7. Cell 3 receives an edge from
cell 2, that is, N=(3) = {2}. Its cumulative in-neighborhood is given by V~(3) =
B3UN(3) = {2,3}. Using the definition, its second cumulative in-neighborhood is
Vy (3) =V (2) UV~ (3), which results in {1,2} U{2,3} = {1,2,3}, which are the cells
that have a directed path to cell 3 with a length of two or less. Note that this is already
the mazimal cumulative in-neighborhood of cell 3 since V4 (3) =V~ (1) UV~ (2)UV~(3)
again equals {1,2,3}. That is, V5 (3) = R (3).

Furthermore, the point at which the cumulative in-neighborhoods equals the in-
reachability set depends on the particular cell of the network. For instance, we have
that Vo (1) =R (1) = {1} and V5 (4) =R~ (4) ={1,2,3,4}.

Finally, we have that R~ (1) C R™(2) C R~ (3) C R~ (4) since each cell has a direct path
to every cell that is identified with an higher number. In particular, the set inclusions
are strict, that is, there are no two cells with the same in-reachability set. Note that this
would require directed loops, that is, R™(c) = R~ (d) is equivalent to R~ (c) € R~ (d)
and R~(d) € R (c), which implies ¢ € R™(d) and d € R~ (¢). That is, ¢ ~ d and
d ~ c. 0

4.2. Dynamics from in-neighborhoods

Consider a network G and an G-admissible state set X such that a state x € X evolves
(either discretely or continuously) according to a G-admissible function f € Fg. That
is,

x" /% = f(x). (35)
From the definition of admissibility, the component f. of an G-admissible function f is
only dependent on the states associated with the cells in V= (¢). This allows us to relate
the dynamics of the system to the neighborhoods of cells. We now show how V. in
particular is related to the evolution of an admissible system in both the discrete and
continuous cases.

Theorem 4.1. Consider a network that evolves discretely according to a function
f € Fg. Then, xn],z[n+ 1],...,x[n + k| are fully determined by the set of states
{za[n]}, with d € V, (c). O

Proof. Tt is enough to just prove that x.[n + k| is fully determined, the rest comes
directly from the monotonicity of (V,; ) 50"

The proof is by induction. Assume this to be true for some k > 0. Then, z.[n + k + 1]
is fully determined by the set of states {z4[n + 1]} with d € V,_(¢). From f being
G-admissible, the states {x4[n + 1]} themselves are fully determined by {z.[n]} with
e € V; (d) for each d € V, (c). This means that x.[n + k + 1] is fully determined by the
states {xq[n]} with d € V,_(c), which proves the induction step. The base case k = 0
is trivial. ]

Theorem 4.2. Consider a system that evolves continuously according to a function
f € Fg. Then, assuming sufficient differentiability, the derivatives up to k' order at
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time t, that is, ze(t), e(t), ..., (t) are fully determined by the set of states {za(t)},
with d € V,, (c). O

Proof. 1t is enough to just prove that 2P (t) is fully determined, the rest comes directly
from the monotonicity of (V,: ) 50"
The proof is by induction. Assume this to be true for some k > 0. Then, there is a

function g such that

2 (t) = g({za(t):d €V (0)}).

Differentiating on both sides gives

dg
w0 = Y oy (o).

devy (c) d
From f being G-admissible, the first derivatives {x&l)(t)} are fully determined by {z.(t)}
with e € V; (d) for each d € V, (¢). This means that 2 (t) is fully determined by the
states {zq(t)} with d € V,_,(c). The base case k = 0 is trivial. O

We now show that knowledge about the in-reachability R~ of a cell fully defines
its evolution.

Theorem 4.3. Consider a network that evolves either discretely or continuously,
according to a function f € Fg. Then, the whole (2 [k]);>, /Tc(+) is fully determined by
the set of states xq[n]/xq(t) for d € R™(c). O

Proof. From Corollary 4.2, we know that for any in-reachability set R~ (¢) = S, any cell
d € S has its own in-reachability contained within that same set. That is, R™(d) C S.
Since V™ (d) € R~ (d), we have that V= (d) C S.

From admissibility, we know that the dynamics of a cell d are a function of the states
of the cells in V™ (d). Therefore, we can constrain our network to the subset of cells S
while preserving all their dependencies within that same set. That is, knowledge about
the initial conditions of the cells S is enough to fully determine the evolution of the
induced subsystem. O]

Remark 13. Note that for the discrete time case (Theorem 4.1), this result is direct
from Corollary 4.1. However, to extend the continuous time case (Theorem 4.2) in the
same manner, we would have to require the dynamics to be analytical, which is usually
too much to ask for. Often, only the Lipschitz condition is assumed. Qur approach in
the previous proof works for both the discrete and continuous cases. O

Corollary 4.3. Consider a subset of cells S in a network that is an in-reachability set.
That is, S = R~ (c¢) C C for some ¢ € C. Then, for any solution x(t) of the whole
system, constraining x(t) to the cells in S gives us a valid solution to the subnetwork
induced by S. Conversely, for a solution xs(t) on the subnetwork, there will be a solution
on the whole network that is an extension of it. 0

Proof. This is direct from Theorem 4.3. O
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4.8. Strongly connected components and root dependency

To study the in-reachability sets R~ of the network, it is useful to decompose its graph
into strongly connected components (SCC).

