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Abstract. This paper considers stochastic impulsive systems, which evolve according to ordinary differential equations
most of the time, but occasionally exhibit stochastic discontinuities in their trajectories. The main contribution of this paper
consists of a set of results to establish global existence of solution and stability for SISs. We consider stability notions that
emphasize the existence of bounds on the solution to SISs that hold uniformly over time, expressed in terms of class K and
class KL functions. The results are stated in terms of the existence of Lyapunov functions that satisfy appropriate algebraic
conditions that can be checked without computing solutions to the SISs.
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1. Introduction. Impulsive Systems are dynamical systems whose state evolves according to an ordi-
nary differential equation most of the time, but occasionally exhibits discontinuities, known as impulses or
jumps. In Stochastic Impulsive Systems (SISs), randomness arises from when jumps occur and to where the
state jumps. The “when” question is determined by a state-dependent intensity functions that determines
how likely a jump will occur, much like the intensity in continuous-time Markov chains, except that in SISs
this intensity is a continuously varying quantity. Once a jump takes place, the question of “where” the state
jumps is determined by a distribution of the jump destinations that typically depends on the value of the
state just before the jump.

SISs are closely related (and heavily inspired) by the Piecewise-Deterministic Markov Process (PDMPs)
introduced by Davis [5] and, in fact, SISs can be viewed as a special case of PDMPs. While the work on
the stability of Markov processes [8, 17–19], inspired many of the results and techniques used here, we never
formally prove that the state of SISs are Markov processes. In fact, the stability results presented here are
formulated for “output processes” that generally do not exhibit Markov’s property. SIS’s are also closely
related to Stochastic Hybrid Systems [1, 2, 11, 13]. In fact, the SHSs considered in [9, 11] are special cases of
the SISs considered here and therefore one can use the tests for existence of solution and stability developed
here to prove these properties for those SHSs. Switching difusions [7, 23] differ from SIs in that the emphasis
there is the change in dynamics at a set of event times and not the impulsive effects. Also, in switching
diffusions, the solution between discrete events is obtained from a stochastic differential equation, instead of
an ordinary differential equation; therefore such systems exhibit randomness even without jumps.

The main contribution of this paper consist of a set of theorems based on which one can prove global
existence of solution and appropriately defined notions of stability for SISs. The stability notions considered
are formulated in terms of the properties of “output” processes that may include only a portion of the state,
and typically are not Markovian. This is especially important for SHSs in which some components of the
state take values in discrete sets (e.g., boolean variables) that may not converge to any specific value. We
focus our work on notions of stability that emphasize the existence of uniform bounds on the transient
behavior of output processes. In particular, on the existence of bounds on the norms of such processes in
terms of class K and class KL, that hold uniformly over time. Because of the stochastic nature of SISs, we
consider both sample-path notions of stability, which place constraints on the confidence that sample paths
do not “misbehave” (i.e., do not violate norm bounds); as well as ensemble notions of stability that place
constraints on the expected values of the stochastic process.

All the existence and stability results are stated in terms of the existence of Lyapunov functions that
satisfy appropriate algebraic conditions that can be checked without computing solutions to the SISs. To
simplify the process of finding such Lyapunov functions, we have devoted significant effort to enlarge the set
over which one can search for Lyapunov functions. Essentially, any non-negative locally Lipschitz continu-
ous function can be used as candidate Lyapunov function. This permits Lyapunov functions that are not
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differentiable everywhere (e.g., an Euclidean norm) and also functions that are not positive definite. This
level of generality is important for systems for which some components of the state may not converge, which
is common, e.g., in SHSs.

An important feature of these results is that global existence of solution and, in particular, establishing
that there is zero probability of infinite jumps in finite time is a conclusion of our theorems and not an
assumption. We also do not require assumptions related to the sum of discontinuities of the Lyapunov
function along solutions to the SIS, which would be hard to verify for general Lyapunov functions, without
somehow computing solutions to the SISs.

While our proofs are much inspired by the notion of extended generator and by Dynkin’s formula for
PDMPs [5], we do not need to assume that a candidate Lyapunov function belongs to the domain of the
extended generator. Instead, Dynkin’s formula is also a conclusion of our global existence of solution theorem
and not an assumption. To achieve this, we base our global existence result on an auxiliar “stopped process”
that is always globally defined and for which a Dynkin’s-like formula holds for a very large class of Lyapunov
functions. This stopped process evolves just like the state of the SIS inside a compact set Q, but becomes
constant the first time that the interior of Q is abandoned. Under appropriate assumptions, the stopped
process converges to the state of the SIS as we “enlarge” the compact set. The idea of using stopped processes
to prove global existence and stability dates back to the seminal work of Kushner [18] and was also used
more recently in [20] to establish global existence of solution to general Markov processes. Our derivation of
a Dynkin’s-like formula for the stopped processes is heavily inspired by the work of Davis. However, we do
provide a self-contained proof that only uses basic results in probability theory and dispenses a background
knowledge of Markov processes and stochastic integration. Whether or not this is an advantage of our proof
is probably a mater of taste.

An interesting feature of our stability results is that we obtain fairly explicit formulas for the class K

and class KL that appear in the stability definitions. This provides insight on how the stability bounds vary
over time (for the asymptotic convergence results) and also on how these bounds vary with the degree of
confidence that appear in the sample-path notions of stability.

The remainder of this paper is organized as follows: SISs and their solutions are introduced formally in
Sections 2 and 3, respectively; and Section 4 discusses the different notions of stability considered. Stopped
processes are defined in Section 5 and a Dynkin’s-like formula for these stochastic processes is provided in
Section 6. The main results regarding global existence of solution and stability appear in Sections 7 and 8,
respectively.

Notation. All random variables in this write-up are measurable on the same probability space pΩ,F,Pq.
We denote random variables and stochastic processes in boldface and, for short of notation, we sometimes
omit the dependence on the outcome ω P Ω [as in tk or Nptq, instead of tkpωq or Npt;ωq]. In expressions

involving random variable that require some quantification on ω, we use the superscript
wpo

¨ to denote
universal quantification with respect to some subset of Ω with probability one [as in X

wpo
“ Z to express that

DΩ̄ P F such that PpΩ̄q “ 1 and Xpωq “ Ypωq, @ω P Ω̄.] Given a time dependent function x : r0, T q Ñ R
n,

T P p0,8s that has limits from the left at every point in p0, T q, we denote by p¨q´ the left-limit operator
that maps x into the function x´ : p0, T q Ñ R

n defined by x´ptq – limτÓt xpτq, @t P p0, T q.

2. Stochastic Impulsive Systems. In this paper, we use the following equations to represent a
Stochastic Impulsive System (SIS)

#

9x “ fpxq w.p. 1 ´ λpxqdt

x “ xk w.p. νx´ pdxkqλpxqdt.
(2.1)

The solution to this SIS is a stochastic process xptq, t ě 0 to be defined shortly that takes values in the
state space X Ă R

n. Typically, X is the whole R
n, but it is sometimes convenient to define the SIS on open

subsets of Rn, thus the introduction of X . Three entities appear in (2.1) and are needed to characterize a
SIS:

1. a vector field f : X Ñ R
n;
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2. a transition intensity λ : X Ñ r0,8q; and
3. a family of jump measures tνx : FX Ñ r0, 1s, x P X u, each defined on the σ-algebra FX of Lebesgue

measurable sets in X .
The expression in (2.1) should only be understood as the representation of a SIS, as the precise meaning of
a solution to a SIS will be defined precisely below. Informally, the solution to (2.1) is a stochastic process
xptq that evolves continuously according to the ODE 9x “ fpxq most of the time, but occasionally exhibits
discontinuities due to instantaneous jumps. These discontinuities occur at jump times ttku and correspond
to resets of the state to jump points txku. The transition intensity λ determines the jump times in the sense
that the probability that a jump will occur in a small interval pt, t ` dts of length dt is equal to λ

`

xptq
˘

dt.
Once a jump takes place at a time tk, the jump measure νx´ptkqp¨q defines the distribution of the jump point
xptkq “ xk.

It is useful to consider the following special cases of SISs that are common in applications.

SIS with a deterministic jump map. In SISs, the measures νx, x P X that define the jump points may
be “degenerate” in the sense that all probability mass may be concentrated at a single point. For example,
we may have

νxpzq “ δ
`

z ´ ρpxq
˘

, @x, z P X ,

where δ denotes the Dirac distribution and ρ : X Ñ X a given (determinisc) jump map. In this case, a jump
at time tk causes a reset of the state to xptkq “ ρ

`

x´ptkq
˘

with probability one, and one can “abbreviate”
the SIS representation to

#

9x “ fpxq w.p. 1 ´ λpx´qdt

x “ ρpx´q w.p. λpx´qdt.

SIS with a (stochastic) discrete jump map. A common generalization of SISs with deterministic jump
maps arises when the jump measures νx, @x P X are finite discrete distributions defined by

νxpzq “
K
ÿ

i“1

piδ
`

z ´ ρipxq
˘

, @i P t1, 2, . . . ,Ku, x, z P X , (2.2)

where each pipxq P r0, 1s is the probability that the jump measure “selects” the jump point to be ρipxq P X ,
with

ř

i pipxq “ 1, @x P X . In this case, we “abbreviate” the SIS representation to

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

9x “ fpxq w.p. 1 ´ λpx´qdt

x “ ρ1px´q w.p. p1px´qλpx´qdt

x “ ρ2px´q w.p. p2px´qλpx´qdt
...

x “ ρKpx´q w.p. pKpx´qλpx´qdt.

Stochastic hybrid systems. It sometimes happens that one can split the components of the state x as
pq, zq, where q remain constant along solutions to the vector field and only changes at jump times. In such
SISs, q often takes place in a discrete set Q and is called the discrete state, whereas z is called the continuous
state. These systems are also called Stochastic Hybrid Systems (SHS) [10] and can be “abbreviated” to

#

9z “ fpq, zq w.p. 1 ´ λpq´, z´qdt

pq, zq “ pqk, zkq w.p. νq´,z´ pdqk dzkqλpq´,x´qdt,
(2.3)

where the (missing) equation for 9q indicates that q remains constant between jumps. SHSs can also only
have deterministic jump maps or stochastic discrete jump maps, as indicated above.

Remark 1 (Time-variant case). All the results in this paper remain unchanged if the vector field in
(2.1) is time-varying since we do not make use of time-invariance. We omit the dependence of the vector
field f on t only for convenience of notation. l
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3. Solution to a SIS. The following assumption on the vector field and the transition intensity of the
SIS is needed to define a solution to the SIS and is implicit in all results presented on this paper.

Assumption 1. The maps defining the SIS satisfy the following properties:
A1 The vector field f : X Ñ R

n is locally Lipschitz on X .

Consequently, for each x0 P X and t0 ě 0, the (deterministic) initial value problem

9x “ fpxq, xpt0q “ x0 (3.1)

has a unique solution on some nonempty interval starting at t0. In what follows, we shall denote
by rt0, Tt0,x0

q with Tt0,x0
P pt0,8s the maximal interval of existence of solution to (3.1) and by t ÞÑ

ϕpt; t0, x0q P X , t P rt0, Tt0,x0
q the corresponding solution. This assumption also allow us to conclude

that t ÞÑ ϕpt; t0, x0q is an absolutely continuous function and that we can only have Tt0,x0
ă 8 when

(3.1) has finite escape time from X , in which case ϕpt; t0, x0q must exit every compact subset of X before
Tt0,x0

.

