STABILITY RESULTS FOR STOCHASTIC IMPULSIVE SYSTEMS*
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Abstract. This paper considers stochastic impulsive systems, which evolve according to ordinary differential equations
most of the time, but occasionally exhibit stochastic discontinuities in their trajectories. The main contribution of this paper
consists of a set of results to establish global existence of solution and stability for SISs. We consider stability notions that
emphasize the existence of bounds on the solution to SISs that hold uniformly over time, expressed in terms of class K and
class KL functions. The results are stated in terms of the existence of Lyapunov functions that satisfy appropriate algebraic
conditions that can be checked without computing solutions to the SISs.
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1. Introduction. Impulsive Systems are dynamical systems whose state evolves according to an ordi-
nary differential equation most of the time, but occasionally exhibits discontinuities, known as impulses or
jumps. In Stochastic Impulsive Systems (SISs), randomness arises from when jumps occur and to where the
state jumps. The “when” question is determined by a state-dependent intensity functions that determines
how likely a jump will occur, much like the intensity in continuous-time Markov chains, except that in SISs
this intensity is a continuously varying quantity. Once a jump takes place, the question of “where” the state
jumps is determined by a distribution of the jump destinations that typically depends on the value of the
state just before the jump.

SISs are closely related (and heavily inspired) by the Piecewise-Deterministic Markov Process (PDMPs)
introduced by Davis [5] and, in fact, SISs can be viewed as a special case of PDMPs. While the work on
the stability of Markov processes [3, 17-19], inspired many of the results and techniques used here, we never
formally prove that the state of SISs are Markov processes. In fact, the stability results presented here are
formulated for “output processes” that generally do not exhibit Markov’s property. SIS’s are also closely
related to Stochastic Hybrid Systems [1, 2, 11, 13]. In fact, the SHSs considered in [9, 11] are special cases of
the SISs considered here and therefore one can use the tests for existence of solution and stability developed
here to prove these properties for those SHSs. Switching difusions [7, 23] differ from SIs in that the emphasis
there is the change in dynamics at a set of event times and not the impulsive effects. Also, in switching
diffusions, the solution between discrete events is obtained from a stochastic differential equation, instead of
an ordinary differential equation; therefore such systems exhibit randomness even without jumps.

The main contribution of this paper consist of a set of theorems based on which one can prove global
existence of solution and appropriately defined notions of stability for SISs. The stability notions considered
are formulated in terms of the properties of “output” processes that may include only a portion of the state,
and typically are not Markovian. This is especially important for SHSs in which some components of the
state take values in discrete sets (e.g., boolean variables) that may not converge to any specific value. We
focus our work on notions of stability that emphasize the existence of uniform bounds on the transient
behavior of output processes. In particular, on the existence of bounds on the norms of such processes in
terms of class K and class KL, that hold uniformly over time. Because of the stochastic nature of SISs, we
consider both sample-path notions of stability, which place constraints on the confidence that sample paths
do not “misbehave” (i.e., do not violate norm bounds); as well as ensemble notions of stability that place
constraints on the expected values of the stochastic process.

All the existence and stability results are stated in terms of the existence of Lyapunov functions that
satisfy appropriate algebraic conditions that can be checked without computing solutions to the SISs. To
simplify the process of finding such Lyapunov functions, we have devoted significant effort to enlarge the set
over which one can search for Lyapunov functions. Essentially, any non-negative locally Lipschitz continu-
ous function can be used as candidate Lyapunov function. This permits Lyapunov functions that are not
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differentiable everywhere (e.g., an Euclidean norm) and also functions that are not positive definite. This
level of generality is important for systems for which some components of the state may not converge, which
is common, e.g., in SHSs.

An important feature of these results is that global existence of solution and, in particular, establishing
that there is zero probability of infinite jumps in finite time is a conclusion of our theorems and not an
assumption. We also do not require assumptions related to the sum of discontinuities of the Lyapunov
function along solutions to the SIS, which would be hard to verify for general Lyapunov functions, without
somehow computing solutions to the SISs.

While our proofs are much inspired by the notion of extended generator and by Dynkin’s formula for
PDMPs [5], we do not need to assume that a candidate Lyapunov function belongs to the domain of the
extended generator. Instead, Dynkin’s formula is also a conclusion of our global existence of solution theorem
and not an assumption. To achieve this, we base our global existence result on an auxiliar “stopped process”
that is always globally defined and for which a Dynkin’s-like formula holds for a very large class of Lyapunov
functions. This stopped process evolves just like the state of the SIS inside a compact set Q, but becomes
constant the first time that the interior of Q is abandoned. Under appropriate assumptions, the stopped
process converges to the state of the SIS as we “enlarge” the compact set. The idea of using stopped processes
to prove global existence and stability dates back to the seminal work of Kushner [18] and was also used
more recently in [20] to establish global existence of solution to general Markov processes. Our derivation of
a Dynkin’s-like formula for the stopped processes is heavily inspired by the work of Davis. However, we do
provide a self-contained proof that only uses basic results in probability theory and dispenses a background
knowledge of Markov processes and stochastic integration. Whether or not this is an advantage of our proof
is probably a mater of taste.

An interesting feature of our stability results is that we obtain fairly explicit formulas for the class K
and class ICL that appear in the stability definitions. This provides insight on how the stability bounds vary
over time (for the asymptotic convergence results) and also on how these bounds vary with the degree of
confidence that appear in the sample-path notions of stability.

The remainder of this paper is organized as follows: SISs and their solutions are introduced formally in
Sections 2 and 3, respectively; and Section 4 discusses the different notions of stability considered. Stopped
processes are defined in Section 5 and a Dynkin’s-like formula for these stochastic processes is provided in
Section 6. The main results regarding global existence of solution and stability appear in Sections 7 and 8,
respectively.

Notation. All random variables in this write-up are measurable on the same probability space (2, F, P).
We denote random variables and stochastic processes in boldface and, for short of notation, we sometimes
omit the dependence on the outcome w € Q [as in t; or N(¢), instead of tx(w) or N(t;w)]. In expressions

involving random variable that require some quantification on w, we use the superscript "? %o denote
universal quantification with respect to some subset of © with probability one [as in X "E? 7 to express that
3Q € F such that P(Q) = 1 and X(w) = Y (w), Yw € Q.] Given a time dependent function x : [0,7) — R™,
T € (0,00] that has limits from the left at every point in (0,7"), we denote by (-)~ the left-limit operator
that maps « into the function z~ : (0,7) — R" defined by =~ (¢) = lim,, z(7), Vt € (0,T).

2. Stochastic Impulsive Systems. In this paper, we use the following equations to represent a
Stochastic Impulsive System (SIS)

x = f(x) w.p. 1—Ax)dt 2.1)

X =X  W.p. Vg (dxg) A(x)dt. '

The solution to this SIS is a stochastic process x(t), t = 0 to be defined shortly that takes values in the
state space X < R™. Typically, X is the whole R™, but it is sometimes convenient to define the SIS on open
subsets of R™, thus the introduction of X'. Three entities appear in (2.1) and are needed to characterize a
SIS:

1. a wvector field f: X — R™;



2. a transition intensity X : X — [0,00); and
3. a family of jump measures {v, : Fx — [0,1], z € X'}, each defined on the o-algebra Fy of Lebesgue
measurable sets in X

The expression in (2.1) should only be understood as the representation of a SIS, as the precise meaning of
a solution to a SIS will be defined precisely below. Informally, the solution to (2.1) is a stochastic process
x(t) that evolves continuously according to the ODE % = f(x) most of the time, but occasionally exhibits
discontinuities due to instantaneous jumps. These discontinuities occur at jump times {t;} and correspond
to resets of the state to jump points {x;}. The transition intensity A determines the jump times in the sense
that the probability that a jump will occur in a small interval (¢,¢ + dt] of length dt is equal to A(x(t))dt.
Once a jump takes place at a time ty, the jump measure vy (¢, () defines the distribution of the jump point
X(tk) = Xk

It is useful to consider the following special cases of SISs that are common in applications.

SIS with a deterministic jump map. In SISs, the measures v,, x € X that define the jump points may
be “degenerate” in the sense that all probability mass may be concentrated at a single point. For example,
we may have

ve(2) = 6(z — p(x)), Ve,ze X,

where § denotes the Dirac distribution and p: X — X a given (determinisc) jump map. In this case, a jump
at time t), causes a reset of the state to x(t) = p(x~(tx)) with probability one, and one can “abbreviate”
the SIS representation to

x=f(x) w.p. 1—Xx")dt
X =p(x7) w.p. A(x)dt.

SIS with a (stochastic) discrete jump map. A common generalization of SISs with deterministic jump
maps arises when the jump measures v, Vo € X are finite discrete distributions defined by

K
vg(2) = Epi(S(z—pi(x)), Vie{l,2,...,K}, z,z€ X, (2.2)
i=1

where each p;(z) € [0, 1] is the probability that the jump measure “selects” the jump point to be p;(z) € X,
with >}, pi(z) = 1, Vo € X. In this case, we “abbreviate” the SIS representation to

x = f(x) w.p. 1 —A(x7)dt
p1(x7)  w.p. pr(xT)A(x7)dt
p2(X7)  W.p. pa(x7)A(x7)dt

®oWoX
I

X =pr(x") w.p. pr(x)A(x)dt.

Stochastic hybrid systems. It sometimes happens that one can split the components of the state x as
(q,z), where q remain constant along solutions to the vector field and only changes at jump times. In such
SISs, q often takes place in a discrete set @ and is called the discrete state, whereas z is called the continuous
state. These systems are also called Stochastic Hybrid Systems (SHS) [10] and can be “abbreviated” to

{z = f(q,z) w.p. 1 = A(q~,z7)dt

(q,2) = (K, 2k)  W.D. Vgq- o (day dzi)N(q™,x7)dt, (2.3)

where the (missing) equation for q indicates that q remains constant between jumps. SHSs can also only
have deterministic jump maps or stochastic discrete jump maps, as indicated above.

REMARK 1 (Time-variant case). All the results in this paper remain unchanged if the vector field in
(2.1) is time-varying since we do not make use of time-invariance. We omit the dependence of the vector
field f on t only for convenience of notation. O



3. Solution to a SIS. The following assumption on the vector field and the transition intensity of the
SIS is needed to define a solution to the SIS and is implicit in all results presented on this paper.

ASSUMPTION 1. The maps defining the SIS satisfy the following properties:

A1 The vector field f : X — R™ is locally Lipschitz on X .

