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Abstract

In this paper we address the control of a group of agents
in the pursuit of one or several evaders that are moving in
a non-accurately mapped terrain. We use the framework
of partial information controlled Markov processes to de-
scribe this type of games. This allows us to combine map
building and pursuit into a single stochastic optimization
problem, where the cost function to minimize is the time
to capture. We show that an optimal policy exists and
suggest a value iteration algorithm to compute it. Since
in general this algorithm is computationally very inten-
sive, we also consider a “greedy” solution that scales well
with the dimension of the problem. Under this policy, at
each time step the pursuers move towards the locations
that maximize the probability of finding an evader at the
next time. We determine conditions under which this is
actually optimal.

1 Introduction

This paper addresses the problem of controlling a swarm
of autonomous agents in the pursuit of one or several
evaders, in the probabilistic framework originally pro-
posed in [1]. A probabilistic framework avoids the con-
servativeness of worst case deterministic approaches and
allows us to use stochastic models for the motion of the
pursuers/evaders and the devices they use to sense their
surroundings. Also, partial knowledge of obstacles in the
pursuit region can be incorporated througha priori prob-
abilistic maps [2].

1This paper is based upon work supported by the Space and Naval
Warfare Systems Center, San Diego under Contract Number N66001-
01-C-8076 and by DARPA. Any opinions, findings, and conclusions
or recommendations expressed in this material are those of the authors
and do not necessarily reflect the views of the funding agencies.

In [1], heuristic-inspired “greedy” pursuit policies were
proposed. Under these policies, at each time step the pur-
suers move so as to maximize the probability of catching
an evader right at the next time step or within a short look-
ahead time horizon. Such policies were shown to guaran-
tee that an evader is captured in finite time with proba-
bility one and that the expected time to capture is finite.
However, no claims were made regarding the optimality
of such policies. In this paper, we utilize dynamic pro-
gramming to compute optimal pursuit policies that mini-
mize the expected time to capture.

We assume that the policy used by the evaders to con-
trol their motion is known. However, the evaders may not
have full information, and therefore they may adopt a con-
trol policy that is a function of a sequence of observations
not available to the pursuers. In this setting, pursuit can
be recast as a stochastic shortest-path/minimum-time op-
timization problem under partial information. However,
the standard tools available in the literature to solve these
problems (cf., e.g., [3]) cannot be applied directly because
(i) the evaders’ motion is not Markovian and (ii) the ter-
minal condition that defines when an evader is caught is
not state dependent but observations dependent. In Sec-
tion 3, we show that these facts generally lead to optimal
policies that cannot be expressed solely as a function of
the information state, unless additional structure is im-
posed on the evaders’ motion (cf. Section 3.2). To prove
this, we adapt to our setting the solution to the partial-
information shortest-path problem proposed in [4].

In Section 3.3 we show how optimal pursuit policies can
be computed using value iteration [5]. To achieve this,
we consider a parameterized set of cost-to-go functions
of the form

V(π) := min
v∈V

〈v,π〉, (1)

whereV and π respectively denote a finite set of vec-
tors and a probability distribution over the state of the



Markov chain (information state). We then show that, un-
der suitable assumptions, there exists a rescaled version
of the value iteration operator that is closed on this set
of cost-to-go functions, in the sense that when applied to
a function of the form (1) it produces a function of the
same form but with a distinct (and possibly larger) set
of vectorsV . This result permits the construction of an
algorithm—inspired by the ones in [6, 7]—that converges
to the optimal cost-to-go. Unfortunately, this value iter-
ation procedure can be computationally very costly be-
cause the size of the setV in (1) typically increases very
fast as the iteration proceeds.

In the light of the above results, in Section 4 we revisit
the computationally attractive greedy policies proposed
in [1] and determine conditions under which they are op-
timal. In Section 5, we illustrate the theoretical results in
the context of a simple pursuit problem. For this exam-
ple, we express the conditions for optimality of the greedy
policies in terms of the observation and evaders’ motion
models.

Notation: We denote by(Ω,F ) the relevant measurable
space. Bold face symbols are used to denote random vari-
ables. Consider a probability measure P :F → [0,1] and
an eventA ∈ F . Given a random variablez : Ω → Z,
we write P(z = z|A) for the conditional probability of the
event{ω ∈ Ω : z(ω) = z} givenA. We denote by E[z] the
expected value ofz and by E[z|A] the expected value ofz
conditioned to the eventA. Given a setS , we writeS ∗ for
the set of all finite sequences of elements ofS (including
the empty sequence/0).

2 Problem Formulation

We consider a game where a group of pursuers attempts
to find one or more evaders. The vectors containing
the positions of the pursuers and evaders are denoted by
xp andxe, respectively. Both pursuers and evaders can
move and thereforexp andxe are time-dependent quan-
tities. For simplicity we assume the game is quantized
both in space and time: the region in which the pur-
suit takes place consists of a finite collection of cells
C := {1,2, . . . ,nc} and all events take place on a discrete
set of timesT := {0,1,2, . . .}. At each timet ∈ T , xp(t)
andxe(t) are random variables taking value inX p := C np

andX e := C ne, respectively.

Some cells in the pursuit region contain obstacles that
limit the motion of pursuers and evaders. The actual posi-

tions of the obstacles are represented by a binary-valued
random field defined on the collection of cellsC and the
discrete time setT . In particular, a random variable
m(c, t) taking value in{0,1} is associated to each cell
c∈ C and time instantt ∈ T , andm(c, t) is equal to 1 if
and only if cellc contains an obstacle at timet. Here, we
assume that the obstacles are fixed, i.e.,m(c, t) = m(c),
∀t ∈ T , c ∈ C . The obstacle configuration can then be
represented by the random vectorm := [m(c)]c∈C , which
takes values inM := {0,1}nc.