A2 The transition intensity λ : X Ñ r0,8q is locally bounded1 and t ÞÑ λ
`

ϕpt; t0, x0q
˘

is integrable on
any finite interval rt0, T s, @T ă Tt0,x0

.

This assumption is satisfied, e.g., if λ : X Ñ r0,8q is continuous on X (but not necessarily uniformly
bounded). l

With Assumption 1 in place, the state xptq, t ě 0 of the SIS is defined to be a stochastic process
constructed as follows. Consider the following processes defined on a common probability space pΩ,F,Pq:

‚ A random variable x0 that will be associated with the initial condition xp0q.
‚ A standard Poisson process Nptq, t ě 0 with inter-event times t∆k : k ě 0u identically distributed
standard exponential random variables with cummulative distribution

Pp∆k ď xq “ F pxq – 1 ´ e´x, @x P R.

‚ For each x P X , a process Zpxq – tZkpxq : k “ 1, 2, . . . u consisting of a sequence of i.i.d. random
variables, each with measure νx.
The sequences Zpxq corresponding to the different values of x should be independent of each other
and also independent of N.

The SIS state xptq, t ě 0 is obtained from the processes defined above through the following (determin-
istic) construction:

1. Initialize t0 “ 0 and k “ 0.
2. For each k ě 1, let tk to be the first time in the interval

`

tk´1, Ttk´1,xk´1

˘

for which

ż tk

tk´1

λ
`

ϕpt; tk´1,xk´1q
˘

dt “ ∆k (3.2)

or tk “ Ttk´1,xk´1
in case

ż T

tk´1

λ
`

ϕpt; tk´1,xk´1q
˘

dt ă ∆k, @T P
`

tk´1, Ttk´1,xk´1

˘

.

3. For this value of tk, set

xptq “ ϕpt; tk´1,xk´1q, @t P rtk´1, tkq,

4. In case tk ă Ttk´1,xk´1
, set

xk “ Zk

`

ϕtk,tk´1
pxk´1q

˘

,

increment k and go back to 2.

1We recall that a function f : X Ñ Y, X Ă R
n, Y Ă R

m is locally bounded on X if for every compact subset C Ă X , there
exists a constant κC such that }fpxq} ď κC , @x P C.
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The random variables tk P r0,8q, k ě 0 are called jump times, the random variables xk P X , k ě 0 are
called jump points, and the random variable

Tmax – sup
kě0

tk ď 8. (3.3)

is called the maximal time for the process2. When Tmax
wpo
“ `8, we say that the process is globally

defined. Since each ∆k

wpo
ą 0, the sequence of jump times ttku is strictly increasing with probability one and

therefore the process xptq is cadlag on the interval r0,Tmaxq with probability one, i.e., it is right-continuous
on r0,Tmaxq and has a left-limit at every time t P p0,Tmaxq. In what follows, when we analyze specific
realizations of the random process x, we generally consider outcomes ω P Ω for which x is cadlag. The set
of such outcomes will be denoted by Ωcadlag and, as noted above, PpΩcadlagq “ 1.

Based on the sequence of jump times, we define the jumps counter N̄ptq to be the stochastic process
that counts the number of jumps up to and including time t, i.e.,

N̄ptq – max
 

k : tk ď t
(

, (3.4)

which is also cadlag with probability one.
Remark 2 (Generation of Sample Paths). To generate sample paths of x, on some interval r0, T q,

T ă 8 one does not need to start by generating sample paths of the whole processes N and Zpxq, x P X and,
only after that, generate x; as the above construction seems to require. Instead, one can use the iterative
algorithm described above and only generate the random variables ∆k and xk as they are needed:

1. At the start of the step 2, generate a sample of the standard exponential random variable ∆k.
2. At step 4, generate a sample for xk according to the measure νϕtk,tk´1

pxk´1q.

All samples should be independent of each other. l

4. Uniform Stability for Not Necessarily Markovian Stochastic Processes. We are interested
in stability notions that are applicable not only to the state x of the SIS (2.1), but also to “output” processes
defined by

yptq – h
`

xptq
˘

P R
m, @t P r0,Tmaxq

for some function h : X Ñ R
m. Investigating the stability of such output processes is useful, e.g., when

one is not concern about boundedness and/or convergence of some components of the whole state x of the
SIS, and the output map h is used to “extract” only those components of the state that are relevant for the
stability analysis. For example in the SHSs (2.3), y often ignores the components of q that take discrete
values (e.g., boolean variables).

Our definitions of stability emphasizes the existence of specific (uniform) bounds on how much }yptq},
t ě τ can grow and how much it should decay with respect }ypτq}, as a function of the interval t´ τ . These
bounds are formulated in terms of class K and class KL functions 3, as is commonly done in studying the
stability of deterministic systems and was also done in, e.g., [3, 17]4 for stochastic processes. We shall see
that our stability results provide explicit formulas for the class K and class KL bound estimates and therefore
provide insight into the “transient” properties of the process y.

To capture a notion of uniformity in stability, even when y is not Markovian, we formulate our stability
definitions in terms of probabilities conditioned to the natural filtration tFτ : τ ě 0u of the process y. We
recall that each σ-algebra Fτ , τ ě 0 contains all (measurable) events of y up to and including time τ . In

2The above construction may result in a solution with a finite number of jumps, even when Tmax “ `8. In this case, the
sets of jump times and jump points are finite.

3A function α : r0,8q Ñ r0,8q is of class K if it is continuous, strictly increasing, and αp0q “ 0. A function β :
r0,8q ˆ r0,8q Ñ r0,8q is of class KL if s ÞÑ βps, tq is of class K for each fixed t ě 0, and t ÞÑ βps, tq decreases to zero for each
fixed s ě 0.

4The definitions of stability considered here differ significantly from the ones in [17] since in that reference the quantification
with respect to time appears outside the probability measure, whereas here [e.g., in (4.1) or (4.2)] it appears inside, which is
consistent with the commonly used notions of stability in probability [3, 8, 18, 19, 23].
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case y is Markov process, the conditioning to Fτ amounts to simply conditioning to ypτq, which is common
in the definitions of stochastic stability for Markov processes formulated in terms of the transition function
of the process, e.g., in [8, 18, 19].

We start by considering notions of stability that limit the probability that specific sample paths “mis-
behave.” In particular, the stochastic process y : r0,Tmaxq Ñ X with natural filtration tFt : t ě 0u is said
to be

D1 uniformly stable in probability if it is globally defined with probability one, i.e., Tmax
wpo
“ 8, and for

every ǫ ą 0, there exists a class K function αǫ such that

P
´

Dt P rτ,8q : }yptq} ą αǫ

`

}ypτq}
˘

| Fτ

¯ wpo

ď ǫ, @τ ě 0; (4.1)

D2 uniformly asymptotically stable in probability if for every ǫ ą 0 there exists a class KL function βǫ such
that

P
`

Dt P rτ,8q : }yptq} ą βǫ

`

}ypτq}, t ´ τ
˘

| Fτ

˘

ď ǫ, @τ ě 0 (4.2)

and consequently5 yptq converges to zero with probability one, i.e.,

P
´

lim
tÑ8

yptq “ 0
¯

“ 1, (4.3)

and also converges to zero in probability, i.e.,

lim
tÑ8

P
`

}yptq} ě ǫq “ 0;

D3 uniformly exponentially stable in probability (with decay rate µ ą 0) when it is uniformly exponentially
stable and (4.2) holds for functions βǫ of the form

βǫps, tq “ cǫe
´µt, @t, s ě 0,

for an appropriately selected constant cǫ ą 0. Note that, while cǫ may depende of ǫ, the decay rate µ is not
allowed to do so for uniform exponential stability.

The inequalities (4.1) and (4.2) on the conditional probabilities imply that similar inequalities hold for
the unconditional probability, due to the Smoothing Property of conditional expectation [16, p. 45].

We also consider notions of stability that limit the expected value of positive functions of the process y.
In particular, given a non-negative function W : Rm Ñ r0,8q, the stochastic process y : r0,Tmaxq Ñ X is
said to be
D4 uniformly mean-W stable if it is globally defined with probability one, i.e., Tmax

wpo
“ 8, and there exists

a class K function α such that

E
”

W
`

ypT q
˘ ˇ

ˇ Fτ

ı wpo

ď α
`

}ypτq}
˘

, @T ě τ ě 0;

D5 uniformly stochastically mean-W stable if there exists a class K function α such that

ż 8

τ

E
”

W
`

ypT q
˘ ˇ

ˇ Fτ

ı

d T
wpo

ď α
`

}ypτq}
˘

, @τ ě 0;

5To verify that this is so, note that, for any given ǫ ą 0, }yptq} ď βǫ

`

}ypτq}, t´ τ
˘

, @t P rτ,8q implies that limtÑ8 yptq “ 0
and therefore

P
´

lim
tÑ8

yptq “ 0
¯

ě P
`

@t P rτ,8q : }yptq} ď βǫp}ypτq}, t ´ τq
˘

.

Uniform asymptotically stability in probability implies that the right-hand side is greater than or equal to 1 ´ ǫ, @ǫ ą 0 and
therefore the left-hand side cannot be strictly smaller than 1.
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D6 uniformly asymptotically mean-W stable if there exists a class KL function β such that

E
”

W
`

ypT q
˘ ˇ

ˇ Fτ

ı wpo

ď β
`

}ypτq}, T ´ τ
˘

, @T ě τ ě 0; (4.4)

D7 uniformly exponentially mean-W stable if it is uniformly asymptotically mean-W stable and (4.4) holds
for a function β of the form

βps, tq “ ce´λt, @t, s ě 0,

for appropriately selected constants c, λ ą 0.

For scalar non-negative processes, the function W may be the identity, in which case we simply say that
the processes are “mean stable,” without reference to W .

Inspired by the terminology used for Markov processes, when the inequalities (4.1)–(4.4) hold, not just

for every deterministic time τ ě 0, but also for every stopping time τ
wpo
P r0,8q for the natural filtration

tFτ , τ ě 0u of y, we add the modifier strongly, as in strongly uniformly stable in probability or strongly
uniformly mean-W stable. These stronger notions of stability allow us to use the inequalities (4.1)–(4.4),
e.g., when τ is the first time that y enters a given set. We recall that a random variable T ě 0 is a stopping
time for the natural filtration of the process yptq, t ě 0 if one can decide whether or not T ď T on the basis
of the knowledge of yptq, @t P r0, T s.

5. Stopped Process. The maximal time Tmax defined in (3.3) may be finite because of finite escape
time of the solution to (3.1) or because the jump times have a finite accumulation point. It is therefore
convenient to consider a version of the process x that has been frozen before the solution misbehaves.
Formally, given a compact subset Q of X , we define the Q-stopping time to be the first time that xptq,
t P r0,Tmaxq leaves the interior of Q. When xptq remains in the interior of Q for all t P r0,Tmaxq, the
Q-stopping time is defined to be equal to Tmax. Specifically,

TQ – inf
´

 

t P r0,Tmaxq : xptq R IntpQq
(

Y tTmaxu
¯

“ sup
´

 

T P r0,Tmaxq : xptq P IntpQq, @t P r0, T q
(

Y t0u
¯

,

where IntpQq denotes the interior of Q. As this terminology implies, TQ is a stopping times for the natural
filtration of the process xptq, t ě 0.