Consequently, for each xg € X and tg = 0, the (deterministic) initial value problem
&= f(z), =(to) =m0 (3.1)

has a unique solution on some nonempty interval starting at to. In what follows, we shall denote
by [to,Tio ze) with Ty, 4y € (to, 0] the mazimal interval of existence of solution to (3.1) and by t —
(t;to, x0) € X, t € [to,Tyy.ze) the corresponding solution. This assumption also allow us to conclude
that t — @(t;to, zo) is an absolutely continuous function and that we can only have Ty, 5, < © when
(3.1) has finite escape time from X, in which case p(t;toy, xo) must exit every compact subset of X before
EOsz'

A2 The transition intensity A : X — [0,00) is locally bounded' and t — X((t;to,20)) is integrable on
any finite interval [to, T, YT < Tiy x, -

This assumption is satisfied, e.g., if A : X — [0,0) is continuous on X (but not necessarily uniformly
bounded). ]

With Assumption 1 in place, the state x(t), t = 0 of the SIS is defined to be a stochastic process
constructed as follows. Consider the following processes defined on a common probability space (2, F, P):
e A random variable x( that will be associated with the initial condition x(0).
e A standard Poisson process N(t), t = 0 with inter-event times {Ay : k > 0} identically distributed
standard exponential random variables with cummulative distribution

PAp<z)=F(zr)=1—-¢" VzeR.

e For each x € X, a process Z(z) == {Zy(x) : k = 1,2,...} consisting of a sequence of i.i.d. random
variables, each with measure v,.
The sequences Z(x) corresponding to the different values of 2 should be independent of each other
and also independent of N.

The SIS state x(t), t = 0 is obtained from the processes defined above through the following (determin-
istic) construction:
1. Initialize to = 0 and k = 0.
2. For each k > 1, let t; to be the first time in the interval (tk,l, Ttk—hxk—l) for which

tr
f Mep(t; tre1, xp—1))dt = Ay, (3.2)
tr—1

or ty, =T, , x, , in case

T
J )\((ﬁ(t;tk_l,xk_l))dt < Ak, VT € (tk—laTtk.,l,xk,l)-
t

k—1

3. For this value of tg, set
x(t) = p(t;tp—1,Xk—1), VtE€ [tr_1,tx),
4. In case ty, < T%, | x, ., set
X = Zi ey 60y (Xk—1))
increment k£ and go back to 2.

LWe recall that a function f : X — Y, X < R", Y < R™ is locally bounded on X if for every compact subset C < X, there
exists a constant k¢ such that || f(z)| < ke, Vz € C.



The random variables t; € [0,00), k > 0 are called jump times, the random variables x; € X, k > 0 are
called jump points, and the random variable

T hax = supty < oo. (3.3)
k>0

is called the mazimal time for the process®. When Thax = +00, we say that the process is globally

defined. Since each Ay e 0, the sequence of jump times {t} is strictly increasing with probability one and
therefore the process x(t) is cadlag on the interval [0, Tpax) with probability one, i.e., it is right-continuous
on [0, Tiax) and has a left-limit at every time ¢ € (0, Tpax). In what follows, when we analyze specific
realizations of the random process x, we generally consider outcomes w € () for which x is cadlag. The set
of such outcomes will be denoted by Qcadiag and, as noted above, P(Qcadiag) = 1.

Based on the sequence of jump times, we define the jumps counter N(t) to be the stochastic process
that counts the number of jumps up to and including time ¢, i.e.,

N(t) = max {k : t; < t}, (3.4)

which is also cadlag with probability one.
REMARK 2 (Generation of Sample Paths). To generate sample paths of x, on some interval [0,T),
T < o0 one does not need to start by generating sample paths of the whole processes N and Z(z), x € X and,
only after that, generate x; as the above construction seems to require. Instead, one can use the iterative
algorithm described above and only generate the random variables Ay and Xy as they are needed:
1. At the start of the step 2, generate a sample of the standard exponential random variable Ay.
2. At step 4, generate a sample for xj, according to the measure Ve tny (%k_1)-

All samples should be independent of each other. O

4. Uniform Stability for Not Necessarily Markovian Stochastic Processes. We are interested
in stability notions that are applicable not only to the state x of the SIS (2.1), but also to “output” processes
defined by

y(t) = h(x(t)) e R™, Vte [0, Tmax)

for some function h : X — R™. Investigating the stability of such output processes is useful, e.g., when
one is not concern about boundedness and/or convergence of some components of the whole state x of the
SIS, and the output map h is used to “extract” only those components of the state that are relevant for the
stability analysis. For example in the SHSs (2.3), y often ignores the components of q that take discrete
values (e.g., boolean variables).

Our definitions of stability emphasizes the existence of specific (uniform) bounds on how much |y (¢)],
t = 7 can grow and how much it should decay with respect |y (7)|, as a function of the interval ¢ — 7. These
bounds are formulated in terms of class K and class KL functions 2, as is commonly done in studying the
stability of deterministic systems and was also done in, e.g., [3, 17]* for stochastic processes. We shall see
that our stability results provide explicit formulas for the class K and class L bound estimates and therefore
provide insight into the “transient” properties of the process y.

To capture a notion of uniformity in stability, even when y is not Markovian, we formulate our stability
definitions in terms of probabilities conditioned to the natural filtration {F, : 7 = 0} of the process y. We
recall that each o-algebra F,., 7 > 0 contains all (measurable) events of y up to and including time 7. In

2The above construction may result in a solution with a finite number of jumps, even when Tiax = +00. In this case, the
sets of jump times and jump points are finite.

3A function « : [0,00) — [0,00) is of class K if it is continuous, strictly increasing, and «(0) = 0. A function 8 :
[0,0) x [0,00) — [0, ) is of class KL if s — B(s,t) is of class K for each fixed ¢ > 0, and t — (s, t) decreases to zero for each
fixed s = 0.

4The definitions of stability considered here differ significantly from the ones in [17] since in that reference the quantification
with respect to time appears outside the probability measure, whereas here [e.g., in (4.1) or (4.2)] it appears inside, which is
consistent with the commonly used notions of stability in probability [3, 8, 18, 19, 23].
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case y is Markov process, the conditioning to F, amounts to simply conditioning to y(7), which is common
in the definitions of stochastic stability for Markov processes formulated in terms of the transition function
of the process, e.g., in [8, 18, 19].

We start by considering notions of stability that limit the probability that specific sample paths “mis-
behave.” In particular, the stochastic process y : [0, Tax) — X with natural filtration {F; : ¢ = 0} is said

to be

D1 uniformly stable in probability if it is globally defined with probability one, i.ec., Tmax = o0, and for

every € > 0, there exists a class I function a. such that

Wpo

P(3teln): vt >ally@)l) 15,) < e ¥r

A\

0; (4.1)

D2 uniformly asymptotically stable in probability if for every e > 0 there exists a class KL function S, such
that

P (Ht €[r,0): |ly(t)] > ﬁe(Hy(T)H,t - T) | Cﬂ) <e¢, VYVr=0 (4.2)

and consequently® y(t) converges to zero with probability one, i.e.,

P (thig) y(t) = o) —1, (4.3)
and also converges to zero in probability, i.e.,
. S o) — 0
T P (Jy(0)] =€) = 0

D3 uniformly exponentially stable in probability (with decay rate p > 0) when it is uniformly exponentially
stable and (4.2) holds for functions g, of the form

Be(s,t) = cce M, Vt,s = 0,
for an appropriately selected constant ¢, > 0. Note that, while ¢, may depende of €, the decay rate p is not
allowed to do so for uniform exponential stability.

The inequalities (4.1) and (4.2) on the conditional probabilities imply that similar inequalities hold for
the unconditional probability, due to the Smoothing Property of conditional expectation [16, p. 45].

We also consider notions of stability that limit the expected value of positive functions of the process y.
In particular, given a non-negative function W : R™ — [0, o), the stochastic process y : [0, Tax) — X is
said to be
D4 uniformly mean-W stable if it is globally defined with probability one, i.e., Ty ax "L? o0, and there exists
a class KC function « such that

BWy@)|5.] Cally@)l),  vT=7>0

D5 uniformly stochastically mean-W stable if there exists a class I function « such that

foo B|W(y(m) | % ]dr Lally(m)l),  vr=0

T

5To verify that this is so, note that, for any given e > 0, |y (¢)[ < Be(|y(7)[,t —7), Vt € [, 0) implies that lim; e y(t) = 0
and therefore

P (Jlim y(t) = 0) 2 P (Ve [r,9) : y(0)] < Belly(r)], ¢ — 7).

Uniform asymptotically stability in probability implies that the right-hand side is greater than or equal to 1 — ¢, Ve > 0 and
therefore the left-hand side cannot be strictly smaller than 1.



D6 uniformly asymptotically mean-W stable if there exists a class ICL function 8 such that
wpo
BlW(ym) 5| <oy T-7), vT=r=0 (4.4)

D7 uniformly exponentially mean-W stable if it is uniformly asymptotically mean-W stable and (4.4) holds
for a function g of the form

B(s,t) = ce ™, Vt,s =0,
for appropriately selected constants ¢, A > 0.

For scalar non-negative processes, the function W may be the identity, in which case we simply say that
the processes are “mean stable,” without reference to W.

Inspired by the terminology used for Markov processes, when the inequalities (4.1)—(4.4) hold, not just

for every deterministic time 7 > 0, but also for every stopping time 7 e [0,00) for the natural filtration
{Fr,7 = 0} of y, we add the modifier strongly, as in strongly uniformly stable in probability or strongly
uniformly mean-W stable. These stronger notions of stability allow us to use the inequalities (4.1)—(4.4),
e.g., when 7 is the first time that y enters a given set. We recall that a random variable T > 0 is a stopping
time for the natural filtration of the process y(t), t = 0 if one can decide whether or not T < T on the basis
of the knowledge of y(t), Vt € [0,T].

5. Stopped Process. The maximal time Ty,ax defined in (3.3) may be finite because of finite escape
time of the solution to (3.1) or because the jump times have a finite accumulation point. It is therefore
convenient to consider a version of the process x that has been frozen before the solution misbehaves.
Formally, given a compact subset Q of X, we define the Q-stopping time to be the first time that x(t),
t € [0, Tiax) leaves the interior of Q. When x(t) remains in the interior of Q for all t € [0, Tiax), the
O-stopping time is defined to be equal to Ty, Specifically,

To = inf ({t € [0, Tanas) : x(t) ¢ It(Q)} L {Tmax})
— sup ({T € [0, Tase) : X(t) € Int(Q), Ve € [0,T)} U {0}),

where Int(Q) denotes the interior of Q. As this terminology implies, Tg is a stopping times for the natural
filtration of the process x(t), t = 0.