We definex(t) := {xp(t),xe(t),m} to be thestate of the
gameat time t ∈ T . x(t) takes values in the setX :=
X p×X e×M and the initial statex(0) is assumed to be
independent of all the other random variables at timet =
0. In general, when the game starts the positions of the
evaders and the obstacles are only known through ana
priori distributionpinit(x) := P(x(0) = x), ∀x∈ X .

At each timet ∈ T , the pursuers can execute a motion
control actionu(t) ∈ U that will affect their positions at
the next time instantt +1. Here, we denote byU the finite
set of control actions. We assume a controlled Markov
chain-like model for the motion of the pursuers, in that, at
each timet ∈ T , the random variablexp(t + 1) is con-
ditionally independent of all other random variables at
times no larger thant, givenxp(t), u(t), andm. The pur-
suers motion is then modeled by a stationarytransition
probability function pp defined by

pp(xp′;xp,u,m) :=

P
(
xp(t +1) = xp′ |xp(t) = xp, u(t) = u, m = m

)
, (2)

∀xp′,xp ∈ X p,u∈ U,m∈ M , t ∈ T .

The pursuers have sensors for detecting the presence of
evaders/obstacles andu(t) can be selected based on which
measurements were collected up to timet. We denote by
y(t) the collection of all measurements taken by the pur-
suers at timet. Everyy(t) is a random variable that takes
values in a finite measurement spaceY and is assumed
to be conditionally independent of all the other random
variables at times no larger thant, givenx(t). Its condi-
tional distribution is given by anobservation probability
function py defined by

py(y;x) := P
(
y(t) = y|x(t) = x

)
, (3)

∀y ∈ Y ,x ∈ X , t ∈ T . For each timet ∈ T , we denote
by Yt the sequence of measurements{y(0), . . . ,y(t)} col-
lected up to timet. Yt takes values inY ∗ and is said to
havelength t, which we write asL(Yt) := t.

By a pursuit policywe mean a functionµ : Y ∗ → U that
maps the measurementsYt available at timet into the



control actionu(t) applied at timet, i.e.,

u(t) = µ(Yt), t ∈ T . (4)

Formally, each pursuit policyµ leads to a distinct prob-
ability measure. In the following we use the subscript

µ in the probability measure P to denote the probability
measure associated with the policyµ. When an assertion
holds true with respect to Pµ independently ofµ, we sim-
ply use the notation P. Similarly, for the expected value
operator E. According to this notation,pinit , pp, and py

introduced above are independent ofµ.

Because the sensors used by the pursuers are probabilis-
tic, in general it may not be possible to guarantee with
probability 1 that an evader was found. In practice, we
say that an evader wasfound at time t∈ T when the con-
ditional probability of one of the pursuers being located
in the same cell as one of the evaders, given the measure-
mentsYt taken by the pursuers up tot, exceeds a cer-
tain thresholdpfound∈ (0,1]. This can be formalized as
follows: Let us denote byG those configurations inX
that correspond to one of the pursuers being located in the
same cell as an evader. For a given pursuit policyµ, we
say that an evader wasfound at time t, if the set of mea-
surementsY ∈ Y ∗ collected by the pursuers up to timet
satisfies

∑
x∈G

πµ(Y)|x ≥ pfound, (5)

whereπµ(Y)|x is the element of the conditional distribu-
tion

πµ(Y) :=
[
Pµ(x(t) = x | Yt = Y)

]
x∈X , t := L(Y), (6)

that corresponds tox. The distributionπµ(Y) is known as
the information stateof the game.

We denote byT∗ the first time instantt ∈ T at which one
of the evaders is found, i.e., (5) holds withY = Yt . If
no evader is found in finite time we setT∗ = +∞. The
expected value ofT∗ provides a good performance mea-
sure for a pursuit policy. In the next section, we compute
pursuit policies that are optimal in the sense that they min-
imize the expected value ofT∗.

We consider here the case where a model for the motion
of the evaders is known to the pursuers or can be esti-
mated based on the collected observations. We assume
that for each timet ∈ T , xe(t + 1) is conditionally inde-
pendent of all other random variables at times no larger
than t, given xe(t), Yt , andm, and that the conditional
distribution ofxe(t + 1) given xe(t), Yt , andm is given

by a known stationarytransition probability functionp̂e

defined by

p̂e(xe′;xe,Y,m) :=

P
(
xe(t +1) = xe′ |xe(t) = xe, Yt = Y, m = m

)
, (7)

∀xe′,xe ∈ X e,Y ∈ Y ∗,m∈ M , t ∈ T . We also assume
thatxp(t +1) andxe(t +1) are conditionally independent,
givenx(t), u(t), andYt .

Remark1. A model like (7) arise, e.g., when the evaders’
motion is governed by a stationary transition probability
function pe analogous to (2), and the evaders use a feed-
back policyδ that, at each timet ∈ T , maps the measure-
mentsZt collected up to timet into a control actiond(t).
In this case,

p̂e(xe′;xe,Y,m) = ∑
Z

pe(xe′;xe,δ(Z),m)

P(Zt = Z |xe(t) = xe, Yt = Y, m = m) ,

assuming that P(Zt = Z |xe(t) = xe, Yt = Y, m = m) is
independent of the pursuers’ policyµ. This would hap-
pen, e.g., under an observation model analogous to (3) if
we chooseYt to include all past control actions of the pur-
suers. Note also that, when the evaders select an action
d(t) based only on their current positions, i.e.,δ(Zt) =
δ(xe(t)), then p̂e(xe′;xe,Y,m) = pe(xe′;xe,δ(xe),m) does
not dependent onY. �

From the motion models introduced above for pursuers
and evaders, it is straightforward to show that eachx(t +
1), t ∈ T is conditionally independent of all other random
variables at times no larger thant, given x(t), u(t), Yt ,
with conditional distribution

P(x(t +1) = x′ | x(t) = x, u = u, Yt = Y) = px(x′;x,u,Y),

∀x′,x∈ X , u∈ U, Y ∈ Y ∗, t ∈ T , where

px(x′;x,u,Y) :=

{
0 m′ 6= m

pp
(
xp′;xp,u,m

)
p̂e

(
xe′;xe,Y,m

)
m′ = m

with x′ := {xp′,xe′,m′} andx := {xp,xe,m}. This and (4)
imply that, given a policyµ, x(t + 1) is conditionally in-
dependent of all other random variables at times no larger
thant, givenx(t) andYt , with conditional distribution

Pµ(x(t +1) = x′|x(t) = x,Yt = Y) = px(x′;x,µ(Y),Y).