Based on TQ, we define the Q-stopped process and the Q-stopped jump counter to be the stochastic
processes

xQptq –

#

xptq t P r0,TQq

xpTQq t P rTQ,8q,
N̄Qptq –

#

N̄ptq t P r0,TQq

N̄pTQq t P rTQ,8q,
(5.1)

respectively. For these stopped process to be well defined for all times, we must exclude the possibility that
Tmax “ TQ with TQ ă 8, in which case xpTQq and N̄pTQq in the lower branches in (5.1) would not be
well defined. This possibility is excluded by the following lemma, proved in the appendix.

Lemma 5.1 (Stopped Process). For every compact set Q Ă X , the following statements hold:
1. PpTQ ă 8,TQ “ Tmaxq “ 0.
2. The expected number of jumps of N̄Q is finite on every finite interval rτ, T s, T ě τ ě 0. In particular,

E
“

N̄QpT q ´ N̄Qpτq
‰

ď λmaxpT ´ τq, @T ě τ ě 0 λmax – sup
xPQ

λpxq ă 8,

and consequently N̄QpT q
wpo
ă 8, @T P r0,8q.

3. The Q-stopped process is cadlag on the whole interval r0,8q with probability one.
These statements can be concisely stated as: PpΩQq “ 1, for

ΩQ –

!

ω P Ω : t ÞÑ xQpt;ωq is cadlag on r0,8q and N̄QpT ;ωq ă 8, @T ě 0
)

. l
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6. Dynkin’s Formula for the Stopped Process. The Lyapunov stability results in this paper rely
on studying the evolution of scalar-valued “Lyapunov functions” V : X Ñ R along solutions to the SIS (2.1).
To maximize the flexibility provided by this analysis method, it is crucial to be able to draw such Lyapunov
functions from a large universe of functions. The set of functions from which we can draw Lyapunov functions
is denoted by D and consists of the set of functions V : X Ñ R that satisfy the following properties:
P1 The function V is locally bounded on X .

P2 For every fixed t0 ě 0, x0 P X the map t ÞÑ V
`

ϕpt; t0, x0q
˘

is absolutely continuous on rt0, Tt0,x0
q.

P3 For every x P X the integral
ş

X
V pzqνxpdzq exists and the function

x ÞÑ

ż

X

V pzqνxpdzq ´ V pxq

is locally bounded on X .

P4 For every fixed t0 ě 0, x0 P X the map t ÞÑ
ş

X
V pzqνϕpt;t0,x0qpdzq ´ V

`

ϕpt; t0, x0q
˘

is integrable on any
finite interval rt0, T s, @T ă Tt0,x0

.
As we shall see shortly in Lemma 6.1, every locally Lipschitz function V satisfies Properties P1 and

P2. Properties P3 and P4 can also be deduced from mild continuity conditions, for large classes of jump
measures:

1. For a SIS with (stochastic K ą 1 or deterministic K “ 1) discrete jump maps for which the jump
measure is given by (2.2), we have that

ˇ

ˇ

ˇ

ż

X

V pzqνxpdzq ´ V pxq
ˇ

ˇ

ˇ
“
ˇ

ˇ

ˇ

K
ÿ

i“1

V
`

ρipxq
˘

pipxq ´ V pxq
ˇ

ˇ

ˇ
ď

K
ÿ

i“1

ˇ

ˇ

ˇ
V
`

ρipxq
˘

ˇ

ˇ

ˇ
`
ˇ

ˇV pxq
ˇ

ˇ.

Therefore, when V is locally Lipschitz (see P2), the property P3 holds if the functions x ÞÑ ρipxq,
@i P t1, 2, . . . ,Ku are locally bounded on X (e.g., if they are continuous on X ). Continuity of the
functions x ÞÑ ρipxq would then also suffice for P4.

2. Suppose that every x P X , νx has a probability density function fx and therefore
ż

X

V pzqνxpdzq ´ V pxq “

ż

X

V pzqfxpzqdz ´ V pxq, @x P X .

In this case, the property P3 holds if the function x ÞÑ
ş

X
V pzqfxpzqdz ´V pxq is locally bounded on

X (e.g., if it is continuous on X ). Continuity of this function would also suffice for P4.

Combinations of continuous and discrete distributions are also possible with appropriate continuity
assumptions.

Property P2, allows us to conclude that

V
`

ϕpt; t0, x0q
˘

“ V px0q `

ż t

t0

LfV
`

ϕps; t0, x0q
˘

ds, @t0 ě 0, x0 P X , t P rt0, Tt0,x0
q, (6.1)

for an appropriate defined function LfV : X Ñ R. When V is differentiable, we simply have

LfV pxq “
BV pxq

Bx
¨ fpxq, @x P X ,

but (6.1) can hold even when V is not differentiable. The following Lemma is useful to upper-bound LfV

for functions that are not differentiable [12, 22]. As we shall see later, appropriate upper bounds on LfV pxq
suffice to establish the stability of SISs.

Lemma 6.1. Suppose that V is locally Lipschitz and that there exists a continuous function α : X Ñ R

such that

BV pxq

Bx
¨ fpxq ď αpxq, @x P X zN

8



for some zero Lebesgue-measure subset N of X that contains the points at which V is not differentiable.
Then Properties P1, P2 and equation (6.1) hold with

LfV pxq ď αpxq, @x P X . l

In view of Properties P1–P4 and the discussion above, for each function V P D we can construct a
function LV : X Ñ R defined by

pLV qpxq – LfV pxq ` λpxq
´

ż

X

V pzqνxpdzq ´ V pxq
¯

, @x P X .

This construction defines an operator L, which we call the extended generator of the SIS, that maps D to
the set of functions from X to R. This terminology is inspired by the Markov Process literature, but it
is important to emphasize that in that literature the extended generator is typically defined as having for
domain the set of functions for which Dynkin’s equation [akin to (7.5a) below] holds for the Markov process,
whereas here we take the domain of L to be the whole set D, even if Dynkin’s equation does not hold for
some elements of D.

The following theorem is the main result of this section and provides a Dynkin’s-like formula (6.2) for
the stopped process. The proof of this result (in appendix) is heavily inspired by the results in [5] but avoids
some of the standing assumptions in this reference (including Assumption 24.8, item 3 of Assumption 24.8,
and item 3 in Theorem 26.14). While these assumptions would be easy to verify for a SIS with uniformly
bounded transition intensity λ and for uniformly bounded functions V P D, Lyapunov functions always need
to be unbounded and many applications also require unbounded intensities. We can avoid these assumptions
essentially because the processes considered here are less general than the ones in [5] and, most importantly,
because we derive a Dynkin’s-like formula for the stopped process and not for the original process.

Theorem 6.2 (Dynkin’s Formula for the Stopped Process). For every compact set Q Ă X , every

function V P D, and every pair of times 0 ď τ ď T ă 8 such that τ
wpo
ă Tmax, we have that

E
“

V
`

xQpT q
˘

| Fτ

‰ wpo
“ V

`

xQpτq
˘

` E
”

ż T

τ

pLQV q
`

xQptq
˘

dt | Fτ

ı

(6.2a)

wpo
“ V

`

xQpτq
˘

`

ż T

τ

E
“

pLQV q
`

xQptq
˘

| Fτ

‰

dt, (6.2b)

where tFt : t ě 0u denotes the natural filtration of the joint process
`

xQptq, N̄Qptq
˘

, t ě 0;

pLQV qpxq –

#

pLV qpxq x P IntpQq

0 x P X z IntpQq;
(6.3)

and IntpQq denotes the interior of Q. The two equations in (6.2) also hold when tFt : t ě 0u is the natural
filtration of the Q-stopped process xQptq, t ě 0. l

A lot more could be deduced regarding the process xQ. We shall state without proof that xQ is a strong
Markov process whose extended generator is given by (6.3) with a domain that contains D. However, all
that we need for the remainder of this paper are the specific results stated in Theorem 6.2.

7. Global Existence. We say that V : X Ñ R in D is an exponentially-bounded on-the-average
Lyapunov function for the SIS (2.1) if it satisfies the following three properties:
P5 V is non-negative in the sense that

V pxq ě 0, @x P X . (7.1)

We emphasize that we do not require V p0q “ 0 and therefore the right-hand side of (7.1) can be strictly
positive for every x P X .

9



P6 V is radially unbounded in X in the sense that, @m ě 0, the set

Qm – tx P X : V pxq ď mu (7.2)

is compact.

P7 LV is geometrically-bounded in the sense that there exists a finite constant c P R such that

pLV qpxq – LfV pxq ` λpxq
´

ż

X

V pzqνxpdzq ´ V pxq
¯

ď cV pxq, @x P X . (7.3)

The constant c in (7.3) is called the expansion rate of V .

The terminology “exponentially-bounded on-the-average Lyapunov function” is motivated by the fact
that, as we will see in Theorem 7.1 below, the expected value of V

`

xptq
˘

can grow at most exponentially
along solutions of the SIS (2.1). The use of a condition like (7.3) to prove global existence of solution for
Markov processes can be found in [20].

The result that follows allow us to establish global existence of solution for the process x. This result
also provides upper bounds on the expected value of the Lyapunov function [cf. (7.5c)] and on the probability
that the Lyapunov function grows beyond a given constant m [cf. (7.6)]. These upper bounds hold, not only
for arbitrary deterministic times, but also for (random) stopping times. The Lyapunov stability results in
Section 8 make extensive use of this theorem and do require bounds that hold for stopping times.

Theorem 7.1 (Global Existence). Let V P D be an exponentially-bounded on-the-average Lyapunov
function for the SIS (2.1) with expansion rate c, and assume that E

“

V
`

xp0q
˘‰

ă 8. The following properties
hold for the natural filtration tFt : t ě 0u of the process xptq, t ě 0.

1. The state x is globally defined in r0,8q with probability one, i.e.,

PpTmax “ `8q “ 1. (7.4)

2. For every T ě τ ě 0,

E
”

V
`

xpT q
˘ ˇ

ˇ Fτ

ı

wpo
“ V

`

xpτq
˘

`

ż T

τ

E
”

pLV q
`

xptq
˘ ˇ

ˇ Fτ

ı

dt (7.5a)

wpo
“ V

`

xpτq
˘

` E
”

ż T

τ

pLV q
`

xptq
˘

dt
ˇ

ˇ Fτ

ı

(7.5b)

wpo

ď ecpt´τqV
`

xpτq
˘

. (7.5c)

The inequality (7.5c), also holds for the more general case where τ is a stopping time for the filtration
tFt : t ě 0u.