Based on Tg, we define the Q-stopped process and the Q-stopped jump counter to be the stochastic
processes

x(To) te[Tg,®), No(t) =4 < (5.1)

(1) = x(t) te[0,To) - N(t) te[0,To)
e N(Tg) te[To,),

respectively. For these stopped process to be well defined for all times, we must exclude the possibility that
Thax = To with Tg < o0, in which case x(Tg) and N(Tg) in the lower branches in (5.1) would not be
well defined. This possibility is excluded by the following lemma, proved in the appendix.

LEMMA 5.1 (Stopped Process). For every compact set Q@ < X, the following statements hold:
1. P(TQ<OO,TQ=TmaX)=O. B
2. The expected number of jumps of Ng is finite on every finite interval [7,T], T > 7 > 0. In particular,

E[No(T) —No(m)] € Amax (T —7), VI'=27>0 Amax = sup A(z) < oo,
zeQ
and consequently No(T) 2 o0, VT € [0, 00).
3. The Q-stopped process is cadlag on the whole interval [0,00) with probability one.
These statements can be concisely stated as: P(Qg) =1, for

Qg = {w €Ot x2g(t;w) is cadlag on [0,0) and Ng(T;w) < o, VT > 0}. O



6. Dynkin’s Formula for the Stopped Process. The Lyapunov stability results in this paper rely
on studying the evolution of scalar-valued “Lyapunov functions” V' : X — R along solutions to the SIS (2.1).
To maximize the flexibility provided by this analysis method, it is crucial to be able to draw such Lyapunov
functions from a large universe of functions. The set of functions from which we can draw Lyapunov functions
is denoted by D and consists of the set of functions V' : X — R that satisfy the following properties:
P1 The function V is locally bounded on X.

P2 For every fixed tg = 0, xo € X the map t — V (i(t; to, z0)) is absolutely continuous on [to, T}y 2, )-
P3 For every x € X the integral §, V(2)v,(dz) exists and the function

. J a(dz) — V(z)

is locally bounded on X.
P4 For every fixed tg = 0, 29 € X the map t — SX We(tito,wo) (dz) — V(gp(t; to, xg)) is integrable on any
finite interval [to, T], VT < Ty up-

As we shall see shortly in Lemma 6.1, every locally Lipschitz function V satisfies Properties P1 and
P2. Properties P3 and P4 can also be deduced from mild continuity conditions, for large classes of jump
measures:

1. For a SIS with (stochastic K > 1 or deterministic K = 1) discrete jump maps for which the jump
measure is given by (2.2), we have that

‘f 2 e (dz) — ‘ = )Z V(pi(z))pi( V(x)‘ < 12 ‘V(pL(x))‘ + |V ().

Therefore, when V is locally Lipschitz (see P2), the property P3 holds if the functions z — p;(z),
Vi e {1,2,..., K} are locally bounded on X (e.g., if they are continuous on X). Continuity of the
functions x — p;(x) would then also suffice for P4.

2. Suppose that every xz € X, v, has a probability density function f, and therefore

JX V(z)vg(dz) = V(x) = J:v V(2)fz(2)dz =V (z), VrelX.

In this case, the property P3 holds if the function z — §, V 2 V(2)fz(2)dz — V (x) is locally bounded on
X (e.g., if it is continuous on X). Continuity of this functlon would also suffice for P4.

Combinations of continuous and discrete distributions are also possible with appropriate continuity
assumptions.

Property P2, allows us to conclude that

t

V(gp(t;to,zo)) =V (xo) +J LfV(go(s;to,xo))ds, Vto = 0,20 € X, t € [to, Tty.m0)s (6.1)

to

for an appropriate defined function LV : X — R. When V is differentiable, we simply have

oV (x)
ox

but (6.1) can hold even when V' is not differentiable. The following Lemma is useful to upper-bound L;V
for functions that are not differentiable [12, 22]. As we shall see later, appropriate upper bounds on LV (z)
suffice to establish the stability of SISs.

LEMMA 6.1. Suppose that V is locally Lipschitz and that there exists a continuous function o : X — R
such that

LiV(z) =

f(z), VeeX,

oV (x)
ox

flx) <alz), VeeX\W
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for some zero Lebesgue-measure subset N of X that contains the points at which V is not differentiable.
Then Properties P1, P2 and equation (6.1) hold with

LiV(z) <a(z), Yrel. ]

In view of Properties P1-P4 and the discussion above, for each function V' € D we can construct a
function LV : X — R defined by

(LV)(@) = LV (@) + 7@ |

V(Ewalde) - V(x)), Vo e X.

This construction defines an operator L, which we call the extended generator of the SIS, that maps D to
the set of functions from & to R. This terminology is inspired by the Markov Process literature, but it
is important to emphasize that in that literature the extended generator is typically defined as having for
domain the set of functions for which Dynkin’s equation [akin to (7.5a) below| holds for the Markov process,
whereas here we take the domain of L to be the whole set D, even if Dynkin’s equation does not hold for
some elements of D.

The following theorem is the main result of this section and provides a Dynkin’s-like formula (6.2) for
the stopped process. The proof of this result (in appendix) is heavily inspired by the results in [5] but avoids
some of the standing assumptions in this reference (including Assumption 24.8; item 3 of Assumption 24.8,
and item 3 in Theorem 26.14). While these assumptions would be easy to verify for a SIS with uniformly
bounded transition intensity A and for uniformly bounded functions V' € D, Lyapunov functions always need
to be unbounded and many applications also require unbounded intensities. We can avoid these assumptions
essentially because the processes considered here are less general than the ones in [5] and, most importantly,
because we derive a Dynkin’s-like formula for the stopped process and not for the original process.

THEOREM 6.2 (Dynkin’s Formula for the Stopped Process).  For every compact set Q < X, every

function V € D, and every pair of times 0 < 7 < T < o such that T -y Tax, we have that

E[V(xo(T)) | 5,] "2V (xo(r)) + E U (LoV)(xa(t))dt | 7| (6.22)

.
T

"2V (x0(7)) +J E[(LoV)(xo(t)) | F+]dt, (6.2b)

T

where {Fy : t > 0} denotes the natural filtration of the joint process (xg(t),Ng(t)), t = 0;

(LV)(z) € Int(Q)

0 x € X\Int(Q); (6.3)

(LoV)(z) = {

and Int(Q) denotes the interior of Q. The two equations in (6.2) also hold when {Fy : t = 0} is the natural
filtration of the Q-stopped process xo(t), t = 0. O

A lot more could be deduced regarding the process xgo. We shall state without proof that xg is a strong
Markov process whose extended generator is given by (6.3) with a domain that contains D. However, all
that we need for the remainder of this paper are the specific results stated in Theorem 6.2.

7. Global Existence. We say that V : X — R in D is an exponentially-bounded on-the-average
Lyapunov function for the SIS (2.1) if it satisfies the following three properties:
P5 V is non-negative in the sense that

V(iz) =20, VexelX. (7.1)

We emphasize that we do not require V(0) = 0 and therefore the right-hand side of (7.1) can be strictly
positive for every x € X.



P6 V is radially unbounded in X in the sense that, Ym > 0, the set
QO ={reX:V(z) <m} (7.2)

is compact.
P7 LV is geometrically-bounded in the sense that there exists a finite constant ¢ € R such that

(LV)(x) = LyV(z) + )\(;U)(JX V(z)vy(dz) — V(:v)) <cV(x), VreX. (7.3)

The constant ¢ in (7.3) is called the ezpansion rate of V.

The terminology “exponentially-bounded on-the-average Lyapunov function” is motivated by the fact
that, as we will see in Theorem 7.1 below, the expected value of V(x(t)) can grow at most exponentially
along solutions of the SIS (2.1). The use of a condition like (7.3) to prove global existence of solution for
Markov processes can be found in [20].

The result that follows allow us to establish global existence of solution for the process x. This result
also provides upper bounds on the expected value of the Lyapunov function [cf. (7.5¢)] and on the probability
that the Lyapunov function grows beyond a given constant m [cf. (7.6)]. These upper bounds hold, not only
for arbitrary deterministic times, but also for (random) stopping times. The Lyapunov stability results in
Section 8 make extensive use of this theorem and do require bounds that hold for stopping times.

THEOREM 7.1 (Global Existence). Let V € D be an exponentially-bounded on-the-average Lyapunov
Junction for the SIS (2.1) with expansion rate ¢, and assume that E [V (X(O))] < 0. The following properties
hold for the natural filtration {F; : t = 0} of the process x(t), t = 0.

1. The state x is globally defined in [0, 00) with probability one, i.e.,

P(Tymax = +00) = 1. (7.4)
2. For everyT =1 >0,
T
B[V(x(D) | 5] "2V (x(r)) + J B [@v) () | | (7.52)
Y (x(r)) + B | f (LV) (x(0))dt | 5] (7.5b)
ety (x(r)). (7.5¢)

The inequality (7.5¢), also holds for the more general case where T is a stopping time for the filtration
{g:t ot 2 0}
3. For any every m > 0 and every stopping time T e [0,0) for {F; :t = 0}, we have that
wpo =TIV (x(1))

P(3tel[r,o):V(x(t)=m|F;) < — Ym > 0. (7.6)

(The inequality (7.6), also holds for the special case where T is a deterministic time). ]
The following equality is a direct consequence of (7.5a) in Theorem 7.1:

E [V(X(TQ)) | 3:] ~E [V(x(Tl)) | s—z] - LT E [(LV) (x(t))dt | EFT]dt, VT T > T,

and therefore we can conclude from the Fundamental Theorem of Calculus for Lebesgue Integrals [6, p. 102]
that t — E [V (x(t)) } EFT] is absolutely continuous and differentiable almost everywhere with probability
one. This observation is formalized in the corollary that follows.
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COROLLARY 7.2. Let V € D be an exponentially-bounded on-the-average Lyapunov function for the
SIS (2.1) for which E [V (x(0))| < 0. For every T = 0, the function t — E [V (x(t)) | F-| is absolutely
continuous on [1,0) and differentiable almost everywhere, with probability one. Moreover,

%E [V(x(t)) | S"T] VRO [(LV) (x(1)) | S’T], vt s (7.7)
O
The "2° in (7.7) refers to the fact that the random process E [V (x(t)) | F] is absolutely continuous on a

subset of ) with probability one. On the other hand, the a; refers to the fact that, for those sample paths of
v(t) that are absolutely continuous, there may be a set of times with zero Lebesgue measure on which the
derivative 4 E [V (x(t)) | -] does not exist.

Proof of Theorem 7.1 — Global existence. The proof of Theorem 7.1 uses two key results from the
theory of martingales: Doob’s stopping Theorem and Doob’s martingale inequality. The following result,
which is used to prove Theorem 7.1, combines Doob’s stopping Theorem [14, Theorem 1.39, p. 10] with
Markov’s inequality [4, Theorem 1, p. 86] to obtain a version of Doob’s martingale inequality that holds for
stopping times®.