Moreover, the information stateπµ defined by (6) evolves
according to

πµ({Y,y})=

 py(y;x′)∑
x

px(x′;x,µ(Y),Y)πµ(Y)|x

∑̄
x,x

py(y; x̄)px(x̄;x,µ(Y),Y)πµ(Y)|x


x′∈X

(8)

∀Y ∈ Y ∗,y∈ Y (cf. [8]).



3 Optimal pursuit policies

In this section we determine a pursuit policyµ that min-
imizes the expected value of the first time instantT∗ at
which one of the evader is found.

Denoting byΠ¬fnd the set of distributionsπ in the simplex
[0,1]X that correspond to an evader being captures, i.e.,
for which

∑
x∈G

π|x < pfound, (9)

we conclude from (5) thatT∗ = min{τ ∈ T : πµ(Yτ) /∈
Π¬fnd}. Our objective is then to determine a policyµ that
minimizes

Jµ := Eµ[T∗] = Eµ[min{τ ∈ T : πµ(Yτ) /∈ Π¬fnd}].

This optimization problem resembles a shortest-
path/minimum-time optimization on a partial information
controlled Markov chain with statex and control input
u (cf., e.g., [3]). However, (i) the evolution ofx is not
exactly Markov because of the model used for the motion
of the evaders and (ii) the terminal condition that defines
when an evader is caught is not state dependent but
observations dependent. We shall see shortly that these
facts lead to optimal policies that cannot be expressed
solely as a function of the information state, but depend
explicitly on the observations.

3.1 Dynamic Programming Solution

Fix a policyµ and suppose that we are at a timet ∈ T for
which no evader has yet been found. Givenπ ∈ [0,1]X

andY ∈ Y ∗ with L(Y) = t, let us denote byVµ(Y,π) the
cost-to-go for policy µ, defined to be

Vµ(Y,π) := ∑
x∈X

Eµ[min{τ− t ≥ 1 : πµ(Yτ) /∈ Π¬fnd}∣∣ x(t) = x, Yt = Y]π|x,

whenπ ∈ Π¬fnd andVµ(Y,π) := 0 whenπ /∈ Π¬fnd. The
cost-to-goVµ(Y,π) should be regarded as the additional
expected cost (time in this case) to be incurred by the
pursuers after timet, having collected a set of observa-
tionsYt = Y for which πµ(Y) = π. Note that the costJµ

associated with the policyµ can be easily computed from
the cost-to-goVµ. Indeed, using the fact that the probabil-
ity distribution ofy(0) is independent of the policyµ, we
conclude that

Jµ = E
[
Vµ

(
{y(0)},πµ({y(0)})

)]
.

It is also straightforward to show that, for eachY ∈
Y ∗,π ∈ Π¬fnd, the cost-to-go can be written recursively
as

Vµ(Y,π) = 1+ ∑
y∈Y :π′(y)∈Π¬fnd

Vµ({Y,y},π′(y))

∑
x̄,x∈X

py(y; x̄)px(x̄;x,µ(Y),Y)π|x, (10)

where the distributionπ′(y) ∈ [0,1]X is given by (8) with
πµ(Y) replaced byπ. In fact,π′(y) would be equal to the
information stateπµ({Y,y}) if π were equal to the infor-
mation stateπµ(Y). Equation (10) essentially shows that,
while no evader is found, the additional expected cost to
be incurred by the pursuers after timet, is the sum of two
contributions: an immediate cost of 1 plus the additional
expected costs to be incurred after timet +1 for those val-
uesy∈ Y of y(t +1) for which no evader is found att +1
(i.e., for whichπµ({Y,y}) ∈ Π¬fnd), each cost weighted
by the probability of the corresponding observation:

Pµ(y(t +1) = y|Yt = Y) = ∑
x̄,x∈X

py(y; x̄)px(x̄;x,µ(Y),Y)π|x.

Defining the square matrix

A(u,y,Y) =
[
py(y;x′)px(x′;x,u,Y)

]
x′∈X ,x∈X ,

u ∈ U, y ∈ Y , Y ∈ Y ∗, and viewingπ and theπ′(y) as
column vectors,π′(y) can be written as

π′(y) =
A(µ(Y),y,Y)π

〈1,A(µ(Y),y,Y)π〉
, (11)

where 1 denotes a column vector of appropriate di-
mension consisting solely of ones and〈·, ·〉 the inner
product operator. Because of (9) and the fact that
∑x∈X π′(y)|x = 1, the conditionπ′(y) ∈Π¬fnd can be writ-
ten as〈c,π′(y)〉< 0 for an appropriately defined vectorc,
or even written as〈c,A(µ(Y),y,Y)π〉< 0 because of (11).
We can therefore rewrite (10) as

Vµ(Y,π)= 1+ ∑
y∈Y :〈c,A(µ(Y),y,Y)π〉<0

Vµ({Y,y},π′(y))〈1,A(µ(Y),y,Y)π〉.

Inspired by this, we define the following operators

(HµW)(Y,π) := 1+ ∑
y∈Y :〈c,A(µ(Y),y,Y)π〉<0

〈1,A(µ(Y),y,Y)π〉

W
(
{Y,y}, A(µ(Y),y,Y)π

〈1,A(µ(Y),y,Y)π〉

)
,

(HW)(Y,π) := 1+min
u∈U ∑

y∈Y :〈c,A(u,y,Y)π〉<0

〈1,A(u,y,Y)π〉

W
(
{Y,y}, A(u,y,Y)π

〈1,A(u,y,Y)π〉

)
,



∀Y ∈ Y ∗,π ∈ Π¬fnd, which map into itself the setW of
functions fromY ∗×Π¬fnd to R∪{+∞}. Shortly we shall
establish the precise relationship between these operators
and the cost-to-go. (Due to space limitations, the proofs
of the results in this subsection are omitted. The reader is
referred to [8] for details.)