3. For any every m ą 0 and every stopping time τ
wpo
P r0,8q for tFt : t ě 0u, we have that

P
`

Dt P rτ ,8q : V
`

xptq
˘

ě m | Fτ

˘ wpo

ď
ecpt´τ qV

`

xpτ q
˘

m
, @m ą 0. (7.6)

(The inequality (7.6), also holds for the special case where τ is a deterministic time). l

The following equality is a direct consequence of (7.5a) in Theorem 7.1:

E
”

V
`

xpT2q
˘ ˇ

ˇ Fτ

ı

´ E
”

V
`

xpT1q
˘ ˇ

ˇ Fτ

ı

“

ż T2

T1

E
”

pLV q
`

xptq
˘

dt
ˇ

ˇ Fτ

ı

dt, @T1, T2 ě τ,

and therefore we can conclude from the Fundamental Theorem of Calculus for Lebesgue Integrals [6, p. 102]
that t ÞÑ E

“

V
`

xptq
˘ ˇ

ˇ Fτ

‰

is absolutely continuous and differentiable almost everywhere with probability
one. This observation is formalized in the corollary that follows.
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Corollary 7.2. Let V P D be an exponentially-bounded on-the-average Lyapunov function for the
SIS (2.1) for which E

“

V
`

xp0q
˘‰

ă 8. For every τ ě 0, the function t ÞÑ E
“

V
`

xptq
˘ ˇ

ˇ Fτ

‰

is absolutely
continuous on rτ,8q and differentiable almost everywhere, with probability one. Moreover,

d

dt
E
”

V
`

xptq
˘ ˇ

ˇ Fτ

ı

wpo
“ E

”

pLV q
`

xptq
˘ ˇ

ˇ Fτ

ı

, @t
ae
ě τ. (7.7)

l

The
wpo
“ in (7.7) refers to the fact that the random process E

“

V
`

xptq
˘ ˇ

ˇ Fτ

‰

is absolutely continuous on a

subset of Ω with probability one. On the other hand, the
ae
ě refers to the fact that, for those sample paths of

vptq that are absolutely continuous, there may be a set of times with zero Lebesgue measure on which the
derivative d

dt
E
“

V
`

xptq
˘ ˇ

ˇ Fτ

‰

does not exist.

Proof of Theorem 7.1 – Global existence. The proof of Theorem 7.1 uses two key results from the
theory of martingales: Doob’s stopping Theorem and Doob’s martingale inequality. The following result,
which is used to prove Theorem 7.1, combines Doob’s stopping Theorem [14, Theorem 1.39, p. 10] with
Markov’s inequality [4, Theorem 1, p. 86] to obtain a version of Doob’s martingale inequality that holds for
stopping times6.

Lemma 7.3. Let τ
wpo
P r0,8q be a finite stopping time and Mptq, t ě 0 a nonnegative supermartingale

for a filtration tFt : t ě 0u. Then

P
`

Dt P rτ ,8q : Mptq ě m | Fτ

˘ wpo

ď
Mpτ q

m
, @m ą 0.

This lemma will be applied to the supermartingale defined in the following lemma.
Lemma 7.4. Under the assumptions of Theorem 7.1, for a given m ą 0, define

MQm
ptq – e´ctV

`

xQm
ptq

˘

ě 0, @t ě 0,

where Qm denotes the compact set defined by (7.2). Then MQm
is a nonnegative supermartingale of the

natural filtration tF̄t : t ě 0u of the Qm-stopped process xQm
, i.e.,

ErMQm
ptqs ă 8 ErMQm

ptq | F̄τ

‰ wpo

ď MQm
pτq, @t ě τ ě 0. (7.8)

Proof of Lemma 7.4. Because of (6.2b) in Theorem 6.2, we know that the process t ÞÑ E
“

V
`

xQm
ptq

˘

| F̄τ

‰

is absolutely continuous and the Fundamental Theorem of Calculus for Lebesgue Integrals [6, p. 102] allows
us to conclude that this process is differentiable almost everywhere with probability one, with

d

dt
E
”

V
`

xQm
ptq

˘ ˇ

ˇ Fτ

ı

wpo
“ E

”

pLV q
`

xQm
ptq

˘ ˇ

ˇ Fτ

ı

, @t
ae
ě τ ě 0. (7.9)

For t ă TQm
, we have that xQm

ptq “ xptq P Qm and therefore

E
“

MQm
ptq | t ă TQm

s “ e´ct E
“

V
`

xptq
˘

| t ă TQm
s ď e´ct sup

xPQm

V pxq, @t ě 0

and for t ě TQm
, we have that xQm

ptq “ xpTQm
q P Qm and therefore

E
“

MQm
ptq | t ě TQm

‰

“ e´ct E
“

V
`

xpTQm
q
˘

| t ě TQm

‰

ď ect

$

’

&

’

%

ErV pxp0qqs TQm
“ 0

supxPQm
V pxq TQm

ą 0 is not a jump time

supxPQm

ş

X
V pzqνxpdzq TQm

ą 0 is a jump time.

6We believe that this result is not novel, but since we were unable to find it stated in the literature, we include a short
proof in the appendix.
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Combining these two cases, we thus conclude that, because V P D,

ErMQm
ptqs ď e´ct max

!

ErV pxp0qqs, sup
xPQm

V pxq, sup
xPQm

ż

X

V pzqνxpdzq
)

ă 8,

@t ě 0, which proves the left-hand side inequality in (7.8). Moreover, because of (7.9), (6.3), and (7.3), we
also have

d

dt
ErMQm

ptq | F̄τ

‰ wpo
“ e´ct

´ d

dt
E
”

V
`

xQm
ptq

˘ ˇ

ˇ Fτ

ı

´ cE
”

V
`

xQm
ptq

˘ ˇ

ˇ Fτ

ı¯

wpo
“ e´ct

´

E
”

pLV q
`

xQm
ptq

˘ ˇ

ˇ Fτ

ı

´ cE
”

V
`

xQm
ptq

˘ ˇ

ˇ Fτ

ı¯ wpo

ď 0

@t
ae
ě τ ě 0. The right-hand side inequality in (7.8) follows from this and the absolutely continuous of

t ÞÑ ErMQm
ptq | F̄τ

‰

.

Proof of Theorem 7.1. Applying Lemma 7.3 to MQm
ptq (cf. Lemma 7.4) we conclude that

P
`

Dt P r0,8q : V
`

xQm
ptq

˘

ě mect | F̄τ

˘ wpo

ď
e´cτV

`

xQm
pτq

˘

m
, @m ą 0, τ ě 0. (7.10)

To prove (7.4), pick some T P p0,8q and consider a generic outcome ω P ΩQm
for which Tmaxpωq ď T , with

ΩQm
defined as in Lemma 5.1. The corresponding xpt;ωq cannot remain in the interior of Qm on r0, T s since

otherwise xpt;ωq would be equal to xτ,Qm
on r0, T s and we would have Tmaxpωq ą T . Therefore

Tmaxpωq ď T ñ Dt P r0, T s : V pxpt;ωqq ě m

ñ Dt P r0, T s : V pxQm
pt;ωqq ě m

ñ Dt P r0, T s : V pxQm
pt;ωqq ě me´|c|T ect,

where the last inequality follows from the fact that m ě me´|c|T ect, @t P r0, T s, c P R. This means that

PpTmax ď T | F̄τ q ď P
´

Dt P r0, T s : V
`

xQptq
˘

ě me´|c|T ect | F̄τ

¯ wpo

ď
e´cτMQm

pτq

me´|c|T
,

where the last inequality follows from (7.10). Since MQm
pτq

wpo

ě 0 and ErMQm
pτqs ă 8, we must have that

MQm
pτq

wpo
ă 8. Therefore, since the inequality above holds for every m ą 0, we conclude that we must have

PpTmax ď T | F̄τ q
wpo
“ 0, @T P p0,8q, which proves (7.4)7.

To prove (7.5), we start from (6.2a) in Theorem 6.2, which we re-write as

E
“

V
`

xQm
pT q

˘

| F̄τ

‰ wpo
“ V

`

xQm
pτq

˘

`

ż T

τ

E
”

pLQm
V q

`

xQm
ptq

˘ ˇ

ˇ F̄τ

ı

dt, @T ě τ ě 0. (7.11)

We first show that this equation still holds if we replace the natural filtration F̄t of xQm
by the natural

filtration Ft of x. After that, by making m Ñ 8, we will be able to replace the Qm-stopped process xQm

by x in all the expectations in (7.11).

According to the definition of conditional expectation,

ηm – E
“

V
`

xQm
pT q

˘

| F̄τ

‰

,

7 Here, we are using the Smoothing Property of the conditional expectation [16, p. 45] to conclude that, given an event
A P F with indicator function IA and a σ-algebra F̄ Ă F, we have that E

“

PpA|Fq
‰

“ E
“

ErIA|Fs
‰

“ ErIAs “ PpAq. Therefore,

PpA|Fq
wpo

ď c implies that PpAq ď c.
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is the (almost surely unique) random variable that is F̄τ -measurable and for which

ErηmIAs “ E
“

V
`

xQm
pT q

˘

IA
‰

, @A P F̄τ (7.12)

where IA : Ω Ñ t0, 1u denotes the indicator function of the set A [16, p. 44]. Since F̄τ Ă Fτ , ηm is also
Fτ -measurable. Therefore, to prove that

ηm – E
“

V
`

xQm
pT q

˘

| F̄τ

‰ wpo
“ E

“

V
`

xQm
pT q

˘

| Fτ

‰

, @T ě τ

it suffices to show that (7.12) actually holds for all A P Fτ . To this effect, we pick some A P Fτ and compute

ErηmIAs “ E
“

ηmIAXtTQmďτu ` ηmIAXtTQmąτu

‰

“ E
“

ηmIAXtTQmďτu

‰

` E
“

ηmIAXtTQmąτu

‰

. (7.13)

When TQm
ą τ , we have that xQm

psq “ xpsq, @s P r0, τ s and therefore A X tTQm
ą τu P F̄τ . Because of

(7.12), we thus conclude that

E
“

ηmIAXtTQmąτu

‰

“ E
“

V
`

xQm
pT q

˘

IAXtTQmąτu

‰

. (7.14)

On the other hand, when TQm
ď τ , we have that xQm

pT q “ xQm
pτq and therefore

E
“

ηmIAXtTQmďτu

‰

“ E
“

V
`

xQm
pτq

˘

IAXtTQmďτu

‰

“ E
“

V
`

xQm
pT q

˘

IAXtTQmďτu

‰

. (7.15)

Replacing (7.14) and (7.15) in (7.13), we conclude that

ErηmIAs “ E
“

V
`

xQm
pT q

˘

IAXtTQmąτu

‰

` E
“

V
`

xQm
pT q

˘

IAXtTQmďτu

‰

“ E
“

V
`

xQm
pT q

˘

IA
‰

and therefore (7.12) does indeed hold for all A P Fτ . The proof that

E
”

ż T

τ

pLQm
V q

`

xQm
ptq

˘

dt
ˇ

ˇ F̄τ

ı

wpo
“ E

”

ż T

τ

pLQm
V q

`

xQm
ptq

˘

dt
ˇ

ˇ Fτ

ı

,

follows the same steps and therefore we do not repeat it here. We thus conclude that

E
“

V
`

xQm
pT q

˘

| Fτ

‰ wpo
“ V

`

xQm
pτq

˘

` E
”

ż T

τ

pLQm
V q

`

xQm
ptq

˘

dt
ˇ

ˇ Fτ

ı

, (7.16)

@m ą 0, T ě τ ě 0. Our goal is now to replace the xQ by x in the equation above, by making m Ñ 8.
Using the notation a^ b – minta, bu, we conclude from the definitions of the stopped process and of LQm

V

that

xQm
pτq “ x

`

τ ^ TQm

˘

,

xQm
pT q “ x

`

T ^ TQm

˘

,

pLQm
V q

`

xQm
ptq

˘

“

#

pLV q
`

xptq
˘

t ă TQm

0 t ě TQm

and therefore

E
”

V
`

xpT ^ TQm
q
˘ ˇ

ˇ Fτ

ı

wpo
“ V

`

xpτ ^ TQm
q
˘

` E
”

ż T^TQm

τ

pLV q
`

xptq
˘

dt
ˇ

ˇ Fτ

ı

wpo
“ V

`

xpτ ^ TQm
q
˘

` cE
”