Definition 4.5. Two cells ¢,d € C are said to be strongly connected if
R~ (c) =R (d). That is, there are directed paths d ~ ¢ and ¢ ~ d. O

Remark 14. Note that the strongly connected property induces a partition on the set of
cells C. The subsets of this partition are called the SCCs. OJ

Since two cells in the same SCC have exactly the same in-reachability set, that is
R~ (c) =R (d) for all ¢,d € S;, we simply refer to it as R™(S;).

Definition 4.6. The condensation graph is obtained by representing each SCC' S;
by a block and connecting S; — S; for i # j, if there are cells ¢; € S;, ¢; € S; such that
Ci — Cj. ]

The diagram obtained is blockwise acyclic. Note that for ¢; € S;,¢; € S, @ # J,
the existence of a directed path ¢; ~» ¢; is equivalent to the existence of a directed path
S; ~ §; in the condensation graph. Moreover, if in the condensation graph there is a
direct path S; ~» S; then S; C R™(S;).

This decomposition can be done very efficiently in time O(|C| + |£|), where £ denotes
the set of edges, using for instance Tarjan’s algorithm [14].

Building on the concept of SCCs, we are now ready to define a decomposition based on
root dependency components (RDC).

Definition 4.7. An SCC S; is called a root if there are no other SCCs that have a
directed path to it. That is, S; = R™(S;). O

Definition 4.8. Two cells ¢,d € C are said to have the same root dependency if
R~ (c), R™(d) contain exactly the same subset of roots. O

Remark 15. Note that the property of having the same root dependency induces a
partition on the set of cells C. The subsets of this partition are called the root
dependency components. Moreover, note that in network with n roots, this partition
has at most 2" — 1 disjoint subsets, since there is no cell that does not depend on any
r001. 0]

The following is straightforward from the definitions.

Corollary 4.4. The partition formed by the SCCs is finer than the one formed by the
RDCs. 0

Example 4.2. Consider the network in fig. 8a. Note that it has four different SCCs.
In particular, §; = {1,2,3}, Sy = {4}, S3 = {5} and Sy = {6,7}. This induces the
partition {{1,2,3},{4},{5},{6,7}} on the set of cells in the network. We form the
condensation graph at fig. 8b by representing each SCC by a block and connecting them
appropriately. That is, we have that 2 — 4, 3 — 6 and 5 — 7, which means that we
need to connect S; — Sy, S1 — Sy and Sz — Sy, respectively.
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81 > SQ
83 > 84
(a) Original network. (b) Condensation graph.

Figure 8: Decomposition of a network into its strongly connected components.

Using the condensation graph, it is very easy to see that the in-reachability sets of the
SCCs are R™(S1) =81, R (S3) =S1USy, R7(S3) =83 and R™(S) = S1 US3US,.
This means that the network has two roots, S1 and Ss. With two roots, we can partition
the cells of the network in, at most, three RDCs. That is, the ones that depend on the
root Si but not Ss (S; U Sy), the ones that depend on Sz but not Sy (S3) and the ones
that depend on both S; and Ss (Sy). Therefore, the partition induced by the RDCs is
{81US82, 83,84} = {{1,2,3,4}, {5}, {6, 7}}, which is coarser that the partition of SCCs.
O

5. In-reachability based classification of synchrony partitions

Motivated by the influence of that different types of in-neighborhoods have on the
dynamics of a network, we introduce an in-reachability based classification scheme for
general partitions.

5.1. Strong, rooted and weak partitions

In this section we classify the colors of partitions according to their relationship to
the structure of the network. To this purpose, we pay particular attention to the in-
reachability sets, which fully determine the dynamical evolution of the cells, and the
SCCs, which are the natural way of segmenting them.

Consider the network in fig. 8. Note that &; and Sz are roots, that is, R~ (S;) = S; and
R~ (S3) = S3. From Theorem 4.3, the evolution of each of those sets can be completely
determined without regard to the rest of the network. That is, for any G-admissible
function f, we can constrain and evaluate it separately in the sets of cells S;, Ss.
Consider a partition A in this network such that there are cells in §; and S that share
the same color, that is, there are two cells ¢; € Sy, ¢3 € S3 such that A(cy) = A(cs).
Since the two SCCs evolve completely decoupled from one another, any disturbance
on ¢; would not be felt by c3 and vice-versa. Moreover, there is no cell that could
simultaneously affect both ¢; and c¢3 and act as a pacemaker to drive them to a common
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state. However, this lack of feedback between these cells does not mean that it would be
impossible for the synchrony pattern determined by 4 to appear in a physical system.
That, is for states sufficiently close to the polydiagonal A% to be driven back to A%, or
at least stay close to it. This could be achieved if, for instance, both ., (t) and ., (t)
converge to the same stable equilibrium point.