The following Lemma shows that the two operators de-
fined above are non-expansive:

Lemma 1. For any pursuit policy µ, uniformly bounded
functions W1,W2 ∈ W , and integer m> 0, we have1

‖Hm
µ W1−Hm

µ W2‖∞ ≤ (1−ρ)‖W1−W2‖∞,

‖HmW1−HmW2‖∞ ≤ (1−ρ)‖W1−W2‖∞,

whereρ ∈ [0,1] is any constant such that for any Y∈ Y ∗,
π ∈ Π¬fnd, u(0),u(1), . . . ,u(m−1) ∈ U,

ρ ≤ 1− ∑
x(0),...,x(m)∈X

∑
y(1),...,y(m)∈Y :

〈c,π(k)〉<0,k∈{1,...,m}

py(y(m);x(m))

px(x(m);x(m−1),u(m−1),Y(m−1)) . . . py(y(1);x(1))

px(x(1);x(0),u(0),Y(0))π(0)|x(0) , (12)

with Y(k) = {Y,y(1), . . . ,y(k)}, π(0) = π, π(k+1) =
A(u(k),y(k+1),Y(k))π(k)

〈1,A(u(k),y(k+1),Y(k))π(k)〉 , k∈ {0,1, . . . ,m−1}.

The right-hand-side of (12) can be interpreted as the con-
ditional probability thatT∗ ≤ t +m, t := L(Y), given that
Yt = Y, when the controlsu(0),u(1), . . . ,u(m−1) are used
from timet to timet +m−1 andπ is the conditional dis-
tribution ofx(t) givenYt = Y. In this section, we assume
that there exists a time intervalT such that for every dis-
tribution π, there is always a probability no smaller than
ρ > 0 that an evader will be found before or at timet +T,
no matter what controls are used in the interval[t, t +T).
This can be stated formally as:

Assumption 1. There exists an integerT > 0 such that
the constantρ in Lemma 1 can be chosen positive form=
T.

The following Lemma establishes the precise relationship
between the operatorHµ, the cost-to-goVµ, and the cost
Jµ of policy µ.

Lemma 2. Under Assumption 1, for every policy µ there
exists a unique uniformly bounded fixed point Wµ of Hµ in
W . Moreover,

1Given a scalar-valued functionf , we denote by‖ f‖∞ the infinity-
norm of f , i.e., the supremum of the absolute value off taken over its
domain.

i) For every uniformly bounded function W0 ∈ W ,
limk→∞ ‖Hk

µW0−Wµ‖∞ = 0.

ii) For every Y∈ Y ∗ such thatPµ(Yt = Y) > 0, t :=
L(Y) and πµ(Y) ∈ Π¬fnd, we have Wµ(Y,πµ(Y)) =
Vµ(Y,πµ(Y)).

iii) Jµ = E
[
Wµ({y(0)},πµ({y(0)})

]
.

We are now ready to state the main result of this section,
which shows how to compute a policyµ∗ that minimizes
Jµ, using the operatorH.

Theorem 1. There exists a unique uniformly bounded
fixed point W∗ of H in W . Moreover,

i) For every uniformly bounded function W0 ∈ W ,
limk→∞ ‖HkW0−W∗‖∞ = 0.

ii) For every policy µ, Jµ≥ Jµ∗ , where µ∗ denotes any pol-
icy that satisfies

(HW∗)(Y,πµ∗(Y)) = (Hµ∗W
∗)(Y,πµ∗(Y)), (13)

for every Y∈ Y ∗ such thatPµ∗(Yt = Y) > 0, t := L(Y)
andπµ∗(Y) ∈ Π¬fnd.

Remark2. In the context of shortest-path optimization,
it is shown in [4] how an assumption similar to 1 can
be relaxed by simply requiring the existence of a policy
for which the probability of termination in any interval of
lengthT be bounded below by a positive constant (instead
of requiring every policy to have this property). We con-
jecture that the technique used in [4] can also be applied
here to relax Assumption 1. �

Before proceeding we should point out that there is al-
ways a policyµ∗ that satisfies (13). Such policy can be
computed recursively, starting from sequences of length
1 and progressing towards sequences of larger lengths.
Indeed, the value ofπµ∗(Y) in (13) depends only on the
values thatµ∗ takes for sequences of length smaller than
t := L(Y) (cf. equation (11)). Note that, in general, an
optimal policyµ∗ obtained from (13) depends onYt ex-
plicitly, and not only through the information stateπµ∗ .

We consider next pursuit problems where (i) the evolu-
tion of x only depends on the observations through the
information state (thestructured gamesof Section 3.2);
or (ii) does not depend at all on the observations, hence,
is Markov (theMarkov gamesof Section 3.3). However,
in both cases the terminal condition still depends on the
observations. For these types of games, we show thatµ∗



depends onYt only through the information stateπµ∗ . For
Markov games we are also able to provide a value itera-
tion algorithm for computing the optimal cost-to-goW∗

(and hence the optimal policy).