ż T^TQm

τ

V
`

xptq
˘

dt
ˇ

ˇ Fτ

ı

´ E
”

ż T^TQm

τ

´

cV
`

xptq
˘

´ pLV q
`

xptq
˘

¯

dt
ˇ

ˇ Fτ

ı

@m ą 0. (7.17)
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Since (i) the maps

m ÞÑ V
`

xpT ^ TQm
q
˘

,

m ÞÑ

ż T^TQm

τ

V
`

xptq
˘

dt,

m ÞÑ

ż T^TQm

τ

´

cV
`

xptq
˘

´ pLV q
`

xptq
˘

¯

dt

are non-negative and monotone non-decreasing with probability one and (ii)

P
´

lim
mÑ8

V
`

xpT ^ TQm
q
˘

“ V
`

xpT q
˘ ˇ

ˇ Fτ

¯

ě PpDm : TQm
pωq ě T | Fτ q ě PpTmax ą T | Fτ q “ 1,

P

ˆ

lim
mÑ8

ż T^TQm

τ

V
`

xptq
˘

dt “

ż T

τ

V
`

xptq
˘

dt
ˇ

ˇ Fτ

˙

ě PpDm : TQm
pωq ě T | Fτ q ě PpTmax ą T | Fτ q “ 1,

P

ˆ

lim
mÑ8

ż T^TQm

τ

´

cV
`

xptq
˘

´ pLV q
`

xptq
˘

¯

dt “

ż T

τ

´

cV
`

xptq
˘

´ pLV q
`

xptq
˘

¯

dt
ˇ

ˇ Fτ

˙

ě PpDm : TQm
pωq ě T | Fτ q ě PpTmax ą T | Fτ q “ 1,

we conclude from the Monotone Convergence Theorem that

lim
mÑ8

E
”

V
`

xpT ^ TQm
q
˘ ˇ

ˇ Fτ

ı

“ E
”

lim
mÑ8

V
`

xpT ^ TQm
q
˘ ˇ

ˇ Fτ

ı

“ E
”

V
`

xpT q
˘ ˇ

ˇ Fτ

ı

lim
mÑ8

E
”

ż T^TQm

τ

V
`

xptq
˘

dt
ˇ

ˇ Fτ

ı

“ E
”

lim
mÑ8

ż T^TQm

τ

V
`

xptq
˘

dt
ˇ

ˇ Fτ

ı

“ E
”

ż T

τ

V
`

xptq
˘

dt
ˇ

ˇ Fτ

ı

lim
mÑ8

E
”

ż T^TQm

τ

´

cV
`

xptq
˘

´ pLV q
`

xptq
˘

¯

dt
ˇ

ˇ Fτ

ı

“ ¨ ¨ ¨

“ E
”

ż T

τ

´

cV
`

xptq
˘

´ pLV q
`

xptq
˘

¯

dt
ˇ

ˇ Fτ

ı

.

Moreover,

P
´

lim
mÑ8

V
`

xpτ ^ TQm
q
˘

“ V
`

xpτq
˘

¯

ě P
`

Dm : TQm
pωq ě T | Fτ

˘

ě P
`

Tmax ą T | Fτ

˘

“ 1.

By considering the limit m Ñ 8 in (7.17), and using the equalities above, we conclude that

E
“

V
`

xpT q
˘ ˇ

ˇ Fτ

‰ wpo
“ V

`

xpτq
˘

` E
”

ż T

τ

pLV q
`

xptq
˘

dt
ˇ

ˇ Fτ

ı

wpo
“ V

`

xpτq
˘

`

ż T

τ

E
“

pLV q
`

xptq
˘ ˇ

ˇ Fτ

‰

dt, (7.18)

where the last equality was obtained using Fubini’s Theorem to interchange the integration with respect to
time and the expected value [16, p. 53]. Because of (7.8), we also have that

ErV
`

xpt ^ TQm
q
˘

| F̄τ

‰ wpo

ď ecpt´τqV
`

xpτ ^ TQm
q
˘

, @t ě τ ě 0,
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which, also taking the limit m Ñ 8, leads to (7.5c).

If we now define

MV ptq – e´ctV
`

xptq
˘

, @t ě 0,

we conclude from (7.5c) that this process satisfies

ErMV pT qs ă E
“

V
`

xp0q
˘‰

ă 8 and ErMV pT q | Fτ

‰ wpo

ď MV pτq, @T ě τ ě 0

and is therefore a nonnegative supermartingale of tFt : t ě 0u. We then conclude from Lemma 7.3 that for

any every m̄ ą 0 and every stopping time τ
wpo
P r0,8q, we have that

P
`

Dt P rτ ,8q : V
`

xptq
˘

ě ectm̄ | Fτ

˘ wpo

ď
e´cτV

`

xpτ q
˘

m̄
.

The inequality (7.6) then follows by setting m̄ – e´ctm. Note also that, because of Doob’s stopping Theorem
[14, Theorem 1.39, p. 10], the inequality (7.5c), also holds for the more general case where τ is a stopping
time for tFt : t ě 0u.

8. Lyapunov Stability Theorems. This section contains the main results of this paper. These results
rely heavily on Theorem 7.1: the marginal stability theorem is a straightforward corollary of Theorem 7.1
and, while the theorem regarding asymptotic stability is more involved, it still uses Theorem 7.1 in two key
steps.

8.1. Marginal Stability. We say that V : X Ñ R in D is a non-increasing on-the-average Lyapunov
function for the SIS (2.1) if it is exponentially-bounded on-the-average with an expansion rate c “ 0 in (7.3).
In summary, it must satisfy P5, P6, and the following property, which is essentially P7 with c “ 0:
P8 LV is non-positive in the sense that

pLV qpxq – LfV pxq ` λpxq
´

ż

X

V pzqνxpdzq ´ V pxq
¯

ď ´W pxq ď 0, @x P X , (8.1)

for some non-negative function W : X Ñ R.
Also here, we do not require V p0q “ 0 and therefore V may not be positive definite. This is important to
investigate the boundedness/stability of “subcomponents” of x (cf. discussion in Section 4).

The terminology “non-increasing on-the-average” is motivated by the fact that the expected value of
V
`

xptq
˘

decreases along solutions of the SIS (2.1) (c.f. Corollary 8.1 below). This non-increase on the
average is a direct consequence of (8.1) and would hold a-fortiori if we demanded that

LfV pxq ď 0 and

ż

zPX :V pzqďV pxq

νxpdzq “ 1, @x P X ,

where the left-hand side inequality essentially requires V
`

xptq
˘

to decrease along the (deterministic) flows

of 9x “ fpxq and the right-hand side inequality requires V
`

xptq
˘

not to increase with probability one at each
jump time. However, P8 is weaker than this since for (8.1) to hold the decrease only needs occur in expected
value, which does not exclude the possibility that specific sample paths may exhibit strict increase on the
value of V

`

xptq
˘

along flows of 9x “ fpxq and/or strict increase on the value of V
`

xptkq
˘

at jump times.

The result that follows is essentially a corollary of Theorem 7.1, specialized for the case of zero expansion
rate. It provides results on the uniform stability of the process y – V pxq and non-uniform bounds on the
process z – W pxq, where V and W appear in the left-hand-side and right-hand-side of (8.1), respectively.

Corollary 8.1 (Marginal Stability). Let V P D be a non-increasing on-the-average Lyapunov function
for the SIS (2.1) for which E

“

V
`

xp0q
˘‰

ă 8 and let W be as in (8.1). All conclusions of Theorem 7.1 hold

with c “ 0. In particular, for every stopping time τ
wpo
P r0,8q for the natural filtration tFt : t ě 0u of the

process xptq, t ě 0, the following statements hold:
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1. The process y – V pxq is strongly uniformly stable in probability (strong version of definition D1).
Specifically,

P
`

Dt P rτ ,8q : V
`

xptq
˘

ą αǫ

`

V
`

xpτ q
˘˘

| Fτ

˘ wpo

ď ǫ, @ǫ ą 0, (8.2)

for the function αǫ P K defined by αǫpsq – s
ǫ
, @s ě 0.

2. The process y – V pxq is strongly uniformly mean stable (strong version of definition D4). Specifi-
cally,

E
”

V
`

xpT q
˘ ˇ

ˇ Fτ

ı wpo

ď V
`

xpτ q
˘

, @T ě τ . (8.3)

(The inequalities (8.2)–(8.3) also holds for the special case where τ is a non-negative deterministic time.)
Moreover, when the function W in (8.1) belongs to D and there exists constants a, b ą 0 such that

pLW qpxq – LfW pxq ` λpxq
´

ż

X

W pzqνxpdzq ´ W pxq
¯

ě ´aV pxq ´ b, @x P X , (8.4)

we further conclude that
3. The expected value of the process z – W pxq is integrable on any interval rτ,8q, τ ě 0, and

ż 8

τ

E
”

W
`

xptq
˘ ˇ

ˇ Fτ

ı wpo

ď V
`

xpτq
˘

, @τ ě 0. (8.5)

4. The expected value of the process z – W pxq is upper bounded by

E
”

W
`

xptq
˘ ˇ

ˇ Fτ

ı

ď
´ 1

2ǫ
` a ǫ

¯

V
`

xpτq
˘

` b ǫ, @t ě τ ě 0, ǫ ą 0. (8.6)

5. The expected value of the process z – W pxq converges to zero, i.e.,

lim
tÑ8

E
“

W
`

xptq
˘ ˇ

ˇ Fτ

‰ wpo
“ 0, @τ ě 0. (8.7)

6. The process z – W pxq converges to zero in probability, i.e.,

lim
tÑ8

P
`

W
`

xptq
˘

ě ǫ | Fτ

˘

“ 0, @ǫ ą 0, τ ě 0. (8.8)

By the Smoothing Property of the conditional expectation [16, p. 45], all the bounds in this theorem also hold
for unconditional probabilities/expectations and for conditional probabilities/expectations with respect to the
natural filtration of V pxq, since this filtration in contained in the natural filtrations of x. l

While (8.5)–(8.7) provide upper bounds on the expected value of the process z – W pxq, we cannot
conclude that this process satisfies any of the (uniform) stability definition considered in Section 4 because
these bounds do not appear as a function of zpτq. Because of this, the expected value of zptq may exhibit a
large transient, even when zpτq starts quite small.

Proof of Corollary 8.1. To prove (8.2) we start by considering an event ω P Ω for which V
`

xpτ ;ωq
˘

“ 0. In
view of (7.6) with c “ 0, for such event we have that

P
`

Dt P rτ ,8q : V
`

xptq
˘

ě m | Fτ

˘

“ 0, @m ą 0,

and therefore8

P
`

Dt P rτ ,8q : V
`

xptq
˘

ą 0 | Fτ

˘

“ P
`

Dm ą 0, t P rτ ,8q : V
`

xptq
˘

ě m | Fτ

˘

ď lim
mÓ0`

P
`

Dt P rτ ,8q : V
`

xptq
˘

ě m | Fτ

˘

“ 0,

8We recall that, given a sequence of measurable events En P F , with En Ă En`1, @n ě 0, Pp
Ť

ně0 Enq “ limnÑ8 PpEnq.
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from which (8.2) follows for events ω with V
`

xpτ ;ωq
˘

“ 0. For events, ω P Ω for which V
`

xpτ ;ωq
˘

ą 0, one
can go from (7.6) with c “ 0 to (8.2) by using the following change of variables

ǫ “
V
`

xpτ q
˘

m
ô m “

V
`

xpτ q
˘

ǫ
ą 0.