On the other hand, if z.,(t),z.(t) converge to the same limit cycle, we would not
expect such synchrony space to be stable, since there would be no mechanism that
could counteract a possible phase offset. In particular, note that if xs, (¢) is a solution
for the subnetwork induced by Si, the time shifted version xg, (t — 0) is also a solution.
Therefore, phase synchronism with S3 would never happen unless we started with precise
initial conditions.

Assume now that instead, there are two cells ¢y € Ss, ¢4 € S4 of the same color, that is
A(cz) = A(cy). Their in-reachability sets are R™(Sz) = SoUS; and R™(S,) = S4USUS;
respectively. Now, although there is still no feedback between one another, their
in-reachability sets intersect in &;. Thus, it could still be possible for ¢; and ¢4 to
maintain synchronism with non-trivial behavior if §; is driving them to do so.

This shows that the structure of the network can make a crucial difference in the
qualitative behavior of the invariant synchrony patterns, which motivates the following
definitions.

Definition 5.1. A color A on a partition of a network G is
e Strong if all the cells of that color are in the same SCC. That 1s,
¢,d € A—=R (¢) =R (d), (36)
or equivalently,

R (c)={JR (o). (37)

ceA ceA
e Rooted if it is not strong but there is some cell (root) in G that has a directed path
to all the cells of that color. That is,

hc (R (c)c | JR (o). (38)

ceA ceEA
o Weak if it is neither strong nor rooted. That is,

(R (c) =0. (39)

ceA

O

Clearly, every color is of one, and only one, of these three types. The following
properties are direct from the definition.

Lemma 5.1. Consider a strong color A, a rooted color A,., and a weak color A,,. Then,
the following is true

o [f A C Ay, then A is strong.
o [fACA,, then A is either rooted or strong.
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o [fA. C A, then A is either rooted or weak.
o I[f A, C A, then A is weak.

O

Note that this definition is with respect to a particular color and the connectivity of
G. That is, it evaluates a dangling color, without the need for considering an underlying
partition or even worrying if it is balanced or not.
Using the classification of individual colors, we classify a whole partition according to
the following definition.

Definition 5.2. A partition A on a network G is

e Strong if all of its colors are strong.

e Rooted if it is not strong but all of its colors are either rooted or strong. That is,
it has at least one rooted color.

o Weak if any of its colors is weak.
O

Clearly, every partition is of one, and only one, of these three types. Similarly to
Lemma 5.1, the following properties are direct.

Lemma 5.2. Consider a strong partition A, a rooted partition A, and a weak partition
A. Then, the following is true
o If A< A,, then A is strong.
o [fA<A,, then A is either rooted or strong.
If A. < A, then A is either rooted or weak.
If A, < A, then A is weak.

The following is straightforward.

Corollary 5.1. If A is a singleton color, then is it strong. Furthermore, the trivial
partition L, which only has singleton colors is always strong. U

We now relate our classification of partitions to the network connectivity according
to the decomposition into SCCs and RDCs, as defined in section 4.3. The two following
results are direct from the definitions.

Lemma 5.3. A partition is strong if and only if it is finer than the partition of SCCs.
O

We use the term non-weak to denote partitions or colors that are not weak, that
is, either rooted or strong.

Lemma 5.4. A partition finer than the partition of RDCs is non-weak. U
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In section 3.5 we have seen that every subset of partitions that are F-invariant
always forms a lattice Lp, regardless of the particular subset of functions F' C Fg of
interest. Furthermore, we know that its minimal element is always the trivial partition
1, which is strong. Also, given any two partitions Ay, Ay € Lp, their least upper
bound is always given by A; V Ay, where V denotes the partition join operation as
defined in Lemma 3.3. We now show how the join operation interacts with the proposed
classification scheme.

Lemma 5.5. For any pair of strong partitions Ay, Ay on a network G, their join
A=A,V Ay is strong. d

Proof. Since A;, As are strong, from Lemma 5.3, they are finer than the partition of
SCCs. Then, A = A; V A, is also finer than the partition of SCCs. From Lemma 5.3
again, A is strong. ]

This result, together with Lemma 5.2, allows us to understand how the join
operation affects our connectivity-based classification of general partitions. This is
summarized in table 1, where S, R and W denote the partition classifications of strong,
rooted and weak, respectively. So far we have not made any assumptions about the

Table 1: Join table for general partitions.

vi s R W
s s RW W
R |R/W R/W W
Wl W W W

partitions. Moreover, we see in table 1 that there are entries in which the classification
is not completely defined. In particular, there are cases where the result of the join
could be either rooted or weak (R/W).
Denote the subset of strong partitions in a lattice Ly by L3 and the subset of non-weak
partitions by L¥W. Then, we have that

LS C LAY C Lp. (40)

From Lemma 5.5, together with the fact that the trivial partition L is strong, we know
that L7 always forms a sublattice of Ly with a top element T%. On the other hand,
LEY might or might not be a lattice. This is illustrated in the following example.

Example 5.1. Consider the network in fig. 9a and its respective lattice of balanced
partitions A in fig. 9b. Consider the full edges to have a weight of 1 and the dashed
edges to have weights of —1.