3.2 Structured games: information-state policies
Suppose thatpx(x′;x,u,Y) only depends onY through
πµ(Y). Then,A(u,y,Y) also only depends onY through
πµ(Y) and we can write

A(u,y,Y) = Ā(u,y,πµ(Y)), u∈ U, Y ∈ Y ∗, y∈ Y , (14)

for some appropriately defined function̄A. For structured
games, the operatorH can be redefined as

(HW)(Y,π) := 1+min
u∈U ∑

y∈Y :cĀ(u,y,π)π<0

〈1, Ā(u,y,π)π〉

W
(
{Y,y}, Ā(u,y,π)π

〈1, Ā(u,y,π)π〉

)
,

Y ∈ Y ,π ∈ Π¬fnd. In this case, the fixed pointW∗ of H
does not depend onY, but only onπ. This is because, if
one takes a uniformly bounded functionW0 that does not
depend onY, HW0 will also not depend onY but only on
π and, by induction, so willHkW0 for any integerk. By
makingk→ ∞ we conclude thatW∗ = limk→∞ HkW0 will
indeed not depend onY. Thus, the optimal policyµ∗ can
be chosen to depend onY solely throughπµ∗(Y) and the
following can be stated:

Corollary 1. Suppose than there exists a function̄px :
X ×X ×U× [0,1]X → [0,1] such that

px(x′;x,u,Y) = p̄x(x′;x,u,πµ(Y)), (15)

x′,x∈ X , u∈ U, Y ∈ Y ∗. Then, there exists an optimal
policy µ∗ of the form

µ∗(Y) = µ̄∗(πµ∗(Y)), Y ∈ Y ∗,

whereµ̄∗ : [0,1]X → U is an appropriately defined func-
tion.

Policiesµ such thatµ(Y) = µ̄(πµ(Y)), Y ∈ Y ∗, are very
desirable because in order to implement them one does
not need to store all the past observations. Instead, it is
sufficient to keep track of the information state. In fact,
because of (14), equation (8) becomes

πµ({Y,y}) =
Ā
(
µ̄(πµ(Y)),y,πµ(Y)

)
πµ(Y)

〈1, Ā
(
µ̄(πµ(Y)),y,πµ(Y)

)
πµ(Y)〉

, (16)

which shows thatπµ({Y,y}) depends onY only implicitly
throughπµ(Y). This is the case for the usual shortest-
path problems in controlled Markov chains with partial
information. However, for the problem considered here,
the structural assumption (15) is required.

3.3 Markov games: a value iteration algorithm
When px(x′;x,u,Y) does not depend onY, i.e.,
px(x′;x,u,Y) = px(x′;x,u), then

A(u,y) =
[
py(y,x′)px(x′;x,u)

]
x,x′∈X , u∈ U, y∈ Y

and the results in Section 3.2 remain valid. However, now
we conclude from (13) that an optimal policyµ∗ can be
computed by

µ∗(Y) ∈ argmin
u∈U ∑

y∈Y :〈c,A(u,y)πµ∗ (Y))〉<0

〈1,A(u,y)πµ∗(Y)〉

W∗
( A(u,y)πµ∗(Y)
〈1,A(u,y)πµ∗(Y)〉

)
,

where the inclusion accounts for the fact that the mini-
mum may not be unique. Note that since the fixed-point
W∗ of H does not depend onY, we can restrict our atten-
tion to functionsW simply fromΠ¬fnd to R∪{+∞}.

For computational purposes, it is convenient to represent
W using the setW̄ of homogeneous functions that map
[0,∞)X to R∪ {+∞}, where[0,∞)X denotes the set of
vectors with positive entries with dimension equal to the
size ofX . This can be achieved by mapping each function
W ∈ W to the functionW̄ ∈ W̄ defined by

W̄(π) = 〈1,π〉W(π/〈1,π〉), π ∈ [0,∞)X \{0},

andW̄(0) = 0. Note thatW̄ andW match over the simplex
[0,1]X . We shall denote this (invertible) transformation
by TI . Defining the operator̄H from W̄ into itself as

(H̄W̄)(π) := 〈1,π〉+min
u∈U ∑

y∈Y :〈c,A(u,y)π〉<0

W̄ (A(u,y)π) ,

∀π ∈ [0,∞)X , we have that

(TI HW)(π) = 〈1,π〉+min
u∈U ∑

y∈Y :〈c,A(u,y)π〉<0

〈1,A(u,y)π〉

W
( A(u,y)π
〈1,A(u,y)π〉

)
= 〈1,π〉+min

u∈U ∑
y∈Y :〈c,A(u,y)π〉<0

W̄
(
A(u,y)π

)
,

∀π ∈ [0,1]X , which shows thatTI H = H̄TI . We therefore
conclude thatW∗ ∈ W is a fixed point ofH if and only if
W̄∗ := TIW∗ is a fixed point ofH̄. Moreover,H̄kTIW0 =
TI HkW0 therefore ifHkW0 converges to a fixed pointW∗

of H, thenH̄kTIW0 converges to a fixed pointTIW∗ of H̄.
The following was proved:

Corollary 2. There exists a unique uniformly bounded
fixed pointW̄∗ of H̄ in W̄ . Moreover,



i) For every uniformly bounded functionW̄0 ∈ W̄ ,
limk→∞ ‖H̄kW̄0−W̄∗‖∞ = 0.

ii) For every policy µ, Jµ≥ Jµ∗ , where µ∗ denotes any pol-
icy that satisfies

µ∗(Y) ∈ argmin
u∈U ∑

y∈Y :〈c,A(u,y)πµ∗ (Y)〉<0

W̄∗ (A(u,y)πµ∗(Y)) ,

for every Y∈ Y ∗ such thatPµ∗(Yt = Y) > 0, t := L(Y)
andπµ∗(Y) ∈ Π¬fnd.

We callW̄∗ thehomogeneous optimal cost-to-go.