LEMMA 7.3. LetT & [0,00) be a finite stopping time and M(t), t = 0 a nonnegative supermartingale
for a filtration {Fy : t = 0}. Then

P(Itelr,o): Mt) =m|F,) < MT) s
m

This lemma will be applied to the supermartingale defined in the following lemma.
LeEMMA 7.4.  Under the assumptions of Theorem 7.1, for a given m > 0, define

Mo, (t) = e “V(xq,,(t)) =0, Vt=0,

where Q,, denotes the compact set defined by (7.2). Then Mg, is a nonnegative supermartingale of the
natural filtration {F; : t = 0} of the Q,,-stopped process xg,, , i.€.,

wp

E[Mo, (1)] < o E[Mog, (t) | 7] < Mg, (7), Vi1 > 0. (7.8)

Proof of Lemma 7.4. Because of (6.2b) in Theorem 6.2, we know that the process t — E [V (xo,,(t)) | F-]
is absolutely continuous and the Fundamental Theorem of Calculus for Lebesgue Integrals [0, p. 102] allows
us to conclude that this process is differentiable almost everywhere with probability one, with

%E [V(me ®) | ?T] NS [(LV) (xo,. (1)) | iTT], Vt> 7> 0. (7.9)

For t <Tyg,,, we have that xg, (t) = x(t) € Q,, and therefore

E[Mg, (t) |t <Tg,]=€e “E[V(x(t)) |t <Tg,]<e  sup V(z), Vt=0

TEQm
and for t = Tq, , we have that xg,, (1) = x(Tg,,) € O and therefore
E [MQ"L t)|t= TQm] =e¢ B [V(X(Tgm)) [t > TQm]
E[V(x(0))] To, =0
< e’ S sup,eo. V() To,, > 0is not a jump time

sup,co,. S4 V(2)ve(dz) Tg, >0isajump time.

6We believe that this result is not novel, but since we were unable to find it stated in the literature, we include a short
proof in the appendix.
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Combining these two cases, we thus conclude that, because V € D,

E[Mog, (t)] < e “ max { E[V(x(0))], sup V(x), sup L{ V(z)ym(dz)} < o0,

2€Qm, TEQm

V¢ = 0, which proves the left-hand side inequality in (7.8). Moreover, because of (7.9), (6.3), and (7.3), we
also have

CEMo, (1) 5,] " e (L B[V (xa, (1) | 5] - B[V (xa. (1) | 5/])

wpo

WO e—ct(E[(LV)(me(t)) \ff,] —cE[V(me(t)) ]S’TD <0

vt a>e 7 = 0. The right-hand side inequality in (7.8) follows from this and the absolutely continuous of
t— E[Mo,, (t) | F;]. [ ]

Proof of Theorem 7.1. Applying Lemma 7.3 to Mg, (t) (cf. Lemma 7.4) we conclude that

_ _wpo e TV (x
P (3t e[0,0): V(xq, (t) = me" | F;) < M, vYm > 0,7 > 0. (7.10)
m
To prove (7.4), pick some T € (0, 00) and consider a generic outcome w € Qq,, for which Tyax(w) < T, with
Qq,, defined as in Lemma 5.1. The corresponding x(¢;w) cannot remain in the interior of Q,, on [0, T] since
otherwise x(¢;w) would be equal to x, o, on [0,7] and we would have Tyax(w) > T. Therefore

Thax(w) <T = 3Jte[0,T]:V(x(t;w)) =m
= 3Jte[0,T]:V(xg, (;w)) =m
= 3tel0,T]:V(xq, (t;w)) = me T e

where the last inequality follows from the fact that m > me~1¢Te, Wt € [0,T], ¢ € R. This means that

_ _ wpo ¢~ ¢“TM
P(Tomax <T'| F,) <P (Ht € [0,T]: V(xo(t)) = me et | :ﬂ) 20 ¢"Mo, (1)

)

me—lclT

where the last inequality follows from (7.10). Since Mg (1) 270 and E[Mg,, (7)] < o0, we must have that

Mo, (1) 2 . Therefore, since the inequality above holds for every m > 0, we conclude that we must have
WBO

P(Thax <T|F;) 20, VT € (0,00), which proves (7.4).
To prove (7.5), we start from (6.2a) in Theorem 6.2, which we re-write as

T
E[V(xo, (1)) | F-] BV (xq,, (1)) + J E [(LQmV) (xg,. (1)) | G"T]dt, VI =71 >0. (7.11)

i
We first show that this equation still holds if we replace the natural filtration F; of Xg,, by the natural

filtration J; of x. After that, by making m — oo, we will be able to replace the Q,,-stopped process xg,,
by x in all the expectations in (7.11).

According to the definition of conditional expectation,

Nm = E [V(XQm (T)) | 3’7’]7

7 Here, we are using the Smoothing Property of the conditional expectation [16, p. 45] to conclude that, given an event
A € F with indicator function I4 and a c-algebra F < F, we have that E[ P(A|F)] = E[ E[I4|F]] = E[I4] = P(A). Therefore,

W

P(A|F) éo ¢ implies that P(A) < c.
12



is the (almost surely unique) random variable that is F,-measurable and for which
E[n,1a] = E[V(xg, (T)1a], VAT, (7.12)

where T4 : © — {0,1} denotes the indicator function of the set A [16, p. 44]. Since F, = F,, n,, is also
F.-measurable. Therefore, to prove that

= E[V(xo, (1)) |, " B[V (xo,(T) | 5], VT
it suffices to show that (7.12) actually holds for all A € F,. To this effect, we pick some A € F, and compute
E[T’mIA] = E [nmIAF\{TQm ST} + nmIAf\{TQWL >T}]
= E[n.laniro, <r}] + E[MnIanire, >3] (7.13)

When Tg,, > 7, we have that xg, (s) = x(s), Vs € [0, 7] and therefore A n {Tg, > 7} € F,. Because of
(7.12), we thus conclude that

Ennlanme, >n] = B[V (xe, (1)lan(re, > - (7.14)
On the other hand, when T, < 7, we have that xg, (T) = xg,, (7) and therefore
E[nnLanro, <n] = B[V (%0, (M)Lan(ro, <r]
=E [V(Xgm (T))IAﬁ{TQnLST}]’ (7.15)
Replacing (7.14) and (7.15) in (7.13), we conclude that
E[n,,1a] = E[V(xe,,(T)Lan(re,, >n] + B[V (xa, (1)Lanire,, <n]
= E [V (Xgm (T))IA]
and therefore (7.12) does indeed hold for all A € F,. The proof that

B [ touvitxa, @) 5] 26| [ (e, xo, )t 5]

follows the same steps and therefore we do not repeat it here. We thus conclude that

E[V(xo, (7)) | F:] "2V (xa,. (1)) + E H (Lo, V)(xa, (1)t | T, ], (7.16)

T

Vm >0, T > 7 > 0. Our goal is now to replace the xg by x in the equation above, by making m — 0.
Using the notation a A b :== min{a, b}, we conclude from the definitions of the stopped process and of Lo, V
that

xg,, () X(’T ATg,, )

Qm X(T AN TQm

@) (x(1) t<Te,

(Lgm XQm B { t>To,

and therefore
Who TATo,,
E [V(X(T ATo,)) | ?T] 2y (x(r A To,)) + E ” (LV) (x(t))dt | 5—2]
TT/\TQm
2%y (x(r A To,,)) + cE H V(x(t))dt | Cﬂ]

K UTATQW (v (x(t) — @V)(x(0) )t | F,| ¥m>0. (7.17)

T
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Since (i) the maps
m— V(x(T A Tg,,)),

TATo,,
m f V(x(t))dt,

TATg,,
m f (cV(x(t)) —(LV) (x(t)))dt
are non-negative and monotone non-decreasing with probability one and (ii)

P (lim V(x(T A To,)) = V(x(T)) | F)
>P@Am:To, (W) =T|F,)=P(Thmax > T | Fr) = 1,

P (7313100 LTATQM V(x(t))dt = LT V(x(t))dt | :fT>

=>P@EAm:To, (w)=2T|F) 2P(Thax >T | F;) =
TATo,, T
P ( Tim_ J (cV(x(t)) —(LV) (x(t)))dt - f (cV(x(t)) - (LV)(x(t)))dt | sz>
= P(Elm : Tgm(w) =>T | \rfq-) = P(Tmax >T | SFT) =1,
we conclude from the Monotone Convergence Theorem that

lim E|V(x(T A Tq,)) | F+| = B[ lim V(x(T A To,)) | 7|

m—0o0
[( w]
TATg,, /\TQm

Jm B[ [ vo)ar|o7] - B[ i, x(0)dt |

” ( t))dt | F, ]
i B [ f o (cV(x(t>) - (LV)(x(t)))dt | 3;] _
-E [ JT (cV(x(t)) - (LV)(x(t)))dt | :,;]_

Moreover,

P (nlblinoov(x(T ATg,)) = V(X(T))) >P (Im:To, (w)=T|F;)
>P (T > T | F2) = 1
By considering the limit m — o0 in (7.17), and using the equalities above, we conclude that

E[V(x(T) | 7] "2V (x(r)) + B| f ) (x()dt | 7, |

"By (x(7)) + j E[(LV)(x(t)) | F.]dt, (7.18)

where the last equality was obtained using Fubini’s Theorem to interchange the integration with respect to
time and the expected value [16, p. 53]. Because of (7.8), we also have that

B[V (x(t A To,)) | F] < eV (x(r A Tg,)), ¥t>730,
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which, also taking the limit m — o0, leads to (7.5¢).

If we now define
My (t) = eictV(x(t)), YVt = 0,

we conclude from (7.5¢) that this process satisfies

WP

E[My(T)] < E[V(x(0))] <0 and E[My(T)|F,] < My(r), ¥T =730

and is therefore a nonnegative supermartingale of {F; : t = 0}. We then conclude from Lemma 7.3 that for

any every m > 0 and every stopping time 7 2° [0,00), we have that

P(3te[r,o):V(x(t)=e"'m|F,) <

The inequality (7.6) then follows by setting m == e~“‘m. Note also that, because of Doob’s stopping Theorem
[14, Theorem 1.39, p. 10], the inequality (7.5¢c), also holds for the more general case where 7 is a stopping
time for {F; : t = 0}. ]

8. Lyapunov Stability Theorems. This section contains the main results of this paper. These results
rely heavily on Theorem 7.1: the marginal stability theorem is a straightforward corollary of Theorem 7.1
and, while the theorem regarding asymptotic stability is more involved, it still uses Theorem 7.1 in two key
steps.