Statement 2 in Corollary 8.1 follows directly from the statement 2 in Theorem 7.1 with c “ 0 and requires
no further proof.

To prove (8.5), we use (7.5a) and (8.1) to conclude that

E
”

V
`

xpT q
˘ ˇ

ˇ Fτ

ı wpo

ď V
`

xpτq
˘

´

ż T

τ

E
”

W
`

xptq
˘ ˇ

ˇ Fτ

ı

dt @T ě τ ě 0, (8.9)

and therefore
ż T

τ

E
”

W
`

xptq
˘ ˇ

ˇ Fτ

ı

dt
wpo

ď V
`

xpτq
˘

@T ě τ ě 0.

Since the random variable in the left-hand side of the above inequality is monotone increasing in T and
bounded, by the Monotone Convergence Theorem the limit as T Ñ 8 exists and satisfies (8.5).

To proceed with the proofs of (8.6)–(8.8), we pick some m ą 0 and use the compact set Qm in (7.2)
to construct the Qm-stopping time TQm

and the Qm-stopped process xQm
. From (6.2b) applied to the

function W P D and (8.4), we conclude that

E
“

W
`

xQpT q
˘

| Fτ

‰ wpo
“ W

`

xQpτq
˘

`

ż T

τ

E
“

pLQW q
`

xQptq
˘

| Fτ

‰

dt

wpo

ě W
`

xQpτq
˘

`

ż T

τ

E
“

aV
`

xQptq
˘

` b | Fτ

‰

dt.

As we have done to go from (7.16) to (7.18), we can use the Monotone Convergence Theorem to take the
limit as m Ñ 8 and conclude that

E
“

W
`

xpT q
˘

| Fτ

‰ wpo

ě W
`

xpτq
˘

`

ż T

τ

E
“

aV
`

xptq
˘

` b | Fτ

‰

dt. (8.10)

Defining

uptq – E
”

V
`

xptq
˘ ˇ

ˇ Fτ

ı

, vptq – E
”

W
`

xptq
˘ ˇ

ˇ Fτ

ı

, @t ě τ ě 0,

we conclude from (8.9) and (8.10) that the assumptions of Lemma A.2 in the appendix hold, from which
(8.6) and (8.7) follow.

Finally, from Markov’s inequality [4, Theorem 1, p. 86] we further conclude that

P
`

W
`

xptq
˘

ě ǫ | Fτ

˘

ď
E
“

W
`

xptq
˘

| Fτ

‰

ǫ
, @ǫ ą 0, t ě τ.

Taking the limit as t Ñ 8 and using (8.7), we conclude that (8.8) holds.

8.2. Asymptotic Stability. We say that V : X Ñ R in D is a strictly-decreasing on-the-average
Lyapunov function for the SIS (2.1) if it is a non-decreasing on-the-average Lyapunov function and, in
addition, the following property holds:
P9 LV is negative in the sense that

pLV qpxq – LfV pxq ` λpxq
´

ż

X

V pzqνxpdzq ´ V pxq
¯

ď ´α
`

V pxq
˘

ď 0, @x P X , (8.11)

for some class K function α.
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Also here, the terminology “strictly decreasing on-the-average” is motivated by the fact that the expected
value of V

`

xptq
˘

strictly decreases along solutions of the SIS (2.1). Again, this not exclude the possibility

that specific sample paths may exhibit strict increase on the value of V
`

xptq
˘

along flows of 9x “ fpxq and/or
at jump times from x´ptkq to xptkq “ zk.

The result that follows allows us to establish uniform asymptotic stability of the process y “ V pxq.

Theorem 8.2 (Asymptotic Stability). Let V P D be a strictly-decreasing on-the-average Lyapunov
function for the SIS (2.1) for which E

“

V
`

xp0q
˘‰

ă 8. All conclusions of Theorem 7.1 (with c “ 0) and
Corollary 8.1 hold and, in addition:

4. The process y – V pxq is uniformly asymptotically stable in probability (Definition D2). Specifically,
for every ǫ ą 0, there exists a class KL function βǫ such that

P
`

Dt P rτ,8q : V
`

xptq
˘

ą βǫ

`

V pxpτqq, t ´ τ
˘

| Fτ

˘ wpo

ď ǫ, @τ ě 0. (8.12)

5. The process y – V pxq is uniformly stochastically mean-α stable (Definition D5). Specifically,

ż 8

τ

E
”

α
´

V
`

xptq
˘

¯

| Fτ

ı

dt
wpo

ď V
`

xpτq
˘

, @τ ě 0. (8.13)

By the Smoothing Property of the conditional expectation [16, p. 45], all the bounds in this theorem also hold
for unconditional probabilities/expectations and for conditional probabilities/expectations with respect to the
natural filtration of V pxq, since this filtration in contained in the natural filtrations of x. l

From the proof of Theorem 8.2 (to be presented shortly), we can conclude that the class KL function
βǫ in (8.12) can be of the form

βǫps, tq “
1

ǫ
βps, ǫtq, @s, t ě 0,

for an appropriately defined class KL function β that does not depend on ǫ. This bound indicates that,
in order to decrease the probability that V

`

xptq
˘

exceeds βǫ

`

V pxpτqq, t ´ τ
˘

, we may need to (i) increase
βǫ by dividing the ǫ-independent β by ǫ and (ii) slow down the decrease of βǫps, tq by scaling the time-
dependence through a multiplication by ǫ of the time-argument. The qualification “may” in the above
sentence, emphasizes the fact that the function βǫ used in the proof of Theorem 8.2 does not necessarily
provide tight bounds so it may be possible to decrease the probability that V

`

xptq
˘

exceeds βǫ

`

V pxpτqq, t´τ
˘

using less conservative means. This is the case when the class K function α in (8.11) is of the form αpsq “ µs,
@s ě 0 for some µ ą 0, which leads to exponential stability and a class KL function βǫ for which the
exponential convergence to zero of t ÞÑ βǫps, tq can be made independent of ǫ, as stated in the following
result, which is a direct consequence of Theorem 7.1 with an expansion rate c “ ´µ ă 0.

Corollary 8.3 (Exponential Stability). Let V P D be a strictly-decreasing on-the-average Lyapunov
function for the SIS (2.1) for which E

“

V
`

xp0q
˘‰

ă 8. When the class K function α in (8.11) is of the form
αpsq “ µs, @s ě 0 for some µ ą 0, we have that

4’. The process y – V pxq is uniformly exponentially stable in probability with decay rate µ ą 0 (Defi-
nition D3). Specifically, (8.12) holds with

βǫps, tq –
e´µts

ǫ
, @t, s ě 0.

5’. The process y – V pxq is uniformly exponentially mean-α stable (Definition D7). Specifically,

E
“

V
`

xptq
˘

| Fτ

‰

ď e´µpt´τqV
`

xpτq
˘

, @t ě τ ě 0.

l

Proof of Theorem 8.2 – Asymptotic Stability.
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Proof of Theorem 8.2. To construct the class KL function βǫ that appears in (8.12), for each s ě 0 we pick
(i) a monotone increasing sequence 0 — T0psq ă T1psq ă T2psq ă ¨ ¨ ¨ that converges to `8 as n Ñ 8; and
(ii) a monotone decreasing sequence

ǫ0psq ą ǫ1psq ą ǫ2psq ą ¨ ¨ ¨ ą 0, @s ą 0, ǫnp0q “ 0, @n ě 0

that converges to zero as n Ñ 8. We then define βǫ to be any class KL function such that9

βǫps, tq ě β̄ǫps, tq – ǫnpsq @t P
“

Tnpsq, Tn`1psq
˘

, n ě 0. (8.14)

For a given ǫ ą 0, our goal is to prove that it is indeed possible to pick the ǫn, Tnpsq, @n ě 0, s ě 0 so that
(8.12) holds. Defining vτ – V pxpτqq, for any event ω P Ω for which vτ pωq “ 0 the equation (8.12) follows
directly from (8.2) no matter how we choose the class KL function βǫ. Therefore, to construct βǫ so that
(8.12) holds, we only need to consider events ω P Ω for which vτ pωq ą 0.

To construct an appropriate βǫ, first note that, because of (8.14), we have that

P
´

Dt P rτ,8q : V
`

xptq
˘

ą βǫ

`

vτ , t ´ τ
˘

| Fτ

¯

wpo

ď P
´

Dn ě 0, t P rτ ` Tnpvτ q,8q : V
`

xptq
˘

ą qǫnpvτ q | Fτ

¯

wpo

ď
ÿ

ně0

P
´

Dt P rτ ` Tnpvτ q,8q : V
`

xptq
˘

ą qǫnpvτ q | Fτ

¯

, (8.15)

where the second inequality follows from the countable subadditivity property of the probability measure10.
We therefore conclude that any upper bound on the sum in the right-hand side of (8.15) is also an upper
bound on the probability on the left-hand side of (8.15). To construct an upper bound for the term n “ 0
in (8.15), we can use directly (7.6) with c “ 0 to conclude that11

P
`

D P rτ,8q : V
`

xptq
˘

ą ǫ0pvτ q | Fτ

˘ wpo

ď
vτ

ǫ0pvτ q
(8.16)

To construct an upper bound on the terms with n ě 1 in the right-hand side of (8.15), for each s ě 0, we
pick a third sequence tδnpsq ą 0 : n ě 1u and define the sequence of random variables tTn : n ě 0u with
T0 – τ and, @n ě 1,

Tn – inf
´

 

t ě τ : V
`

xptq
˘

ď δnpvτ q
(

Y t`8u
¯

“ sup
´

 

T ě τ : V
`

xptq
˘

ą δnpvτ q, @t P rτ, T q
(

Y tτu
¯ wpo

ě τ,

which could be viewed as a Q-stopping time for the (not necessarily compact) set Q – tx P X : V pxq ě
δnpvτ qu. We then have that the probabilities of the complements of the events appearing in the right-hand
side of (8.15) satisfy, for every n ě 1, 12

P
´

@t P rτ ` Tnpvτ q,8q : V
`

xptq
˘

ď ǫnpvτ q | Fτ

¯

wpo

ě P
´

Tn ď τ ` Tnpvτ q and @t P rTn,8q : V
`

xptq
˘

ď ǫnpvτ q | Fτ

¯

,

9Since s ÞÑ β̄ǫps, tq is typically not continuous for each fixed t ě 0, we cannot just take βǫ “ β̄ǫ. However, for each t ě 0,
we just need to take s ÞÑ βǫps, tq to be any continuous upper bound on s ÞÑ β̄ǫps, tq that is still of class K.

10We recall that, given a sequence of measurable events En P F , @n ě 0, the subadditivity property of P states that
Pp

Ť

ně0 Enq ď
ř

ně0 PpEnq.
11Recall that we only need to consider events for which vτ ą 0.
12Here, we are simply using the fact that given any two events A,B P F , P pAq ě P pB X Aq.
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from which we obtain the following inequality for the probabilities of the complementary events

P
´

Dt P rτ ` Tnpvτ q,8q : V
`

xptq
˘

ą ǫnpvτ q | Fτ

¯

wpo

ď P
´

Tn ą τ ` Tnpvτ q or Dt P rTn,8q : V
`

xptq
˘

ą ǫnpvτ q | Fτ

¯

wpo

ď P
´

Tn ą τ ` Tnpvτ q | Fτ

¯

` P
´

Dt P rTn,8q : V
`

xptq
˘

ą ǫnpvτ q | Fτ

¯

. (8.17)

The proposition that follows (proved at the end of this section) provides an upper-bound on the first term
in (8.17):
Proposition 8.4. For every τ ě 0,

PpTn ą τ ` Tnpvτ q | Fτ q
wpo

ď
vτ

αpδnpvτ qqTnpvτ q
. (8.18)

l

Since the right-hand side of (8.18) goes to zero as Tnpvτ q Ñ 8, this also shows that Tn

wpo
ă 8 and therefore

we can use (7.6) with τ – Tn and c “ 0 to conclude that

P
`

Dt P rTn,8q : V
`

xptq
˘

ą ǫnpvτ q | FTn

˘ wpo

ď
V
`

xpTnq
˘

ǫnpvτ q

wpo

ď
δnpvτ q

ǫnpvτ q
.