In the lattice schematics, the partitions are colored according to their type such that
strong partitions are in white, rooted ones are light gray and weak ones are in dark gray.
Note that A°, consisting of partitions in white, forms a sublattice of A with top partition
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T = 12/34. On the other hand, ANV does not form a lattice. In particular, if we
join one of 12/45, 12/345 with one of 25/34, 125/34, we get 12345, which is a weak
partition. [

12/345

125/34

12/45 25,34

(o A
el

- ~
- ~

L

(a) Network.
(b) Lattice of balanced partitions.

Figure 9: A network and its lattice of balanced partitions.

From Lemma 5.2, we know that knowledge of the top partition T of a lattice L,
with F' C Fg, can give us important information about the whole lattice.

Corollary 5.2. If the top partition T g of a lattice Lr, with F' C Fg, is non-weak, then
all of its partitions are non-weak. Moreover, if T g is strong, then all partitions are also
strong. [

We now show how the top strong partition T4 is given in terms of the cirp function.

Corollary 5.3. Consider a network G with cell type partition T. Represent its SCCs
according to a partition A. Then, T4 = cirp(TA A). d

Note that LYW is not necessarily a lattice and there might exist multiple locally
maximal non-weak partitions, as in Example 5.1. In the following section we see that
under some relatively tame assumptions, the resulting join table becomes much cleaner
and we can guarantee that LY¥" is a lattice with some top partition THW.

5.2. Neighborhood color matching

In this section we present a sequence of progressively weaker assumptions about a
partition on a network. We show that the weakest of them is enough to fix the remaining
uncertain entries of table 1 into table 2.

We use the notation convention A(s) := J,.s A(c). That is, A(s) denotes a subset of
colors that are present in the set of cells s C C, according to the coloring assigned by A.
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Definition 5.3. Consider a function U that assigns to each cell a subset of cells, that
is, U:C — 2. Then, a partition A on C is U-matched if for every cell of any given
color, the set of colors after applying U are exactly the same. That is,

Ale) = Ald)=-AU(c)) = AU(d)). (41)
O
Corollary 5.4. The trivial partition L is U-matched for every function U. U

In this work, we are interested in the situation where the function ¢/ in Definition 5.3
denotes a neighborhood as described in section 4.1, such as N, V=, V,_ or R™.

Corollary 5.5. If a partition A is N~ -matched, then, it is V™ -matched. 0

Proof. If A(c) = A(d), from assumption we have that AN~ (c)) = AN ~(d)). Then,
we have that
Alc) UANT(0))
A(cUN(¢))
AV ()

A(d) U AN (d))
A(dUN~(d))
AV (d)).

]

Lemma 5.6. If a partition A is V™ -matched, then, it is V, -matched for every k > 1.
O

Proof. The proof is by induction. We assume that the statement applies to a given k.
That is, A is both V™-matched and V, -matched. Then, we know that

AVia@)=Al U v = U Aav (),
cr eV, (c) eV, (o)
where the first equality comes from Definition 4.3 and the second from how we defined
the notation of applying A to a set. Since A is V" -matched, we know that A(V~(c¢*))
only depends on the color of the cell ¢*. Moreover, since A is also V, -matched we know
that A(c) = A(d) implies A(V, (¢)) = A(V, (d)), which means that ¢* € V, (c) and
d* € V, (d) index the exact same set of colors. Therefore, A(V,.(c)) = A(V,,,(d)).

The base case k =1 is trivial since V; = V™. O
Corollary 5.6. If a partition defined on a finite set of cells is V™ -matched, then it is
also R~ -matched. 0J
Proof. This is direct from Lemma 5.6 and Corollary 4.1. O]

We have seen in Corollary 5.5 that a N"-matched partition is also V"-matched.
The next very trivial example shows that the converse is not necessarily true.
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Example 5.2. Consider the network in fig. 10, which is colored with only one color
(white). Note that N=(1) = {} is empty and N (2) = {1} contains the white
color. Therefore, the partition is not N~ -matched. On the other hand, we have that
V(1) = {1} and V~(2) = {1, 2} which means that the partition is V~-matched. O

O—

Figure 10: Partition that is not N "-matched but is V~-matched.

We have also seen in Corollary 5.6 that a )V~-matched partition is also R ~-matched.
In the next example we disprove the converse statement.

Example 5.3. Consider the network in fig. 11. Note that V= (1) = {1,4} contains
only white colors and V~(4) = {2, 3,4} contains white and gray colors. Therefore, the
partition is not YV~ -matched. On the other hand, we have that R~ (1) = R~ (4) and
R~ (2) = R (3), which means that the partition is R~ -matched. O

c
,

Figure 11: Partition that is not V™" -matched but is R™-matched.

In summary, we have shown that the sequence: N -matched , V" -matched and
R~-matched lists progressively weaker assumptions. Note that in Example 5.3 the in-
reachability sets are, in fact, all the same. The following result should be obvious from
the definitions.

Corollary 5.7. In a network that is a SCC, every partition is R~ -matched. U
More generally,
Corollary 5.8. Every strong partition is R~ -matched. U

We now show that the tamest assumption we described (R~ -matched) is enough
to allow the following results.