8.1. Marginal Stability. We say that V : X — R in D is a non-increasing on-the-average Lyapunov
Junction for the SIS (2.1) if it is exponentially-bounded on-the-average with an expansion rate ¢ = 0 in (7.3).
In summary, it must satisfy P5, P6, and the following property, which is essentially P7 with ¢ = 0:

P8 LV is non-positive in the sense that

(LV)(z) = LyV(x) + )\(:z:)(f V(z)ve(dz) — V(I)) < -W(z) <0, Vzedl, (8.1)

x
for some non-negative function W : X — R.
Also here, we do not require V(0) = 0 and therefore V' may not be positive definite. This is important to
investigate the boundedness/stability of “subcomponents” of x (cf. discussion in Section 4).

The terminology “non-increasing on-the-average” is motivated by the fact that the expected value of
V(x(t)) decreases along solutions of the SIS (2.1) (c.f. Corollary 8.1 below). This non-increase on the
average is a direct consequence of (8.1) and would hold a-fortiori if we demanded that

L;V(x)<0 and vy (dz) =1, Vo e X,

LGX:V(Z)SV(z)

where the left-hand side inequality essentially requires V(x(t)) to decrease along the (deterministic) flows
of x = f(x) and the right-hand side inequality requires V(x(t)) not to increase with probability one at each
jump time. However, P8 is weaker than this since for (8.1) to hold the decrease only needs occur in expected
value, which does not exclude the possibility that specific sample paths may exhibit strict increase on the
value of V(x(t)) along flows of x = f(x) and/or strict increase on the value of V (x(t;)) at jump times.

The result that follows is essentially a corollary of Theorem 7.1, specialized for the case of zero expansion
rate. It provides results on the uniform stability of the process y :== V(x) and non-uniform bounds on the
process z = W(x), where V and W appear in the left-hand-side and right-hand-side of (8.1), respectively.

COROLLARY 8.1 (Marginal Stability). LetV € D be a non-increasing on-the-average Lyapunov function
for the SIS (2.1) for which E [V (x(0))] < o0 and let W be as in (8.1). All conclusions of Theorem 7.1 hold

with ¢ = 0. In particular, for every stopping time T e [0,00) for the natural filtration {F; : t = 0} of the
process X(t), t = 0, the following statements hold:
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1. The process 'y = V(x) is strongly uniformly stable in probability (strong version of definition D1).
Specifically,

P (Itelr o) : V(x(t) > a(V(x(T)) | F-) < e Ve>0, (8.2)
for the function a. € KC defined by a(s) = £, Vs = 0.
2. The process y == V(x) is strongly uniformly mean stable (strong version of definition D). Specifi-
cally,

E [V(X(T)) | ff,] LV(x(r), VIt (8.3)

(The inequalities (8.2)—~(8.3) also holds for the special case where T is a non-negative deterministic time.)
Moreover, when the function W in (8.1) belongs to D and there exists constants a,b > 0 such that

(LW)(z) = LW () + )\(:1:)( L W (2)ve(dz) — W(x)) > aV(z)—b, Vrel, (8.4)

we further conclude that
3. The expected value of the process z == W (x) is integrable on any interval [T,00), 7 = 0, and

LOOE W (x(®) | 7]

4. The expected value of the process z == W(x) is upper bounded by

wpo

< V(x(r)), vr=o. (8.5)

E [W(x(t)) | S"T] < (% + ae)V(x(T)) +be, Vt=T72=0,€e>0. (8.6)

5. The expected value of the process z = W(x) converges to zero, i.e.,

lim E[W(x(t)) | ] "£°0, V¥r=>0. (8.7)

t—0

6. The process z == W (x) converges to zero in probability, i.e.,
tIL%P (W(x(t)) =€|F;) =0, Ve>0,7=0. (8.8)

By the Smoothing Property of the conditional expectation [10, p. 45], all the bounds in this theorem also hold
for unconditional probabilities/expectations and for conditional probabilities/expectations with respect to the
natural filtration of V(x), since this filtration in contained in the natural filtrations of x. O

While (8.5)—(8.7) provide upper bounds on the expected value of the process z :== W (x), we cannot
conclude that this process satisfies any of the (uniform) stability definition considered in Section 4 because
these bounds do not appear as a function of z(7). Because of this, the expected value of z(t) may exhibit a
large transient, even when z(7) starts quite small.

Proof of Corollary 8.1. To prove (8.2) we start by considering an event w € Q for which V(X(T;w)) =0. In
view of (7.6) with ¢ = 0, for such event we have that

P(Ate[r,o):V(x(t)=m|F;) =0, Vm>0,
and therefore®

P(3te[r,o):V(x(t)>0]|F) =P (@3m>0,t€[r,0): V(x(t) =m|F;)
< lim P (3te[r,0): V(x(t) =m|F.) =0,

m|0t

8We recall that, given a sequence of measurable events E,, € F, with E, © E,11, VYn >0, P(UnZO E,) = limp—o P(ER).
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from which (8.2) follows for events w with V (x(;w)) = 0. For events, w € Q for which V (x(7;w)) > 0, one
can go from (7.6) with ¢ = 0 to (8.2) by using the following change of variables

_ V(x(T)) - V(X(T))

m €

>0

Statement 2 in Corollary 8.1 follows directly from the statement 2 in Theorem 7.1 with ¢ = 0 and requires
no further proof.

To prove (8.5), we use (7.5a) and (8.1) to conclude that

wpo

BV (x(T) | %] <V (x(r) - LTE W (x®) |5, |at vT =7 >0, (8.9)

and therefore

T wWpo
f E [W(x(t)) | ?T]dt <V(x(r)) ¥I'=72>0.
Since the random variable in the left-hand side of the above inequality is monotone increasing in 7" and
bounded, by the Monotone Convergence Theorem the limit as 7" — o0 exists and satisfies (8.5).

To proceed with the proofs of (8.6)—(8.8), we pick some m > 0 and use the compact set Q,, in (7.2)
to construct the Q,,-stopping time Tg, , and the Q,,-stopped process xgo, . From (6.2b) applied to the
function W e D and (8.4), we conclude that

T
E[W (xo(T)) | 5,] "W (xo(r)) +J E[(LoW)(xo(t)) | F,]dt

T

W (xo(r)) + | BlaV(xo(t) +| 5 Jdr

-
As we have done to go from (7.16) to (7.18), we can use the Monotone Convergence Theorem to take the
limit as m — o and conclude that

wpo T
E[W(x(T)) | 5,] S W (x(r) + f E[aV (x(8)) + b | ,]d. (8.10)

T

Defining
u(t) = B [V(x(t)) | 3;], o(t) = E [W(x(t)) | 5—2], V=T >0,

we conclude from (8.9) and (8.10) that the assumptions of Lemma A.2 in the appendix hold, from which
(8.6) and (8.7) follow.

Finally, from Markov’s inequality [4, Theorem 1, p. 86] we further conclude that

P(W(x(t)) =€e|F;) < & [W(X(:)) | 3’}], Ve >0,t>T.

Taking the limit as ¢t — 00 and using (8.7), we conclude that (8.8) holds. ]

8.2. Asymptotic Stability. We say that V : X — R in D is a strictly-decreasing on-the-average
Lyapunov function for the SIS (2.1) if it is a non-decreasing on-the-average Lyapunov function and, in
addition, the following property holds:

P9 LV is negative in the sense that

(LV)(z) = L{V(z) + A(x)(JX V(2)ve(dz) — V(:E)) < —a(V(z)) <0, Vre X, (8.11)

for some class K function a.
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Also here, the terminology “strictly decreasing on-the-average” is motivated by the fact that the ezpected
value of V (x(t)) strictly decreases along solutions of the SIS (2.1). Again, this not exclude the possibility
that specific sample paths may exhibit strict increase on the value of V (x(t)) along flows of x = f(x) and/or
at jump times from x~ (ty) to x(t) = 2.

The result that follows allows us to establish uniform asymptotic stability of the process y = V(x).
THEOREM 8.2 (Asymptotic Stability). Let V € D be a strictly-decreasing on-the-average Lyapunov
function for the SIS (2.1) for which E|V (x(0))] < oo. All conclusions of Theorem 7.1 (with ¢ = 0) and
Corollary 8.1 hold and, in addition:
4. The process'y = V(x) is uniformly asymptotically stable in probability (Definition D2). Specifically,
for every e > 0, there exists a class KL function . such that
wpo

P (3te[r,0): V(x(t) > Be(V(x(r)),t—7) | F;) <€ Vr=0. (8.12)
5. The process y = V(x) is uniformly stochastically mean-a stable (Definition D5). Specifically,

JOO E [a (V(x(t))) | ?T]dt V(x(r), vr>o. (8.13)

T

By the Smoothing Property of the conditional expectation [16, p. 45], all the bounds in this theorem also hold
for unconditional probabilities/expectations and for conditional probabilities/expectations with respect to the
natural filtration of V(x), since this filtration in contained in the natural filtrations of x. O

From the proof of Theorem 8.2 (to be presented shortly), we can conclude that the class KL function
Be in (8.12) can be of the form

Be(s,t) = 2B(s,et), Vst >0,
€

for an appropriately defined class KL function § that does not depend on e. This bound indicates that,
in order to decrease the probability that V (x(t)) exceeds Sc(V(x(7)),t — 7), we may need to (i) increase
Be by dividing the e-independent [ by € and (ii) slow down the decrease of 5.(s,t) by scaling the time-
dependence through a multiplication by € of the time-argument. The qualification “may” in the above
sentence, emphasizes the fact that the function g, used in the proof of Theorem 8.2 does not necessarily
provide tight bounds so it may be possible to decrease the probability that V(X(t)) exceeds f3, (V(X(T)), t—T)
using less conservative means. This is the case when the class K function « in (8.11) is of the form «(s) = us,
Vs = 0 for some p > 0, which leads to exponential stability and a class KL function . for which the
exponential convergence to zero of ¢t — [.(s,t) can be made independent of ¢, as stated in the following
result, which is a direct consequence of Theorem 7.1 with an expansion rate ¢ = —p < 0.

COROLLARY 8.3 (Exponential Stability). Let V € D be a strictly-decreasing on-the-average Lyapunov
function for the SIS (2.1) for which E[V (x(0))] < o0. When the class K function o in (8.11) is of the form
a(s) = us, Vs = 0 for some p > 0, we have that

4°. The process 'y == V(x) is uniformly exponentially stable in probability with decay rate > 0 (Defi-

nition D3). Specifically, (8.12) holds with

—put
Be(s,t) =" Vis>0.