Since by definition Tn ě τ , @n ě 1 we have that FTn
Ą Fτ [14, Property 1.17, p. 4] and we conclude from

the Smoothing Property13 of the conditional expectation [16, p. 45] that

P
`

Dt P rTn,8q : V
`

xptq
˘

ą ǫnpvτ q | Fτ

˘

ď
δnpvτ q

ǫnpvτ q
.

Using this bound and (8.18) in (8.17), leads to

P
´

Dt P rτ ` Tnpvτ q,8q : V
`

xptq
˘

ą ǫnpvτ q | Fτ

¯ wpo

ď
vτ

αpδnpvτ qqTnpvτ q
`

δnpvτ q

ǫnpvτ q
.

We are finally ready to use (8.16) (valid for n “ 0) and the upper bound above (valid for n ě 1) in (8.15):

P
´

Dt P rτ,8q : V
`

xptq
˘

ą βǫ

`

vτ , t ´ τ
˘

| Fτ

¯ wpo

ď
vτ

ǫ0pvτ q
`

8
ÿ

n“1

´ vτ

αpδnpvτ qqTnpvτ q
`

δnpvτ q

ǫnpvτ q

¯

. (8.19)

It is now time to pick the s-dependent sequences tǫnpsq : n ě 0u, tTnpsq : n ě 0u, and tǫnpsq : n ě 0u so
that (4.3) follows from (8.19). To this effect, we note that since α is of class K, there exists a constant c and
a class K8 function14 γ so that15

α
`

γps1qγps2q
˘

ě mints1s2, cu, @s1, s2 ě 0. (8.20)

13Cf. footnote 7.
14A class K function α is of class K8 if limsÑ8 αpsq “ `8.
15To verify this, first note that since α is of class K, there always exists a positive constant c̄ and a class K8 function ᾱ such

that

ᾱpsq “ αpsq, @s ď c̄ and ᾱpsq ě αpsq, @s ą c̄.

Since ᾱ is of class K8, it has an inverse function ᾱ´1 also of class K8 and we have that

α
`

ᾱ´1psq
˘

ě

#

ᾱ
`

ᾱ´1psq
˘

“ s ᾱ´1psq ď c̄

αpc̄q ᾱ´1psq ą c̄
ô α

`

ᾱ´1psq
˘

ě

#

s s ď c

c s ą c
“ mints, cu, c – ᾱpc̄q.

Moreover, from [21, Corollary 10], we also know that because ᾱ´1 is of class K8, there exists another class K8 function γ such
that ᾱ´1ps1s2q ď γps1qγps2q, @s1, s2 ě 0. Therefore α

`

γps1qγps2q
˘

ě α
`

ᾱ´1ps1s2q
˘

ě mints1s2, cu, @s1, s2 ě 0.
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Suppose now that we pick two sequences16 tan : n ě 1u and tbn : n ě 1u such that

#

an ě an`1, @n ě 1,
ř8

n“1 an “ 1,

#

γpbnq
an

ě γpbn`1q
an`1

, @n ě 1,
γpbnq
an

Ñ 0

and define

δnpsq “ γpsqγpbnq, @n ě 1, s ą 0

Tnpsq “
3

ǫan
max

! 1

bn
,
s

c

)

, @n ě 1, s ě 0

ǫnpsq “

#

3s
ǫ

n “ 0,@s ě 0
3γpsq

ǫ

γpbnq
an

@n ě 1, s ě 0.

Since an decreases monotonically to zero, for each s ě 0, the sequence tTnpsq : n ě 1u increases monotonically

to `8 and since γpbnq
an

decreases monotonically to zero, for each s ě 0, ǫnpsq also decreases monotonically
to zero. If we now replace these sequences in (8.19), we obtain

P
´

Dt P rτ,8q : V
`

xptq
˘

ą βǫ

`

vτ , t ´ τ
˘

| Fτ

¯

wpo

ď
ǫ

3
`

8
ÿ

n“1

´ vτ

αpγpvτ qγpbnqq 3
ǫan

max
!

1
bn
, vτ

c

) `
ǫan

3

¯

wpo

ď
ǫ

3
`

8
ÿ

n“1

´ǫan

3
`

ǫan

3

¯

“ ǫ

where, in the last inequality, we used (8.20) to conclude that

vτ

αpγpvτ qγpbnqq 3
ǫan

max
!

1
bn
, vτ

c

) ď
ǫan

3

vτ

mintvτ bn, cumax
!

1
bn
, vτ

c

)

“
ǫan

3

1

mintbn,
c
vτ

umax
!

1
bn
, vτ

c

) “
ǫan

3
.

To prove (8.13), we simply use (7.5a) and (8.11) to conclude that

E
”

V
`

xpT q
˘ ˇ

ˇ Fτ

ı wpo

ď V
`

xpτq
˘

´

ż T

τ

E
”

α
´

V
`

xptq
˘

¯

ˇ

ˇ Fτ

ı

dt, @T ě τ ě 0

The inequality (8.13) then follows from this and the fact that E
”

V
`

xpT q
˘ ˇ

ˇ Fτ

ı

ě 0.

Proof of Proposition 8.4. Defining

IV pxptqqěδnpvτ q –

#

1 V pxptqq ě δnpvτ q

0 V pxptqq ă δnpvτ q,

we have that

Tn ą τ ` Tnpvτ q ñ V pxptqq ě δnpvτ q, @t P rτ, τ ` Tnpvτ qq

ñ

ż τ`Tnpvτ q

τ

IV pxptqqěδnpvτ qdt ě Tnpvτ q.

16For example an – 1{2n, bn – γ´1p1{22nq, @n ě 1, for which γpbnq
an

“ 1{2n.

21



From this and Markov’s inequality [4, Theorem 1, p. 86], we conclude that

PpTn ą τ ` Tnpvτ q | Fτ q
wpo

ď P
´

ż τ`Tnpvτ q

τ

IV pxptqqěδnpvτ qdt ě Tnpvτ q
ˇ

ˇ Fτ

¯

wpo

ď
E
”

şτ`Tnpvτ q

τ
IV pxptqqěδnpvτ qdt

ˇ

ˇ Fτ

ı

Tnpvτ q
. (8.21)

On the other hand,

IV pxptqqěδnpvτ q “ 1 ñ V pxptqq ě δnpvτ q

ñ α
`

V pxptqq
˘

ě αpδnpvτ qq ě αpδnpvτ qqIV pxptqqěδnpvτ q

ñ pLV q
`

xptq
˘

ď ´α
`

V pxptqq
˘

ď ´αpδnpvτ qqIV pxptqqěδnpvτ q.

Because of (8.1), the last inequality is also true when IV pxptqqěδnpvτ q “ 0, and therefore we can use (7.5b) to
conclude that

E
“

V
`

xpτ ` Tnpvτ qq
˘

´ vτ

ˇ

ˇ Fτ

‰ wpo
“ E

”

ż τ`Tnpvτ q

τ

pLV q
`

xptq
˘

dt
ˇ

ˇ Fτ

ı

wpo

ď ´αpδnpvτ qqE
”

ż τ`Tnpvτ q

τ

IV pxptqqěδnpvτ qdt
ˇ

ˇ Fτ

ı

,

which implies that

E
”

ż τ`Tnpvτ q

τ

IV pxptqqěδnpvτ qdt
ˇ

ˇ Fτ

ı wpo

ď
E
“

vτ ´ V
`

xpτ ` Tnpvτ qq
˘ ˇ

ˇ Fτ

‰

αpδnpvτ qq
wpo

ď
vτ

αpδnpvτ qq
.

Equation (8.18) follows from this and (8.21).

9. Conclusions and Future Work. The main contribution of this paper is a collection of Lyapunov-
based results to prove global existence of solution and stability of stochastic hybrid systems. The results are
stated in terms of the existence of Lyapunov functions that satisfy appropriate algebraic conditions that can
be checked without computing solutions to the SISs. A key open issue related to this work is whether not
the sufficient existence/stability conditions provided here are also necessary.

A. Appendix. To prove Lemma 5.1, we start by showing that the jumps counter N̄ptq defined in (3.4),
can be related to the standard Poisson process Nptq, t ě 0 used to construct the solution to the SIS, through
the following intensity-dependent time scaling

N̄ptq “ N
´

ż t

0

λpxpsqqds
¯

, @t P r0,Tmaxq. (A.1)

Proof of (A.1). Denoting by

Tk –

k
ÿ

i“1

∆i

the event times of the standard Poisson process Nptq, t ě 0, we have that

N
´

ż t

0

λpxpsqqds
¯

“ max
!

k : Tk ď

ż t

0

λ
`

xpsq
˘

ds
)

“ max
!

k :
k
ÿ

i“1

∆i ď

ż t

0

λ
`

xpsq
˘

ds
)

.
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Our goal is to show that this expression equals (3.4). To this effect, take an arbitrary jump time tk that
appears in (3.4). Since the transition intensity is non-negative, we have that

tk ď t ñ

ż tk

0

λ
`

xpsq
˘

ds ď

ż t

0

λ
`

xpsq
˘

ds ô
k
ÿ

i“1

∆i ď

ż t

0

λ
`

xpsq
˘

ds,

where we also used the fact that

ż tk

0

λ
`

xpsq
˘

ds “
k
ÿ

i“1

ż ti

ti´1

λ
`

xpsq
˘

ds “
k
ÿ

i“1

∆i. (A.2)

Since we have established that

 

k : tk ď t
(

Ă
!

k
ÿ

i“1

∆i ď

ż t

0

λ
`

xpsq
˘

ds
)

,

we conclude that

N̄ptq – max
 

k : tk ď t
(

ď max
!

k :
k
ÿ

i“1

∆i ď

ż t

0

λ
`

xpsq
˘

ds
)

“ N
´

ż t

0

λpxpsqqds
¯

.

To prove that we actually have equality, assume by contradiction that

max
 

k : tk ď t
(

ă max
!

k :
k
ÿ

i“1

∆i ď

ż t

0

λ
`

xpsq
˘

ds
)

,

which means that there exists an index k˚ such that tk˚ ą t ě tk˚´1, but

k˚
ÿ

i“1

∆i “

ż tk˚

0

λ
`

xpsq
˘

ds ď

ż t

0

λ
`

xpsq
˘

ds ô

ż tk˚

t

λ
`

xpsq
˘

ds ď 0,

where we used (A.2). However, for tk˚ ą t to be a jump time, because of (3.2) we must have

ż t˚
k

tk˚´1

λ
`

xpsq
˘

dt “

ż t

tk˚´1

λ
`

xpsq
˘

dt `

ż t˚
k

t

λ
`

xpsq
˘

dt “ ∆k˚ ñ

ż t

tk˚´1

λ
`

xpsq
˘

dt ě ∆k˚ ,

which would mean that tk˚ ď t and thus contradicts the assumption that tk˚ ą t.