Lemma 5.7. If a non-weak partition is R~ -matched, then it is finer than the partition
of RDCs. O

Proof. Consider some network with n roots &1,...,S, and a partition A that is non-
weak and R~ -matched. Note that $;NS; = R™(S;)) "N R™(S;) = 0 for all i # j. Then,
since A is non-weak, we have that A(R™(S;)) N A(R™(S;)) = 0. That is, each root in

the network contains a distinct set of colors.
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Consider a cell ¢ that shares a color with a root. That is, A(c) = k for some k € A(S;).
Then, since A is R -matched, we have that A(R™(c)) = A(S;). Since the set of colors
in each root are distinct, this means that A(R™(c)) N A(S;) = 0 for all j # 4. This
implies R~ (¢) NS; = 0 for all j # i. That is, if some cell in the network shares its color
with a root, then that cell cannot depend (in the R~ sense) on any other roots. Since
it is impossible to not depend on any roots at all, this implies that R~(¢) 2 S;. That
is, if a cell shares its color with a root, then it depends on that root (and no others).

Finally, consider ¢, d such that A(c) = A(d). Then, from A being R~ -matched we have
that A(R™(c)) = A(R™(d)). Since R~ (c) and R~ (d) share the exact same set of colors,
they also share the same subset of colors that are present in roots. From what we have
shown before, depending on a color shared by a root implies depending on the root
itself. Therefore, cells of the same color depend on exactly the same roots, which means
that the partition is finer than the partition of RDCs. m

We now show how the top non-weak partition TX"W is given in terms of the cirp
function for the case where we know that all rooted partitions are R~ -matched.

Corollary 5.9. Consider a network G with cell type partition T. Represent its RDCs
according to a partition B. Assume all its rooted partitions are R~ -matched. Then,
TEW = cirp(TA B). O

We are now ready to prove the following result.

Lemma 5.8. For any pair of non-weak R~ -matched partitions Ay, , Anw,, their join
Anw = Apw, V Ap, 18 also non-weak. O

Proof. From Lemma 5.7 we know that A, , A, are both finer than the partition of
RDCs. Therefore, their join A,,, is also going to be finer. From Lemma 5.4 we know
that it is also non-weak. O]

The following result is straightforward from the general case illustrated in table 1,
together with Lemma 5.8.

Corollary 5.10. Consider partitions As, A,,, A, such that A is strong and A,,, A,,
are rooted and R~ -matched. Then, A;V A, and A, V A,, are rooted. O

This means that for the case where rooted partitions are R~ -matched, table 1
simplifies into table 2. Furthermore, under such conditions we know that LYW is a
sublattice of Lp. This is illustrated in the following example.

Example 5.4. Consider the network in fig. 12a and its respective lattice of balanced
partitions A in fig. 12b. Note that A° and ANY are both lattices with top partitions
T9 = 1L and TVW = 13/24, respectively. Note that every balanced partition in this
network is R~ -matched, therefore table 2 applies. In the following section we will see
that this fact is immediate from the network not allowing edge cancelings. U
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Table 2: Join table when rooted partitions are R ™-matched.

V|[S R W
SIS R W
R|R R W
WiwW W W

13/24

OO r 2
OO L

(a) Network. (b) Lattice of balanced partitions.

Figure 12: A network and its lattice of balanced partitions.

5.3. Newghborhood color invariance

We now introduce a property that is stronger than Definition 5.3, that only applies to
balanced partitions, since it is related to the respective quotient network.

Definition 5.4. Consider a balanced partition <1 € Ag on a network G and its
respective quotient network Q = G/. Take a particular type of neighborhood U €
{N=, V7,V , R} such that Ug and Ug are the corresponding functions on G and Q,
respectively. Then, we say that < is U-invariant if

d € Ug(c)=x(d) € Ug(>=(c)), (42)
or equivalently,

>(Ug(c)) € Uo(>(c)) (43)
for all c € Cg. O

We note that the converse property of Definition 5.4 is always satisfied.

Lemma 5.9. Consider a balanced partition <1 € Ag on a network G and its respective
quotient network Q = G /1. Then, for every color A € 1, which maps into the cell
ka € Co, we have that

k)A - UQ(N(C)):A ﬂZ/{g(C) 7é @, (44)
or equivalently,
Ug(>(c)) S a(Ug(c)) (45)

for all c € Cg. O
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Proof. Firstly, we define B € > to be the color of ¢, mapping into the cell kg € Co.
Assume ky € NG (kg) . Then, from the definition of N, we have a non-zero entry
Qg 7 0ij, with @ = To(kp) = Tg(B) and j = To(ka) = Tg(A) in the in-adjacency
matrix () associated with the quotient network Q. Then, from the definition of quotient
network, we have that ZdeAﬂNg(c) Wed = Qkpky- OINCE Qrpi, 7 0;, this means that
AN Ng (c) is non-empty. That is, the statement is true for the case U = N~.

We now prove the case U = V. Assume ky € Vg (<(c)). Then, ky € {kp UNg (kp)}.
Consider the case ky = kp. Then, ¢ € ANV (c), which makes the set non-empty.
Consider now the case k4 € Ng(kg). Then, since the statement is true for U = N,
AN Ny () is non-empty. Therefore, ANV (c) 2 ANN (c) is also non-empty, which
concludes the proof for Y = V.