€

57 The process 'y = V(x) is uniformly exponentially mean-c stable (Definition D7). Specifically,

E[V(x(t) | F,] <e"V(x(r), Vt=71=0.

Proof of Theorem 8.2 — Asymptotic Stability.
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Proof of Theorem 8.2. To construct the class KL function . that appears in (8.12), for each s = 0 we pick
(i) a monotone increasing sequence 0 =: Ty(s) < T1(s) < Ta(s) < --- that converges to +00 as n — o0; and
(ii) a monotone decreasing sequence

€o(s) > €1(s) > ea(s) > -+ >0, Vs >0, €,(0) =0, Yn =0
that converges to zero as n — 9. We then define 3. to be any class KL function such that?
Be(s,t) = Be(s,t) = €,(s) Vte [T(s), Tps1(s)), n = 0. (8.14)

For a given € > 0, our goal is to prove that it is indeed possible to pick the €,,T,(s), ¥n = 0,s = 0 so that
(8.12) holds. Defining v, = V(x(7)), for any event w €  for which v,(w) = 0 the equation (8.12) follows
directly from (8.2) no matter how we choose the class KL function .. Therefore, to construct S, so that
(8.12) holds, we only need to consider events w € € for which v, (w) > 0.

To construct an appropriate S, first note that, because of (8.14), we have that

P <3t €[r, ) : V(x(t)) > Be(vrt —7) | 3})

P (I 0,t€ [r+ Tulvy),0) : V(x(t) > gen(vr) | 57)
Wéo

+ Th(v
S P(Bte [+ Tulve), ) s V(x(t) > gen(ve) | F7), (8.15)
n=0

where the second inequality follows from the countable subadditivity property of the probability measure!®.

We therefore conclude that any upper bound on the sum in the right-hand side of (8.15) is also an upper
bound on the probability on the left-hand side of (8.15). To construct an upper bound for the term n = 0
in (8.15), we can use directly (7.6) with ¢ = 0 to conclude that!!

wpo v,

P(Eelnm): V(xt) > eolv) [97) <

(8.16)

To construct an upper bound on the terms with n > 1 in the right-hand side of (8.15), for each s = 0, we
pick a third sequence {d,(s) > 0 : n > 1} and define the sequence of random variables {T,, : n = 0} with
Ty:=7 and, Vn > 1,

T, =inf ({t >7:V(x(t) <6n(ve)}u {-I—oo})

— sup ({T > 7 V(x(t) > 0n(vy), Ve [r,T)} U {T}) S

which could be viewed as a Q-stopping time for the (not necessarily compact) set Q = {x € X : V(z) >
0n(v-)}. We then have that the probabilities of the complements of the events appearing in the right-hand
side of (8.15) satisfy, for every n > 1, 12

P (Vt € [+ Tu(vs), ) : V(x(t)) < €n(vs) | 52)

wWpo

> P (Tn <7+ T,(v;) and Vi € [Ty, 0) : V(x(t)) < €n(vy) | CTT),

9Since s > Be(s,t) is typically not continuous for each fixed t > 0, we cannot just take 8. = B.. However, for each ¢t > 0,
we just need to take s > Be(s,t) to be any continuous upper bound on s > Bc(s, ) that is still of class K.

10We recall that, given a sequence of measurable events E, € F, ¥n > 0, the subadditivity property of P states that
P(UnZO En) < ZnZO P(En)

HRecall that we only need to consider events for which v, > 0.

12Here, we are simply using the fact that given any two events A, B € F, P(A) = P(B n A).
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from which we obtain the following inequality for the probabilities of the complementary events

P (at € [r+ Tu(vs), ) : V(x(1)) > €n(vs) | :ﬂ)

wpo

<P (T > 7+ Tal(vr) or 3t € [Ty, 0) : V(x(1) > enlvs) | T )

wWpo

<p (Tn >+ To(vy) | ff,) +P <3t € [T, 0) : V(x(t) > en(vs) | :ff). (8.17)

The proposition that follows (proved at the end of this section) provides an upper-bound on the first term
in (8.17):
PROPOSITION 8.4. For every 7 = 0,

wpo e

P(Tn >+ Tulve) |50) S O m )

(8.18)

O

Since the right-hand side of (8.18) goes to zero as T, (v,) — o0, this also shows that T, "2 % and therefore
we can use (7.6) with 7 := T,, and ¢ = 0 to conclude that

P (3t e [Ty, 0):V(x(t) > en(vs) | Fr,) "pe Vgx((j‘r;)) "o (:"E:T;.

Since by definition T, > 7, Vn > 1 we have that Fr, > F; [14, Property 1.17, p. 4] and we conclude from
the Smoothing Property!® of the conditional expectation [16, p. 45] that

P (3te [T, 0): V(x(t) > en(v,) | F;) < On(Vr)
en(Vy)
Using this bound and (8.18) in (8.17), leads to
wpo Vr 5n(v7—)

P (at € [r+ To(vr),0) : V(x(t) > en(vy) | fﬂ) < (6n (Vi) Tn(vy) " en(vr)

We are finally ready to use (8.16) (valid for n = 0) and the upper bound above (valid for n > 1) in (8.15):

0
wpo v, v, On(vy)
P(3telrm): V(x(t) > f(vet—7) | F,) < + 3 ( + ). 819
(x(8) > Belvrt =) e D I Ve o R
It is now time to pick the s-dependent sequences {e,(s) : n = 0}, {T,,(s) : n = 0}, and {€,(s) : n = 0} so
that (4.3) follows from (8.19). To this effect, we note that since « is of class K, there exists a constant ¢ and
a class Ko, function v so that!'®

a(y(s1)v(s2)) = min{sisz, ¢}, Vs1,52 = 0. (8.20)

13Cf. footnote 7.

A class K function « is of class Ko if lims_,q0 a(s) = +00.

15To verify this, first note that since o is of class KC, there always exists a positive constant é and a class Ko, function & such
that

a(s) =a(s), Vs<e and a(s) = a(s), Vs>e.

Since @ is of class Koo, it has an inverse function @~ also of class K¢ and we have that

o fel =2 o0

a(e) a~1(s)

Ql

< L s s<c . iy
; < afa 1(8)) > {C . ; . min{s,c}, c:= a(e).

Qo

Moreover, from [21, Corollary 10], we also know that because @1 is of class Koy, there exists another class Ko function v such
that @' (s1s2) < v(s1)7v(s2), Vs1,s2 = 0. Therefore a(y(s1)v(s2)) = a(@ !(s1s2)) > min{sis2,c}, Vs1,52 = 0.

20



Suppose now that we pick two sequences'® {a,, : n > 1} and {b,, : n > 1} such that

tn > ani1, Vn =1, ) > 20et) -y > 1,
Zle Ap = 17 ’Yflb:) — 0
and define
1
To(s) = —max{—, f}7 Vn=1,8>0
€ay, b, ¢
3{ n=0,Ys >0
Gn(s) 37(s) v(bn) Vn 1’ s=>0

Since a,, decreases monotonically to zero, for each s > 0, the sequence {T},(s) : n > 1} increases monotonically

to +00 and since 75}’” decreases monotonically to zero, for each s > 0, €,(s) also decreases monotonically
to zero. If we now replace these sequences in (8.19), we obtain

P <3t e [r0): V(x(t) > Be(vet —7) | 3;)

V- €an, Vi
a(y (v (b)) Zmax -, %=L 3 minfveby, o} max { &, % |

€an, 1 €an,

3 min{bn,vi}max{bi,"f} 3

To prove (8.13), we simply use (7.5a) and (8.11) to conclude that

wpo T
B|V(x(D) |7, ] <V(x(r) —J Ela(Vx®)) |5 |at,  vT=720
The inequality (8.13) then follows from this and the fact that E [V (x(1)) | 3'}] = 0. ]

Proof of Proposition 8.4. Defining

v (x(t))26,(v,) = {
we have that
T,>74+T(v,) = V(E@{))=0.(v,), Vie[r,7+Tn(v;))

T+Tn(vs)
= J Ly (x(t))28, (v,) dt = Tn(vr).

6For example ay, = 1/27, by, = v~ 1(1/22"), ¥n > 1, for which @ =1/2".
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From this and Markov’s inequality [4, Theorem 1, p. 86], we conclude that

wpo 7'+Tn(v7')
DT, >+ L) |50 P ([ Wpa it = Tulvr) | 57)

T

T Tn T
wpo B [S: v )IV(x(w)z&n(vT)dt | ?T]

< Tolv.) (8.21)
On the other hand,
Iy x)yzs,v)y =1 = V(x(t)) = 0n(vs)
= a(V(x(t) = a(0u(vs)) = (0n(ve)) Ly (x(t))=6, (v,)
= (LV) (X(t)) < _a(V(X(t))) < _a(én(vf))IV(x(t))ZJn(vr)-

Because of (8.1), the last inequality is also true when Iy (x())>s, (v,) = 0, and therefore we can use (7.5b) to
conclude that

wpo T+Ty (vr)
B[V (x(7+ Tu(v.)) = vr | 5] 2°F H (LV) (x(t))dt | 3"7]

T

Wpo T+Th (v+)
< —a(dn(v7)E U Ly (x(1))26, (v, It | 32],

which implies that
<

T = a(dn(vr))

wpo v,
< ——.
a(0n(vr))

Equation (8.18) follows from this and (8.21). ]

T wpo E[v, — V(x(r + Tu(v:))) | 5>
E[J Iv( (t))>5"(vT)dt | ng] po [V (X(T (v ))) | ]

9. Conclusions and Future Work. The main contribution of this paper is a collection of Lyapunov-
based results to prove global existence of solution and stability of stochastic hybrid systems. The results are
stated in terms of the existence of Lyapunov functions that satisfy appropriate algebraic conditions that can
be checked without computing solutions to the SISs. A key open issue related to this work is whether not
the sufficient existence/stability conditions provided here are also necessary.

A. Appendix. To prove Lemma 5.1, we start by showing that the jumps counter N(t) defined in (3.4),
can be related to the standard Poisson process N(t), ¢ = 0 used to construct the solution to the SIS, through
the following intensity-dependent time scaling

t

N(t) = N(L )\(x(s))ds), Wt € [0, Tonax)- (A1)
Proof of (A.1). Denoting by
k
Tk = 2 Al

the event times of the standard Poisson process N(t), t = 0, we have that

t

)\(x(s))ds} = max{k: : Z]:: A; < Jt )\(x(s))ds}.