Often, part of the state can be directly determined from
the measurements. This can be used to simplify the
computation of the optimal policy. To see how, let us
partition the state asx := {xo,xu}, where xo ∈ Xo is
directly observable, whereasxu ∈ Xu is not. This is
modeled by takingy := {xo, ȳ}. To reduce the domain
of the functions inW̄ , we represent the information
stateπµ(Y), Y ∈ Y ∗, as the element ofXo compatible
with the latest observationy and the probability distribu-
tion πu

µ(Y) :=
[
Pµ∗(xu(t) = xu | Yt = Y)

]
xu∈Xu

∈ [0,1]Xu,

t := L(Y). With some abuse of notation we shall write
πµ(Y) = {xo,πu

µ(Y)}, Y = {Ỹ,xo, ȳ} ∈ Y ∗, which should
be interpreted as

πµ(Y) =

[{
πu

µ(Y)|xu x = {xo,xu}
0 otherwise

]
x∈X

In this case,W̄ can be viewed as the set of homogeneous
functions that mapXo× [0,∞)Xu to R∪{+∞} and H̄ is
defined by

(H̄W̄)(xo,πu) := 〈1,πu〉
+min

u∈U ∑
y={xo′,ȳ′}∈Y :

〈c̄(xo),Ā(xo,u,y)πu〉<0

W̄
(
xo′, Ā(xo,u,y)πu) ,

xo ∈ Xo,πu ∈ [0,∞)Xu, where

Ā(xo,u,y) =
[
py(y;{xo′,xu′})px({xo′,xu′};{xo,xu},u)

]
xu′,xu

with y = {xo′, ȳ′}, andc̄(xo) :=
[
c|x={xo,xu}

]
xu.

An optimal policy is then given by

µ∗(Y) ∈ argmin
u∈U ∑

y={xo′,ȳ′}∈Y :
〈c̄(xo),Ā(xo,u,y)πu

µ∗ (Y)〉<0

W̄∗ (
xo′, Ā(xo,u,y)πu

µ∗(Y)
)
,

wherexo the only value ofxo(t) compatible withYt = Y,
for everyY ∈ Y ∗ such thatπµ∗(Y) ∈ Π¬fnd

t and Pµ∗(Yt =
Y) > 0, with t := L(Y). As expected,µ∗ is a function
of Y through the only valuexo for xo(t) compatible with

Yt = Y andπu
µ∗(Y), which evolves according to an equa-

tion similar to (11).

In the remaining of this section, we restrict our attention
to games for which the condition〈c̄(xo), Ā(xo,u,y)πu〉< 0
can be tested independently ofπu. These are games with
unambiguous end, for which there exists a subsetYover

of the possible measurements that unambiguously signify
that an evader was found. For these games,

(H̄W̄)(xo,πu) := 〈1,πu〉
+min

u∈U ∑
y={xo′,ȳ′}/∈Yover

W̄
(
xo′, Ā(xo,u,y)πu) , (17)

and

µ∗(Y) ∈ argmin
u∈U ∑

y={xo′,ȳ′}/∈Yover

W̄∗ (
xo′, Ā(xo,u,y)πu

µ∗(Y)
)
. (18)

We now introduce a parameterized set of cost-to-go func-
tions with the property that the rescaled operatorH̄ is
closed on it. This result permits the construction of
an algorithm—inspired by the ones in [6, 7]—that con-
verges to the optimal homogeneous cost-to-goW̄∗. For
xo ∈ Xo,πu ∈ [0,∞)Xu, let us define

W̄k(xo,πu) := min
v∈Vk(xo)

〈v,πu〉, (19)

whereVk(xo) denotes a collection of vectors with the size
of xu. Then, because of (17),

(H̄W̄k)(xo,πu) = 〈1,πu〉
+min

u∈U ∑
y={xo′,ȳ′}/∈Yover

min
v∈Vk(xo′)

〈Ā(xo,u,y)′v,πu〉.

Since∑
i∈I

min
j∈J

ai j = min
j ī∈J ,ī∈I

∑
i∈I

ai j i , we conclude that

(H̄W̄k)(xo,πu) = 〈1,πu〉
+min

u∈U
min

vy∈Vk(xo′)
y={xo′,ȳ′}/∈Yover

∑
y/∈Yover

〈Ā(xo,u,y)′vy,πu〉

= min
v∈Vk+1(xo)

〈v,πu〉,

where Vk+1(xo) := {1 + ∑y/∈Yover
Ā(xo,u,y)′vy : u ∈

U,vy ∈ Vk(xo′),y = {xo′, ȳ′} /∈ Yover}. This means that
if we start a value iteration algorithm with a function of
the form (19), after successive applications ofH̄, the iter-
ated function will still have the same form. The algorithm
in Table 1 can then be used to compute the fixed point of
H̄.
Unfortunately, the algorithm in Table 1 can be computa-
tionally very costly because the size of the setVk typically
increases very fast as the iteration proceeds. In the worst



1. Initializek = 0 andV0(xo), ∀xo ∈ Xo,

2. Vk+1(xo) :=
{

1 + ∑y/∈YoverĀ(xo,u,y)′vy : u ∈ U,vy ∈
Vk(xo′),y = {xo′, ȳ′} /∈ Yover

}
,∀xo∈ Xo

3. Remove fromVk+1(xo) vectors that do not change the
value ofW̄k+1(xo,πu) := minv∈Vk+1(xo)〈v,πu〉

4. If W̄k+1 6= W̄k, setk = k+1 and go to 2.

5. The optimal homogeneous cost-to-go and policy are
given by

W̄∗(xo,πu) = min
v∈V∞(xo)

〈v,πu〉, xo ∈ Xo,πu ∈ [0,∞)Xu,

µ∗(Y) ∈ argmin
u∈U

min
vy∈V∞(xo′)

y={xo′,ȳ′}/∈Yover

∑
y/∈Yover

〈vy, Ā(xo,u,y)πu
µ∗(Y)〉

whereV∞ is the set to whichVk “converged.”

Table 1:Value iteration algorithm

case, i.e., when Step 3 fails to remove any vector from
Vk+1(xo), the number of vectors in this set is given by
|Vk+1(xo)| = |U|×maxxo′ |Vk(xo′)||Y \Yover|, which corre-
sponds to an extremely large growth for the size of the
Vk(xo). This motivates the use of the computationally
convenient greedy policies proposed in [1]. Under mild
assumptions, these policies were shown to guarantee that
an evader is found in finite time with probability one. In
the next section, we give conditions under which they ac-
tually minimize the expected time to capture.