We now prove the case U =V, for every k > 1. The proof is by induction. Assume it
to be true for a given k. Consider k4 € V,, o(kp). Then, ky € Ukcevgg(kg) Vo(ke).
That is, k4 € Vg(ke) for at least one particular ko € V, 5(kp). Then, since the case
U =V, is true from assumption, we have that C' NV, 4(c) # 0, where C' € >a is
the color that maps into cell ko. We choose a particular cell d € C'N YV, 4(c). Then,
>(d) = k¢. Furthermore, since we know that the case U = V™ is true, ky € Vg (ke)
implies AN Vg (d) # 0. Finally, note that ANV, 5(c) 2 ANV (d) since d € V, 4(c),
which means that ANV, s(c) is also non-empty. This concludes the induction step.
The base case k = 1 is trivial since V, = V.

Finally, the case Y = R~ is immediate from Corollary 4.1. [

The following is immediate from Definition 5.4 and Lemma 5.9.

Corollary 5.11. Consider a balanced partition <1 € Ag on a network G and its respective
quotient network Q = G/x1. Then, < is U-invariant if and only if

>i(Ug(c)) = Ug(>a(c)) (46)
for all c € Cg. O

We now show that Definition 5.4 is a stronger property than the one in
Definition 5.3.

Lemma 5.10. If a balanced partition < is U-invariant, then, it is U-matched. U

Proof. Consider cells ¢,d € Cg in a network G such that i(c) = >i(d). Then, we have
that Ug(>(c)) = Ug(<(d)) in the quotient network Q = G /<. Since 1 is U-invariant,
from Corollary 5.11 we have that x(Ug(c)) = >(Ug(d)). Therefore, > is U-matched. O

Lemma 5.11. Consider a U-invariant balanced partition > € Ag on a network G and its
respective quotient network @ = G /<. Then, for a partition A such that < < A < Tg,
we have that

AUg(c)) = A/pa(Ug(>(c))) (47)
for all c € Cg. O
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Proof. From the fact that b < A, we have that A(Ug(c)) = A/><a(<(Ug(c))). Since <
is U-invariant, from Corollary 5.11, this becomes A/><i(Ug(><(c))). O

Lemma 5.12. Consider a U-invariant balanced partition< € Ag on a network G and its
respective quotient network Q = G /1. Then, for a partition A such that < < A < Tg,
we have that A is U-matched in G if and only if A/ is U-matched in Q. O

Proof. Firstly, note that A/t being U-matched in Q, from definition, means that
A/a(a(c)) = A/>a(<(d)) implies A/>a(Ug(>a(c))) = A/><(Ug(>(d))). This simplifies
into A(c) = A(d) implies A/xa(Ug(<(c))) = A/px(Ug(><(d))). Therefore, we have to
prove that if A(c) = A(d), then A(Ug(c)) = A(Ug(d)) is equivalent to A/x(Ug(>i(c))) =
A/xi(Ug(<i(d))). Since < is U-invariant, this is immediate from Lemma 5.11. O

Lemma 5.13. Consider a U-invariant balanced partition g, € Ag on a network G and
its respective quotient network Qi = G/<ig1. Then, for a balanced partition <oy such
that <91 < g2, we have that <gg is U-invariant in G if and only if b9 1= Mg /<y s
U-invariant in Q. O

Proof. From Corollary 5.11, we have that D<py being U-invariant in G means that
g2 (Ug(c)) = Ug, (Mp2(c)), with Qg := G/>igg, for all ¢ € Cg. This can be rewritten,
using o as dyo (g1 (Ug(c))) = Ug, (>12(p1(c))). Since from assumption, i is U-
invariant, this can be equivalently written as ><jo(Ug, (<o1(c)) = Ug, (12(>01(¢))), for
all ¢ € Cg. Using the mapping d = <p;(c), it is easy to see that this is equivalent
to o (Ug, (d) = Ug, (<12(d)), for all d € Cg,. Since from Lemma 3.16 we know that
Qo = Q; /9, this is equivalent to <2 being U-invariant in Q;. O

Similarly to the U-matched case, we have the following results.

Corollary 5.12. The trivial partition 1 s U-invariant for every U €
NV R ) -
Corollary 5.13. If a balanced partition < is N~ -invariant, then, it is V™ -invariant. [

Proof. Consider cells ¢,d € Cg in a network G such that ¢ € V;(d). Then, ¢ €
{dUNg (d)}. Consider the case ¢ = d. Then, x(c) € V5(>(c)) in the quotient network
Q = G/, is immediate from the definition of V~. Consider now that ¢ € N (d).
Then, from > being N~ -invariant, we have that ta(c) € Ng(>(d)), which implies
>(c) € Vg (>a(d)). O

Lemma 5.14. If a balanced partition < is V™ -invariant, then, it is V, -invariant for
every k > 1. O

Proof. The proof is by induction. We assume that the statement applies to a given k.
That is, > is both V™ -invariant and V, -invariant. Consider cells ¢, d € Cg in a network
G such that c € V,_,5(d). Then, c € Ud*ekag(d) Vg (d*). That is, ¢ € V; (d*) for at least
one particular d* € V, ;(d).