0

N(ft /\(x(s))ds) - max{k: LTy < J

0 0
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Our goal is to show that this expression equals (3.4). To this effect, take an arbitrary jump time t; that
appears in (3.4). Since the transition intensity is non-negative, we have that

0

tr t k +
t, <t = f )\(x(s))ds < f )\(X(s))ds = Z A; < J )\(x(s))ds,
0 -1 0
where we also used the fact that

tr k  rt; k
J A(x(s))ds = Z J A(x(s))ds = Z A (A.2)

0 i=1Yti-1 i=1
Since we have established that
k t
{k:tp <t} c { Z A; < J /\(x(s))ds},
i=1 0

we conclude that
k t t
N(t) == max {k : t;, <t} < max{k : Z A; < L /\(x(s))ds} = N(f0 A(x(s))ds).

To prove that we actually have equality, assume by contradiction that

max {k : tj, <t} < max{k : iAi < Lt)\(x(s))ds},

which means that there exists an index k* such that tyx >t > t,x_q, but

t

Ax(s))ds < L - A(x(s))ds <0,

iz*lAi = Ltk* A(x(s))ds < J(

)

where we used (A.2). However, for ti= >t to be a jump time, because of (3.2) we must have

£ t 5 t
J A(x(s))dt = J A(x(s))dt + J Ax(s))dt = Apx = Ax(s))dt = Ayx,
th_q Cpsk_y t Cpsk_y
which would mean that t;x < ¢ and thus contradicts the assumption that t;« > t. [

Given two scalars a,b € [—00, +00], in the proofs that follows we use the symbols A and v to denote the
min and max operations, as in

a A b= min{a, b}, a v b= max{a,b}.

Proof of Lemma 5.1. To prove 1 and consequently that xo(t) is well defined on [0, 0), consider a generic
outcome!” w € Qeadlag for which Tg(w) = Thax(w) < 0. We start by proving that the corresponding
x(t;w) cannot have stopped at some time Tax(w) = tp(w) = Ty, | (w)x,_1(w) due to a finite escape from
the open set X in step 2 in the construction of x(w). This is because, by continuity, in this case the solution
should have exited the compact set @ = X’ before ti(w) = Ty, | (w),x,_;(w)» Which contradicts the fact that
To(w) = Thax(w).

"Here we will use the fact that P(A n Qcadlag) = 0 and P(Qcadlag) = 1 implies that P(A) = P(A N Qcadlag) + P(A N
Q\Qcadlag) < P(A N Qcadlag) + P(Q\Qcadlag) = 0.
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We thus conclude that for such outcome w, the maximal time Tyax(w) must be the finite accumulation point
of an infinite set of jump times and therefore

lim N(tw) = o0,
t? Tmax (W)~
which, because of (A.1), means that

lim N(Jt /\(x(s;w))ds;w) = . (A.3)

T max (W)~ T

Since we are assuming that Tg(w) = Tyax(w), we have that x(s;w) € Int(Q), Vs € [, Tpax(w)) and
therefore

A(x(8;w)) < Amax = sup A(z) < 0, Vs € [7, Thax(w)).
reQ
Therefore, for (A.3) to hold, we must necessarily have that

o= lim N( Jt A(x(s; w))ds) < lim  NOpax(t—7);w) = oo,

tP T max (W)~ . 1 Tmax (W)™

which means that the outcome w requires the Poisson counter N to reach infinity in the finite time Tyax(w) <
c0. Since the probability that a Poisson counter reaches infinity in finite time is equal to zero we conclude
that

P(Tg = Thax < ©) = 0.

This shows that xg is well defined on [0,00) with probability one. Moreover, since x(t) is cadlag with
probability one, xg is also cadlag with probability one, which also proves 3.

Finally, to prove 2 note that since there are no more jumps of Ng after Tg, we have that'®

E [NQ(T) — NQ(T)] = E [NQ(T N TQ) — NQ(T A TQ)]
_ _ T/\TQ T/\TQ

—E[N(T A Tg) - N(r A To)] = F [N(J )\(x(s))ds) - N(f )\(x(s))ds)]
0 0

TATg TATg

. [N(L /\(x(s))ds+f

TATg

Mx(s))ds ) —N( L”TQ Ax(s))ds ) |

T

<E [N(JO A(X(3))ds + Amax (T — 7')) - N(J

0

T

)\(x(s))ds)] (T — 7). m

While Theorem 6.2 could be proved by “patching” several results from [5], we provide a self-contained
proof that only requires basic probability results and dispenses a background knowledge of Markov processes
and stochastic integration. The following lemma is the key technical result needed to prove Theorem 6.2.

LEMMA A.1. For a given compact set Q and times 0 < 7 < T < o0, let K denote the (random) set
of jump-time indices corresponding to the jumps of the stopped jump counter No within the interval (1,T],
i.e., {tp : k € K} is the set of discontinuities of Ng in (7,T]. Given a function h : X — R such that, for
every fized tg = 0, xg € X the map t — h(go(t; to, xo)) is integrable on any finite interval [to, T, VT < Tiy 2,
we have that
T Aty

B [Tuexch (g (t) | 571 = B |

(Tvti—1)AT

(h\)a(xo(t)dt | T, (A4)
where Igex denotes the indicator function of the event k € K and

h(z)\(z) zeInt(Q)

Vo e X.
0 € X\ Int(Q) ve =

(hA)o(x) = {

18Recall that if N is a standard Poisson process E[N(b) — N(a)] =b—a, Vb > a = 0.
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Proof of Lemma A.1. To compute the expected values in (A.4), we need to determine the distribution of the
jump times ty, k € K. From the construction of the process x and its jump times t;, we have that

t
Pty <t|Frve, ) =P (AH < f

tr—1

A(ptics (x(tin)))ds | Tron, ),

Vte (1 v tr1,Ty,_, x(t,_.)), Where the integral in the right-hand side can be decomposed as

f A @5ty (x(tr-1))) ds :j )\(X(S))ds—i—J

k—1 th—1 Tvte_1

TVvEe_1 t

)\(gosﬁwtkf1 (X(T v tk,l)))ds.

In case ty_1 < 7, the o-algebra F; ¢, , = . provides some information about the random variable Ajy_;.
In fact, if t_1 < 7 and t;, falls in (T,T A TQ], we know that there was no jump in the interval (ty_1,7]
and therefore we have that

LTV o A(x(s))ds < Aj_1. (A.5)

However, when t;_, > 7 the o-algebra J,¢, , = J¢,_, provides no information about Aj_;. Nevertheless,
(A.5) still holds (trivially) with probability one, so we can always write

Tvtk71
Pty <t|JFrve.) =Pa,_, <Ak—l < Jt A(x(s))ds+
k—1
t Tvte_1
+ J )\(apsﬁvtkfl (X(T v tk_l)))ds ’ J /\(x(s))ds < Ak_l),
‘rvtk_l tk—l

where Pa,_, (-) denotes the measure of a standard exponential random variable. Therefore!?

Plth <t| Frupy,) = 1—e o MPorvun (rvio)ds
== k—1 )

Yt e (T \4 tk_l, Ttk—lyx(tk—l
density functions for tj:

y), from which we obtain the following (conditional) cummulative and probability

Fi(t | Frog, ) =1— e Swtkﬂ Aps,rvtg,_q (x(Tvtr_1)))ds (A.Ga)
dF(t | Frot_,)
fk(t | ?Tvtk_l) = Tﬁkl = )\((Pt,‘rvtk_l (X(T Vv tkfl))) (1 - Fk(t | iTT\/tk_l)7
= M#rrvte s (X7 v t61)) ) Bt | Fron, ] (A.6D)

Vte (rv tk*lthk,l,x(tk,l))v where I, ~+ denotes the indicator function of the event t; > ¢t. We are now
ready to compute E [IkeKh(xé(tk)) | Frvt,r_, |- To this effect, note that for any outcome w e Fry¢,_,,

keKw)=1 < xo(rVvti_1)ent(Q)
and 7 < t(w) < T A To (7 v tho1,x(7T Vv tr_1))
keKw)=1 = xé(tk) =X (tk) = Gty rvte s (X(T v tk,l)),

where T (to,x0) denotes the first time that the solution ¢(¢;t, 2o) leaves the interior of Q, i.e.,

Tg(to,mo) = mf ({t € [Oa,-rtg,mo) : So(ta tvaO) ¢ IHt(Q)} Y {Ttoaxo})

—sup ({T € [0, Thy a0 : @(tito, 70) € It(Q), Yt € [, T)} U {0}),

19Recall that if A is a standard exponential random variable, then for every b > a, we have that PA(A < b | A > a) =
Pa(a<A<b) _ Fa(b)—Fp(a) _ e %—e®
Pa(A>a) 1—Fp(a) - e~
of A.

=1—¢e2"? where Fa(z) =1 —e™®, > 0 is the cummulative distribution function
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Vto = 0, xg € X. Therefore?®

E [IkeKh(Xé(tkD | iT‘rvtk,l] = IxQ(Tvtk,l)EInt(Q)

TATo (Tvtk,l,x(‘rvtkfﬂ)
J; h(‘Pt;vtk,l (X(T \% tk—l)))fk(t ‘ ?Tvtkfl)dta

TVvtg_1)AT
where I (rvt,_,)emt(0) denotes the indicator function of the event xo(7 v tx—1) € Int(Q). In the expression

above, we have used the fact that the map ¢t — h(go(t;to,a:o)) is integrable on any finite interval [tg, 77,
VT < Tyy .z, (cf. P4). Using the expression for fi(t | Frvt,_,) given in (A.6b), we then conclude that?!

E [Lrexh(xg(te)) | Frot, ]
TArTo (Tvtk,l,x(Tvtk,l))

= Ly (rvitp_1)emt(Q) J

(Tvte—1)AT
(h)‘) (@t,TVtk—1 (X(T Vv tk*ﬂ)) E[Itk>t | Sj‘F\/tk—l]dt

TATo (Tvtk,hx(rvtk,l))
=E [IXQ(TVtk71)EInt(Q) f

(Tvte—1)AT
(hA) (@t,rvtk,l (X(T \ tk—l)))Itk>tdt \ ?Tvtk,l]

TrtpnTo (Tvtk_l,x('rvtk_l))

=E [ng(rvtk_l)elnt(g) J

(Tvte—1)AT

(hA) (@t,mm (x(r v tk_l)))dt | :fm,ﬂ], (A7)

where (hA)(z) = h(z)A(z), Vo € X. Since, Vt € [T Vv tp—1,tp A To(T v ti—1,x(7 v tr_1))],

% _ ) Prrvt (X(T Vv tk—l)) xo(7 Vv tg—1) € Int(Q)
alt) {XQ(T vteo1) xo(7T Vv tg—1) ¢ Int(Q).

we can re-write the right-hand side of (A.7) compactly as

T/\tlc

B [Trexch (x5 (t)) | Froe, ] = F U

(Tvti—1)AT

(hNo(xa(®)dt | Frie,., .

where

h(z)A\(z) x € Int(Q)

0 x e X\Int(Q) red

(hA)o(z) = {

Since Fr < Fry¢,_,, equation (A.4) then follows from the Smoothing Property of the conditional expecta-
tions [16, p. 45]. [ |

Proof of Theorem 6.2. Let us denote by K the (random) set of jump-time indices corresponding to the jumps
of the stopped jump counter Ng within the interval (,T], i.e., {ty : k € K} is the set of discontinuities of
Ny in (7,7T]. Because of Lemma 5.1, we know that the set K has a finite (possibly zero) number of elements
with probability one.