4 Greedy policies for Markov games
By agreedy pursuit policywe mean a policyµg : Y ∗→U
that at each timet ∈ T selects the control actionu ∈ U
that maximizes the probability that the game will be over
in the next time step, based on the collected observations
Yt = Y ∈ Y ∗. For Markov games with unambiguous end,
this can be precisely formalized as follows:

µg(Y) ∈ argmin
u∈U ∑

y/∈Yover

〈1, Ā(xo,u,y)πu
µg

(Y)〉, (20)

wherexo is the only value forxo(t) compatible withYt =
Y, t := L(Y). Note thatµg is a function ofY through the
information state{xo,πu

µg
(Y)}, very much like the optimal

policy µ∗. However, in general greedy policies are not
optimal, unless for allu∈ U,πu ∈ [0,1]Xu,xo ∈ Xo,

∑
y/∈Yover

〈1, Ā(xo,u,y)πu〉= ∑
y={xo′,ȳ}/∈Yover

W̄∗ (
xo′, Ā(xo,u,y)πu) ,

where W̄∗ is the optimal homogeneous cost-to-go
(cf. equations (18) and (20)).

In the sequel, we characterize a class of games for which
greedy pursuit policies are optimal. To this effect, we
restrict our attention to “all-or-nothing” games that are
“permutation invariant.” We shall see in Section 5 exam-
ples of such games. A game is said to beall-or-nothingif
U = Xu and

Ā(xo,u,y) = IuΛ(xo,y),

∀xo ∈ Xo, u∈U, y /∈ Yover such thatĀ(xo,u,y) 6= 0, where
eachΛ(xo,y), xo ∈ Xo, y /∈ Yover, is an appropriately de-
fined matrix, and eachIu, u ∈ U, denotes a matrix ob-
tained from the identity by removing from the main diag-
onal the one corresponding to the elementu∈ Xu. Since
Ā(xo,u,y) maps the current information state to the next
information state wheny is the added observation, this
corresponds to a situation in which, at each time step,
the control action is responsible for either finishing the
game or driving to zero the probability of a single com-
ponent of the (non-observable) information state, without
affecting the others. An all-or-nothing game is said to be
permutation-invariantwhen

Λ(xo,y)σ[πu] = σ[Λ(xo,y)πu],

xo ∈ Xo, πu ∈ [0,1]Xu, y∈ Yover, for every permutationσ
of Xu. Here, given a permutationσ := {σi : i ∈ Xu} of
Xu, we denote byσ[πu], πu := {πu|i : i ∈ Xu} ∈ [0,1]Xu

the permuted vectorσ[πu] := {πu|σi : i ∈ Xu}. It turns out
that permutation invariant games result in optimal homo-
geneous costs-to-go that are alsopermutation-invariantin
the sense that

W̄∗(xo,σ[πu]) = W̄∗(xo,πu), xo ∈ Xo, πu ∈ [0,1]Xu

for every permutationσ of Xu (cf. [8]).

Consider an all-or-nothing game that is permutation in-
variant and take a particularu∈U, xo∈Xo, πu∈ [0,∞)Xu.
Then,

∑
y={xo′,ȳ′}/∈Yover

W̄∗ (
xo′, Ā(xo,u,y)πu)
= ∑
y={xo′,ȳ′}/∈Yover:

Ā(xo,u,y)6=0

W̄∗ (
xo′, IuΛ(xo,y)πu)

= ∑
y={xo′,ȳ′}/∈Yover:

Ā(xo,u,y)6=0

W̄∗
u

(
xo′,πu′

\u

)
(21)

whereπu′
\u is a vector in[0,1]Xu\{u} obtained by remov-

ing from Λ(xo,y)πu the entry corresponding tou and
W̄∗

u (xo, ·) is a function defined by

W̄∗
u (xo,ϕ) = W̄∗(xo,ϕu), ϕ ∈ [0,1]Xu\{u}



whereϕu ∈ [0,1]Xu is a vector obtained fromϕ by insert-
ing a zero at theuth component ofϕ. When the cost-
to-go is permutation-invariant, the functions̄W∗

u are also
permutation invariant and independent ofu∈U. The per-
mutation invariance follows directly from the permutation
invariance ofW̄∗. The independence ofu∈U stems from
the fact that given two distinctu1,u2 ∈ U, W̄∗

u1
(xo,ϕ) =

W̄∗(xo,ϕu1) =W̄∗(xo,σ[ϕu2]) =W̄∗(xo,ϕu2) =W̄∗
u2

(xo,ϕ),
whereσ is the permutation that mapsϕu2 to ϕu1. Such a
permutation always exists sinceϕu1 andϕu2 only differ by
where the zero was inserted.

To determine whichu∈ U minimizes (21), take two dis-
tinct u1,u2 ∈ U and assume that the entry ofΛ(xo,y)πu

corresponding tou1 is larger than that corresponding to
u2. Thenπu′

\u1
andπu′

\u2
only differ by one entry (mod-

ulo a permutation) since the former has the entry of
Λ(xo,y)πu corresponding tou2 (but not the one corre-
sponding tou1) and the later has the entry correspond-
ing to u1 (but not the one corresponding tou2). We
then conclude that there exists a permutationσ such that
σ[πu′

\u1
] ≤ πu′

\u2
. By the monotonicity ofW̄∗

u we con-
clude thatu1 leads to a smaller value of (21). There-
fore, (21) will be minimized foru that corresponds to the
largest entry ofΛ(xo,y)πu, i.e., the value ofu that mini-
mizes∑y/∈Yover

〈1, IuΛ(xo,y)πu〉, which is consistent with a
greedy policy. The following was proved:

Theorem 2. Greedy pursuit policies are optimal for all-
or-nothing games that are permutation invariant.