Then, from >4 being V™ -invariant and V), -invariant, we have that >(c) € Vg (>(d*))
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and >(d*) € V, o(>(d)), respectively, in the quotient network Q = G/><. Therefore,
>(c) € Vi o(>(d)), which means that o< is V,,,-invariant.

The base case k =1 is trivial since V; = V. 0
Corollary 5.14. If a balanced partition <1 defined on a finite set of cells is V™ -invariant,
then it is also R~ -invariant. U
Proof. This is direct from Lemma 5.14 and Corollary 4.1. ]

We note that the concept of U-invariance generalizes the concept of spurious
partitions, which was defined in [15]. In particular, it corresponds to partitions not
being N~ -invariant. This is illustrated in the following example.

Example 5.5. Consider the network in fig. 13a. Note that for a general admissible
function f € Fg, f3 depends on the states of cells 1,2. However, when the state is in
AE with > = {{1,2}, {3}, {4}}, the total effect of cells 1,2 on cell 3 cancels and 3 acts
as if there were no edges coming from those cells. 0

I8 ’%@ + e

(a) Original network. b) Edge canceling. (¢) Quotient network.

Figure 13: Example of a spurious (not N~ -invariant) partition.

Note that the partition in Example 5.5 is N -matched despite not being N -
invariant. That is, while being N/ "-matched is a sufficient condition for a partition to
be N ~-matched, it is not a necessary one. We now present an example that clarifies
why the edge canceling in a balanced partition that is not N ~-invariant might lead to
it not being /' "-matched.

Example 5.6. Consider the network in fig. 14a, which is colored according to a balanced
partition that is not N~ -invariant (that is, it is spurious). Note that N~(1) = {1}
contains only white colors and N~ (4) = {1,2,3} contains white and gray colors. The
fact that the edges coming from cells 2 and 3 cancel each other is exactly what allows
this partition to be balanced despite this difference. U

We have seen in Corollary 5.13 that a N ~-invariant partition is also V™ -invariant.
The next example shows that the converse is not necessarily true.

Example 5.7. Consider the network in fig. 15a, which is colored with a single color,
according to the balanced partition {{1,2,3}}. Note that in this network, both the N~
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e
&

(a) Original network. (b) Quotient network.

Figure 14: Example of a partition that is neither A/ -invariant nor N~ -matched.

and V™ in-neighborhoods of white cells contain white cells. On the other hand, in the
quotient network in fig. 15b, we see that N~ of its only existing cell is empty. Therefore,

this partition is not N~ -invariant. It is, however, V™ -invariant. [
SECEEN®
(a) Original network. (b) Quotient network.

Figure 15: Example of a partition that is not N ~-invariant but is V™ -invariant.

We have also seen in Corollary 5.14 that a V™ -invariant partition is also R™-
invariant. In the next example we disprove the converse statement.

Example 5.8. Consider the network in fig. 16a, which is colored according to the
balanced partition {{1},{2,3},{4}}. Note that in the original network G, we have that
V(1) = {1,2,3,4}. That is, white cells have white, light gray and dark gray colors
in its V= neighborhood. On the other hand, in the quotient, the white cell only has
white and dark gray colors in its V™~ mneighborhood, which means that the partition is
not YV~ -invariant. However, it is clear that the partition is R~ -invariant, since in both
the original network and in the quotient, all in-reachability sets R~ contain all the three
colors of the partition. O

(a) Original network. (b) Quotient network.

Figure 16: Example of a partition that is not V™ -invariant but is R~ -invariant.
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In summary, we have shown that the sequence: N ~-invariant , YV~ -invariant and
R~ -invariant lists progressively weaker assumptions.

Remark 16. Refer back to Example 5.4. Note that the network only contains positive
weights, which means that no matter which quotient we apply, there will be no edge
canceling. That 1is, every balanced partition is immediately gquaranteed to be N~ -
wvariant. Then, it is also R~ -invariant, which from Lemma 5.10 means that they
are R~ -matched. 0

We now show that the tamest assumption we defined in this section (R~ -invariant)
is enough to allow the following results.

Lemma 5.15. Consider a R™-invariant balanced partition <t € Ag on a network G and
its respective quotient network Q = G /<. If a partition A such that <t < A < Tg is
strong in G, then A/ is strong in Q. O

Proof. Firstly, note that A/p<x being strong in Q, from definition, means that
A/a((c)) = A/xa(p<a(d)) implies Rg(>(c)) = Rg(<(d)). This simplifies into
A(c) = A(d) implies Rg(>(c)) = Rg(<(d)). Assume A(c) = A(d). Then, from A
being strong in G, we have that R (c) = R (d), which implies >(R (c)) = (R (d)).
Since < is R~ -invariant, we have from Corollary 5.11 that Rg(<(c)) = Rg(>(d)),
which concludes the proof. O]

Lemma 5.16. Consider a R~ -invariant balanced partition > € Ag on a network G and
its respective quotient network Q = G /<. If a partition A such that > < A < Tg is
non-weak in G, then A/ is non-weak in Q. O