20The AT in the lower limit of integration, makes sure that we do get 0 when t;_1 > T, since in this case (7 v t5_1) A T =
T A TQ(T vitg_1,x(7 v tk—l)) =T.

21The exchange between integral and expected value is justified by Fubini’s Theorem and the fact, on the time interval of
interest, x = x¢g is bounded with probability one.
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Since between jump times x is absolutely continuous and evolves according to the vector field f and, at each
jump time tg, k € K we have an instantaneous jump of x from x~ (tj) to x(tj), we conclude that

TATg
V(x(T A TQ)) = V(X(T A TQ)) + J

TATg

LV (x()dt + 3 Tperc (V (x(t0) = V(x~ (84)).
k=1

where Iecx denotes the indicator function of the event k € K. Because x is equal to the xg in the closed
interval [T ATo, T A TQ] and these processes are also equal at any discontinuity t; of Ng, we further
conclude that

TATg
V(xo(T A Tg)) = V(xo(r A To)) + f

T/\TQ

[ee]

LfV(XQ(t))dt + Z Icx (V(Xg(tk)) — V(Xé(tk))).
k=1

Moreover, xg remains constant and outside Int(Q) on [T A Tg, 7] and on [T A T, T] so we also have that

V(xo(T)) = V(xo(r)) +f LoV (xo(t)dt + 3 Trex (V(XQ(tk)) - v(xé(tk))). (A.8)
T k=1

where

) Lg(z) zent(Q)
Lole) = {0 2 € X\ Int(Q).

To proceed and eventually arrive at (6.2), we need to take expected values of both sides of (A.8), conditioned
to the filtration F,. To perform this computation, we start by taking a conditional expectation of the
summation in (A.8), which results in

[Z IkeK( xo(tr)) — V (xg(tx )) | F, ] [i Toerch(xg(tr)) |9T], (A.9)

k=1

where
= J V(z)ve(dz) = V(x), YrelX,
kY

because, by construction, the extraction of the jump point x; = x(tx) = xo(tx) is based on the measure

Vo (1) = Vag () and this extraction is independent of &, for 7 < ty, Vk € K.

We proceed by using the Dominated Convergence Theorem to move the series out of the expectation in

(A.9). To this effect, note that since xg(t) € Int(Q), Vt < ti, k € K and Q is compact, we have that

xo(tx) "€ Q, k € K and therefore

Teech (x5 (tr))] < hg —Sug‘J V(2)ve(dz) = V(z)| <0, Vt=0,
xEe

because V' € D (cf. P3). Since the number of elements in K is upper bounded by the total number of
jumps of Ngo(T) — Ng(7) in the interval (7,7, we then conclude that the finite sum Zi\;l Iexh(xg(tr))
is dominated by

N 0
‘ )y IkeKh(Xé(tk))’ < > Irex [h(xg(th))| < ho(No(T) = No(r)), VYN >1
k=1 k=1

and we can bound the expected value of the random variable on the right-hand side using Lemma 5.1 as
follows

E [hg (NQ(T) — NQ(T))] < hQAmax(T — T) < Q0.
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We therefore conclude from (A.9), the Dominated Convergence Theorem [16, p. 46], and Lemma A.1 that??

5|

18

T (V (xa(t)) — V(xg(t0)) | 7| = B[ 5 T (x5(t0)) | 5. |
k=1

k=1

T Aty

= 3 B[Lah(g(t0) 17:] = 8] |

(AN o (xo(t))dt | Cﬂ]. (A.10)
k=1 (Tvte—1)AT

To apply Lemma A.1, need the map t — h(cp(t;to,mo)) to be integrable on any finite interval [to,T],
VI < Ty 2., for every fixed tg > 0, zp € &, which is guaranteed by the fact that V' € D, because of
Property P4.

We now use the Dominated Convergence Theorem again to move the series back inside the expectation in
(A.10). Since to = 0 < 7, the finite sum

N T/\tk

D J (h\) g (xo(t))dt
k=1 (‘rvtk_l)/\T

is dominated by

[ 00 brolt)dt] < horma =)

T

N T Aty
M (hN)o (xa(0)di| =
k=1 (TVtr_1)AT

YN = 1 Moreover, since ty eventually becomes larger than 7 23, beyond which
I(TATQTATQ](s)h(<ps7wtk71(x(7' V tk—l))) = 0, we have that

| T elo)di= im [ ()o(xa(t)de 2" | toleotv)ar

k=1 (T\/tkfl)/\T T

We can then use the Dominated Convergence Theorem [16, p. 46] to move the series in the right-hand side
of (A.10) inside the expectation and conclude that

Bl i Tex (V (xa(tr)) = V (xg(t4)) ) | T+ ]

=E[§1LM alea)ar 7] = B[ [ aleat)ar | ] (a1

TVtg_1)AT e

If we now take expectations of (A.8) conditioned to the o-algebra F, and use (A.11), we obtain

T

T
E [V(XQ(T)) | SFT] = V(XQ(T)) + E [J LﬁQV(XQ(t))dt +J (h)\)Q(XQ(t))dt ! fTrT],

from which (6.2a) follows, using the definitions of L oV, (hA)g, and LgoV. The second equality (6.2b) is
then obtained using Fubini’s Theorem to interchange the integration with respect to time and the expected
value [16, p. 53].

The fact that the equations (6.2) also hold for the natural filtration {J; : t > 0} of the process xg(t), t = 0
follows from the fact each F; < F, V¢ = 7 and the Smoothing Property of the conditional expectations [16,
p. 45]. ]

22While the sum inside the expectation in the left-hand side of (A.10) is finite with probability one, the sum outside the
expectation in the right-hand side of (A.10) will generally be a series and therefore we do need to use the Dominated Convergence
Theorem.

23Recall that when there was a finite number of jumps, we “completed” the sequence t; with values larger than T'
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Proof of Lemma 7.3. Since

{we|3telr,0): M) =m} = | J{weQ|3tel[r,7vT]: M) >m},
T=0

with the sequence of sets inside the union monotonically increasing with 7' (with respect to the inclusion
partial order), we conclude that?*

P (3te[r,0): M(t) >m| ) "2 Jim P (3tel[r,7vT]:M(t)=m|F,). (A.12)

T—w0

To establish an upper bound for the right-hand side of the above equation, pick some time 7" > 0 and define
the stopping time

T,, =inf ({t elr,7vT):M(t)=m}u{rv T})
= sup ({s elr,7vT):M(t) <m, Vte[r,s)}u {T}) 2 T,

where 7 v T := max{7,T}. In essence, T, is the first time in [7,T] at which M(¢) becomes larger than or
equal to m, with the understanding that T,, = 7 v T if M(¢) never gets this large. In view of this definition,

wWpo WOE MTm -
PGte[r,7vT]: M®t)=m|F,) 2P (M(T,) =>m|F,) < %

. . . . . . wpo wpo
where the last inequality is a consequence of Markov’s inequality. Since 7 < T,, < 7vT < ®

and M is nonnegative, we can use Doob’s stopping Theorem [14, Theorem 1.39, p. 10] to conclude that
E[M(T,,) | F-] S M(7), from which we further conclude that

wpo M
P@Ete[r,7vT]:M(t)=>m|F;) 2 ﬂ(;')’ VT > 0.
The result then follows from using this upper bound in (A.12) and using the fact that u(t) < u(7), Vt > 7.
|
The following result is inspired by Barbalat’s Lemma [15].
LEMMA A.2 (Comparison). Given two non-negative scalar signals u,v : [0,00) — [0,00) such that
T T
u(T) < u(t) — J v(r)dr, v(T) = v(t) — J (au(s) + b)ds, VI'=1t =0, (A.13)
¢ ¢
we have that limy_,o, v(t) =0 and , for every e > 0,
1
v(t) < (— +ae)u(7’) +be, Viz=T=0. (A.14)
2e
O
Proof of Lemma A.2. From the right-hand side inequality in (A.13), we conclude that
T T r T T
f v(r)dr = J (v(t) — ‘[ (au(s) + b))dr > J (v(t) - f (au(t) + b))dr
t t t t t
(T —t)?
=v(t)(T —t) — (au(t) + b)———, VT >t=>0, (A.15)

2 )

24We are using the fact that if £y ¢ E; < E3  ---, then P(u¥ E;) = lim; o P(E;).
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where the second inequality is a consequence of the fact that u(s) < u(t), Vs > t because of the left-hand
side inequality in (A.13) and the fact that v is non-negative. Replacing this integral in the left-hand side
inequality in (A.13), we conclude that

u(T) < u(t) —v(E)N(T —t) + (au(t) + b)w,
which is equivalent to
v(t) < w + (au(t) +b)T2_t < (Tl—t +aT2_t>u(t) + @

Inequality (A.14) follows from specializing this inequality to € = % < T —t = 2 To prove that

limy_,, v(t) = 0, we assume by contradiction that there exists some § > 0 and an unbounded monotonically
increasing sequence to times {t, : n = 0} such that

v(t,) =6, ¥Yn=0. (A.16)
We therefore conclude from (A.15) that

(T —t,)?
2

(T —t,)?

2 9

T
L o(r)dr = v(t,)(T —t,) — (au(t,) + b)

n

> 6(T —t,) — (au(0) + b) Vn=0,T = t,,

where the second inequality is a consequence of (A.16) and the fact that u(t) < w(0), V¢ = 0. In particular,
forT =t, + we conclude that

tn‘f’m 1 62
dr > - ————.
L olr)dr 2 au(0) +b

_ 6
au(0)+b?

n

Without loss of generality, we shall assume that the times in the sequence t,, are separated by more than
W, in which case

2

- 5, (oo “1 2
L v(r)dr = Z L v(r)dr = Z 2 au(0) + b = +infty.
n=0"vn n=0

On the other hand, left-hand side inequality in (A.13) implies that
Q0
lim w(T") < u(0) —J v(r)dr = —oo,
T—0 0

which contradicts the fact that u is non-negative. [
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