Remark3. In general, both the optimal and the greedy
policies require the computation of the information state,
which can be done recursively, e.g., using (16). How-
ever, the setX can be very large, e.g., because of a very
large number of possible obstacle configurations. It turns
out that it is often possible to iterate directly the “evaders
information state,”πxe

µ (Y)|xe := Pµ(xe(t) = xe | Yt = Y),
xe ∈ X e, Y ∈ Y ∗, which is a probability distribution over
a much more reasonable set. In [9, 10], a procedure is de-
scribed for computingπxe

µ efficiently in the multi-evader
case. �

5 Example
Consider a pursuit game where a single pursuer is trying
to find an evader that is moving in a region with no obsta-
cles. For this gamexp ∈ X p := C corresponds to the pur-
suer’s position andxe∈ X e := C to the evader’s position.
We assume thatxo = xp∈Xo := C , andxu = xe∈Xu := C ,

i.e., the pursuer knows exactly its own position but not
that of the evader.

The pursuer can decide which cell to move to by select-
ing a control actionu∈U := C . Its motion is constrained
in that in one time step it can only move from its current
positionxp to a cell in the setU(xp) ⊆ C (includingxp).
The evader either stays in the same place or moves with a
certain probabilityα from its current positionxe to some
randomly chosen cell belonging to the setA(xe)⊆ C (ex-
cludingxe), i.e.,

px(x′;x,u) =

{
p̂e(xe′;xe) u = xp′ ∈ U(xp)

0 otherwise

=


α xe′ ∈ A(xe), u = xp′ ∈ U(xp)

1−α|A(xe)| xe′ = xe, u = xp′ ∈ U(xp)

0 otherwise

wherex′ = {xp′,xe′} andx = {xp,xe}, with α not exceed-
ing 1/maxxe |A(xe)|.
At each timet ∈ T , the pursuer takes a measurement
ȳ(t) in Ȳ := C ∪ /0 according to the following observation
probability function:

py({xp′, ȳ};{xp,xe}) =


1 xp′ = xp, xe = xp, ȳ = {xe}
1 xp′ = xp, xe 6= xp, ȳ = /0
0 otherwise

This means that̄y takes values inC if and only if the
evader has been found and the game is over, otherwise
ȳ = /0. Therefore, in this casey /∈ Yover if and only if
y = {xp′, /0} for somexp′ ∈ C , and

Ā(xp,u,{xp′, /0}) =

{
IuΛ u = xp′ ∈ U(xp)

0 otherwise
(22)

whereIu denotes a matrix obtained from the identity by
removing the one in the main diagonal corresponding to
the entryu∈ C , andΛ :=

[
p̂e(xe′;xe)

]
xe′,xe∈Xe

.

5.1 Optimal policy

For this game, Step 2 of the value iteration algorithm in
Table 1 can be rewritten as

Vk+1(xp) :=
{

1+Λ′Iuv : u∈ U(xp),v∈ Vk(u)
}

, xp ∈ C .

Therefore, an optimal policyµ∗ is given by

µ∗(Y) ∈ arg min
u∈U(xp)

min
v∈V∞(u)

〈1+Λ′Iuv,πu
µ∗(Y)〉,



whereY = {Ỹ,xp, ȳ} ∈ Y ∗, or equivalently by

µ∗(Y) ∈ arg min
u∈U(xp)

min
v∈V∞(u)

〈Iuv,Λπu
µ∗(Y)〉, (23)

When U(xp) is independent ofxp (e.g., when the
pursuer motion is unconstrained, which means that
U(xp) = C , ∀xp ∈ X p), V∞(xp) is also independent
of xp and, because of (23), we have thatµ∗(Y) ∈
argminu∈U minv∈V∞〈Iuv,Λπu

µ∗(Y)〉, which only depends
on Y throughπu

µ∗ . We shall see shortly that this is also
the case with the greedy policy.

5.2 Greedy policy
First note that, because of (22), this is an all-or-nothing
game whenU(xp) = C , ∀xp ∈ X p, i.e., when the motion
of the pursuer is unconstrained. In this case, the greedy
policy µg selects at each timet ∈ T the control actionu∈
C that maximizes the probability of finishing the game at
the next time step, i.e., theu that minimizes

∑
y/∈Yover

〈1, Ā(xp,u,y)πu
µg

(Y)〉= 〈1, IuΛπu
µg

(Y)〉,

whereY = {Ỹ,xp, ȳ} ∈ Y ∗ are the observations collected
up to timet. This, in turn, means that theuth entry of

Λπu
µg

(Y) =
[
∑xe p̂e(xe′;xe)πu

µg
(Y)|xe

]
xe′∈C

is maximized. Thus the greedy policy will move the pur-
suer to the position where the probability of finding an
evader at the next time step is maximal. This game is
permutation invariant in the following two cases:

1. A(xe) = /0 or α = 0 so thatΛ is the identity matrix.
This corresponds to a nonmoving evader.

2. A(xe) = C \ {xe}, xe ∈ C , with α > 0, so that all off-
diagonal entries ofΛ are equal toα and all entries in
the main diagonal are equal to 1− α(|C | − 1). This
corresponds to an evader that can move anywhere in
one time step with probabilityα.

Form= 1, condition (12) in Lemma 1 reduces toρ≤ 1−
max{α,1−α(|C | − 1)}. Assumption 1 is then satisfied
for T = 1 if α > 0, which proves that the greedy policy
is optimal in case 2. As for case 1, Assumption 1 is not
satisfied because it is not true that the probability that an
evader will be found in a finite time horizonT is strictly
positive for every action applied. However, it is actually
straightforward to prove directly that the greedy policy
is also optimal in this case. This is consistent with our
conjecture in Remark 2.

6 Conclusions
In this paper we addressed the problem of computing op-
timal policies for probabilistic pursuit games. We showed
that, under appropriate assumptions, optimal policies can
be computed using value iteration. However, the value it-
eration procedure can be computationally very costly. We
have then considered a greedy solution and determined
conditions under which it is optimal. We illustrated the
use of the theoretical results in the context of a simple
example.
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