Proof. Assume A is non-weak in G. Then, for every color A € A, we have that
Neea Rg(¢) # 0. Then, we have that < (.., Rg(c)) # 0. Note that (). ,>(Rg(c)) 2
> (Noes Rg (¢)), therefore, .., (R (c)) # 0. Since > is R~ -invariant, we have from
Corollary 5.11 that (.., Rg(e<(c)) # 0. This can written as (e Ro((c)) # 0,
which means that A/t is non-weak in Q. O]

These results are summarized in the left hand side of table 3, where, as before, S,
R and W denote the partition classifications of strong, rooted and weak, respectively.
The right hand side is easily seen to be equivalent to the left one. Note that for table 3

A,G— A/, Q A/, Q — A G
S S S S/R/W
R S/R R R/W
W | S/R/W % %

Table 3: Relation between partitions and their quotients over a R~ -invariant partition.

to apply, we require the partition we quotient over (i) to be R~ -invariant. We now
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present some examples that show that these results do not apply if this assumption is
not satisfied.

Example 5.9. Consider the network G in fig. 17a, which is colored according to the
balanced partition > = {{1,2},{3}}. Note that R;(3) = {1,2,3}. That is, gray cells
have white and gray colors in its Rg neighborhood. On the other hand, in the quotient
network Q in fig. 17b, we have that R4(3) = {3}. That is, the gray cell only has
the gray color in its Rg neighborhood. Therefore, > is not R~ -invariant. Consider
now the partition A = {{1,2,3}}. Although this partition is rooted in G, its quotient
A/ = {{12,3}} is weak in G. O

5® @
(a) Original network. (b) Quotient network.

Figure 17: Example of a quotient over a partition that is not R~ -invariant.

Example 5.10. Consider the network G in fig. 18a, which s colored according to the
balanced partition > = {{1,2},{3,4}}. Note that G consist of a single SCC. Therefore,
each cell has white and gray colors in its Rg neighborhood. On the other hand, in the
quotient network Q in fig. 18b, we have that R5(12) = {12}. That is, the white cell only
has the gray color in its R neighborhood. Therefore, > is not R~ -invariant. Consider
now the partition A = {{1,2,3,4}}. Although this partition is strong in G, its quotient
A/ = {{12,34}} is weak in G. O

i1
@ ) @

a) Original network. b) Quotient network.

Figure 18: Example of a quotient over a partition that is not R~ -invariant.

We now present examples where table 3 does indeed apply.

Example 5.11. Consider the network in fig. 19a and its respective lattice of balanced
partitions Ag in fig. 19b. We define the quotient networks Q1 := G /<1y, Qg 1= G /<ip over
the balanced partitions <y = {{1,2},{3},{4}} and <y = {{1},{2},{3,4}}, respectively.
Note that both <ty and <iu are R~ -invariant, therefore, table 3 applies.
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The set of partitions in Ag that are coarser than <y are {{1,2},{3},{4}} (> itself) and

{{1,2},{3,4}}, which are both weak. In the lattice Ag, these two partitions correspond

to Lo, and {{12},{3,4}}, which are strong and rooted, respectively.

The set of partitions in Ag that are coarser than <o are {{1},{2},{3,4}} (> itself)

and {{1,2},{3,4}}, which are rooted and weak respectively. In the lattice Ao, these two

partitions correspond to Lo, and {{1,2},{34}}, which are strong and weak respectively.
U

0
0 5

(a) Network G. (b) Lattice Ag.
S T
2 @ Lo,
(c) Network Q = (d) Lattice Ag,.

g/{{1, 2}, {3}, {4}}.

oV
2 =

J—Qz

(e) Network Qo = (f) Lattice Ag,.
G/{{1},{2},{3,4}}.

Figure 19: Lattices of balanced partitions of a network and its quotients.

Note that we can always quotient a network over the trivial partition. That is,
Q := G/Llg. Consider we encode Lg through the identity mapping. In such case we
have that G = Q and Lp, = LFg/ 1lg = Lp,. Therefore, every partition in L, maps
to itself in Lp,. This implies the cases S — S, R — R and W — W in the left side of
table 3.
On the other hand, for the case Q := G/ and Ly, = Lg, /i<, for any 1 € Ag we have
that /> = Lg. Since Lg is always strong in Q, this covers the cases S/R/W — S in
the left side of table 3. This means that most of the cases of table 3 were forced. The
remaining case W — R, was illustrated in Example 5.11. That is, the interest of this
result lies in the fact that it excludes most of the non-forced cases.
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6. Conclusion

In this paper we study the connection between the dynamics of a cell and its different
types of cumulative in-neighborhoods.

We first study the structure of general lattices of synchronism, which is the set of
partitions that represent equality-based synchrony patterns that are invariant under a
given subset of admissible functions.

We then analyze in a qualitative way the relation between the colors of a partition and
the connectivity structure of the network.

This motivates the classification scheme developed in this work, which can be applied
to generic partitions, without any assumptions such as being balanced, exo-balanced or
any similar properties.

Multiple examples illustrating our classification scheme are provided.
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