Given two scalars a, b P r´8,`8s, in the proofs that follows we use the symbols ^ and _ to denote the
min and max operations, as in

a ^ b – minta, bu, a _ b – maxta, bu.

Proof of Lemma 5.1. To prove 1 and consequently that xQptq is well defined on r0,8q, consider a generic
outcome17 ω P Ωcadlag for which TQpωq “ Tmaxpωq ă 8. We start by proving that the corresponding
xpt;ωq cannot have stopped at some time Tmaxpωq “ tkpωq “ Ttk´1pωq,xk´1pωq due to a finite escape from
the open set X in step 2 in the construction of xpωq. This is because, by continuity, in this case the solution
should have exited the compact set Q Ă X before tkpωq “ Ttk´1pωq,xk´1pωq, which contradicts the fact that
TQpωq “ Tmaxpωq.

17Here we will use the fact that PpA X Ωcadlagq “ 0 and PpΩcadlagq “ 1 implies that PpAq “ PpA X Ωcadlagq ` PpA X
ΩzΩcadlagq ď PpA X Ωcadlagq ` PpΩzΩcadlagq “ 0.
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We thus conclude that for such outcome ω, the maximal time Tmaxpωq must be the finite accumulation point
of an infinite set of jump times and therefore

lim
tÒTmaxpωq´

N̄pt;ωq “ 8,

which, because of (A.1), means that

lim
tÒTmaxpωq´

N
´

ż t

τ

λpxps;ωqqds;ω
¯

“ 8. (A.3)

Since we are assuming that TQpωq “ Tmaxpωq, we have that xps;ωq P IntpQq, @s P
“

τ,Tmaxpωq
˘

and
therefore

λpxps;ωqq ď λmax – sup
xPQ

λpxq ă 8, @s P
“

τ,Tmaxpωq
˘

.

Therefore, for (A.3) to hold, we must necessarily have that

8 “ lim
tÒTmaxpωq´

N
´

ż t

τ

λpxps;ωqqds
¯

ď lim
tÒTmaxpωq´

Npλmaxpt ´ τq;ωq “ 8,

which means that the outcome ω requires the Poisson counterN to reach infinity in the finite time Tmaxpωq ă
8. Since the probability that a Poisson counter reaches infinity in finite time is equal to zero we conclude
that

PpTQ “ Tmax ă 8q “ 0.

This shows that xQ is well defined on r0,8q with probability one. Moreover, since xptq is cadlag with
probability one, xQ is also cadlag with probability one, which also proves 3.

Finally, to prove 2 note that since there are no more jumps of N̄Q after TQ, we have that18

E
“

N̄QpT q ´ N̄Qpτq
‰

“ E
“

N̄QpT ^ TQq ´ N̄Qpτ ^ TQq
‰

“ E
“

N̄pT ^ TQq ´ N̄pτ ^ TQq
‰

“ E
”

N
´

ż T^TQ

0

λpxpsqqds
¯

´ N
´

ż τ^TQ

0

λpxpsqqds
¯ı

“ E
”

N
´

ż τ^TQ

0

λpxpsqqds `

ż T^TQ

τ^TQ

λpxpsqqds
¯

´ N
´

ż τ^TQ

0

λpxpsqqds
¯ı

ď E
”

N
´

ż τ

0

λpxpsqqds ` λmaxpT ´ τq
¯

´ N
´

ż τ

0

λpxpsqqds
¯ı

“ λmaxpT ´ τq.

While Theorem 6.2 could be proved by “patching” several results from [5], we provide a self-contained
proof that only requires basic probability results and dispenses a background knowledge of Markov processes
and stochastic integration. The following lemma is the key technical result needed to prove Theorem 6.2.

Lemma A.1. For a given compact set Q and times 0 ď τ ă T ă 8, let K denote the (random) set
of jump-time indices corresponding to the jumps of the stopped jump counter N̄Q within the interval pτ, T s,
i.e., ttk : k P Ku is the set of discontinuities of N̄Q in pτ, T s. Given a function h : X Ñ R such that, for
every fixed t0 ě 0, x0 P X the map t ÞÑ h

`

ϕpt; t0, x0q
˘

is integrable on any finite interval rt0, T s, @T ă Tt0,x0
,

we have that

E
“

IkPKh
`

x´
Q

ptkq
˘

| Fτ s “ E
”

ż T^tk

pτ_tk´1q^T

phλqQ
`

xQptq
˘

dt | Fτ

ı

, (A.4)

where IkPK denotes the indicator function of the event k P K and

phλqQpxq –

#

hpxqλpxq x P IntpQq

0 x P X z IntpQq
@x P X . l

18Recall that if N is a standard Poisson process E
“

Npbq ´ Npaq
‰

“ b ´ a, @b ě a ě 0.
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Proof of Lemma A.1. To compute the expected values in (A.4), we need to determine the distribution of the
jump times tk, k P K. From the construction of the process x and its jump times tk, we have that

Pptk ď t | Fτ_tk´1
q “ P

´

∆k´1 ď

ż t

tk´1

λ
`

ϕs,tk´1
pxptk´1qq

˘

ds
ˇ

ˇ Fτ_tk´1

¯

,

@t P pτ _ tk´1, Ttk´1,xptk´1qq, where the integral in the right-hand side can be decomposed as

ż t

tk´1

λ
`

ϕs,tk´1
pxptk´1qq

˘

ds “

ż τ_tk´1

tk´1

λ
`

xpsq
˘

ds `

ż t

τ_tk´1

λ
´

ϕs,τ_tk´1

`

xpτ _ tk´1q
˘

¯

ds.

In case tk´1 ă τ , the σ-algebra Fτ_tk´1
“ Fτ provides some information about the random variable ∆k´1.

In fact, if tk´1 ă τ and tk falls in
`

τ, T ^ TQ

‰

, we know that there was no jump in the interval ptk´1, τ s
and therefore we have that

ż τ_tk´1

tk´1

λ
`

xpsq
˘

ds ă ∆k´1. (A.5)

However, when tk´1 ě τ the σ-algebra Fτ_tk´1
“ Ftk´1

provides no information about ∆k´1. Nevertheless,
(A.5) still holds (trivially) with probability one, so we can always write

Pptk ď t | Fτ_tk´1
q “ P∆k´1

´

∆k´1 ď

ż τ_tk´1

tk´1

λ
`

xpsq
˘

ds`

`

ż t

τ_tk´1

λ
´

ϕs,τ_tk´1

`

xpτ _ tk´1q
˘

¯

ds
ˇ

ˇ

ˇ

ż τ_tk´1

tk´1

λ
`

xpsq
˘

ds ă ∆k´1

¯

,

where P∆k´1
p¨q denotes the measure of a standard exponential random variable. Therefore19

Pptk ď t | Fτ_tk´1
q “ 1 ´ e

´
ş

t

τ_tk´1

λpϕs,τ_tk´1
pxpτ_tk´1qqqds

,

@t P pτ _ tk´1, Ttk´1,xptk´1qq, from which we obtain the following (conditional) cummulative and probability
density functions for tk:

Fkpt | Fτ_tk´1
q “ 1 ´ e

´
ş

t

τ_tk´1

λpϕs,τ_tk´1
pxpτ_tk´1qqqds

(A.6a)

fkpt | Fτ_tk´1
q “

dFkpt | Fτ_tk´1
q

dt
“ λ

´

ϕt,τ_tk´1

`

xpτ _ tk´1q
˘

¯

`

1 ´ Fkpt | Fτ_tk´1

˘

,

“ λ
´

ϕt,τ_tk´1

`

xpτ _ tk´1q
˘

¯

ErItkąt | Fτ_tk´1
s (A.6b)

@t P pτ _ tk´1, Ttk´1,xptk´1qq, where Itkąt denotes the indicator function of the event tk ą t. We are now

ready to compute E
“

IkPKh
`

x´
Q

ptkq
˘

| Fτ_tk´1
s. To this effect, note that for any outcome ω P Fτ_tk´1

,

k P Kpωq “ 1 ô xQpτ _ tk´1q P IntpQq

and τ ă tkpωq ď T ^ TQ

`

τ _ tk´1,xpτ _ tk´1q
˘

k P Kpωq “ 1 ñ x´
Q

ptkq “ x´ptkq “ ϕtk,τ_tk´1

`

xpτ _ tk´1q
˘

,

where TQpt0, x0q denotes the first time that the solution ϕpt; t0, x0q leaves the interior of Q, i.e.,

TQpt0, x0q – inf
´

 

t P r0, Tt0,x0
q : ϕpt; t0, x0q R IntpQq

(

Y tTt0,x0
u
¯

“ sup
´

 

T P r0, Tt0,x0
q : ϕpt; t0, x0q P IntpQq, @t P rτ, T q

(

Y t0u
¯

,

19Recall that if ∆ is a standard exponential random variable, then for every b ě a, we have that P∆p∆ ď b | ∆ ą aq “
P∆paă∆ďbq
P∆p∆ąaq

“ F∆pbq´F∆paq
1´F∆paq

“ e´a´e´b

e´a “ 1 ´ ea´b, where F∆pxq “ 1 ´ e´x, x ě 0 is the cummulative distribution function

of ∆.
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@t0 ě 0, x0 P X . Therefore20

E
“

IkPKh
`

x´
Q

ptkq
˘

| Fτ_tk´1
s “ IxQpτ_tk´1qPIntpQq

ż T^TQ

`

τ_tk´1,xpτ_tk´1q
˘

pτ_tk´1q^T

h
`

ϕt,τ_tk´1

`

xpτ _ tk´1q
˘˘

fkpt | Fτ_tk´1
qdt,

where IxQpτ_tk´1qPIntpQq denotes the indicator function of the event xQpτ _tk´1q P IntpQq. In the expression

above, we have used the fact that the map t ÞÑ h
`

ϕpt; t0, x0q
˘

is integrable on any finite interval rt0, T s,
@T ă Tt0,x0

(cf. P4). Using the expression for fkpt | Fτ_tk´1
q given in (A.6b), we then conclude that21

E
“

IkPKh
`

x´
Q

ptkq
˘

| Fτ_tk´1
s

“ IxQpτ_tk´1qPIntpQq

ż T^TQ

`

τ_tk´1,xpτ_tk´1q
˘

pτ_tk´1q^T

phλq
´

ϕt,τ_tk´1

`

xpτ _ tk´1q
˘

¯

ErItkąt | Fτ_tk´1
sdt

“ E
”

IxQpτ_tk´1qPIntpQq

ż T^TQ

`

τ_tk´1,xpτ_tk´1q
˘

pτ_tk´1q^T

phλq
´

ϕt,τ_tk´1

`

xpτ _ tk´1q
˘

¯

Itkątdt | Fτ_tk´1

ı

“ E
”

IxQpτ_tk´1qPIntpQq

ż T^tk^TQ

`

τ_tk´1,xpτ_tk´1q
˘

pτ_tk´1q^T

phλq
´

ϕt,τ_tk´1

`

xpτ _ tk´1q
˘

¯

dt | Fτ_tk´1

ı

, (A.7)

where phλqpxq – hpxqλpxq, @x P X . Since, @t P
“

τ _ tk´1, tk ^ TQ

`

τ _ tk´1,xpτ _ tk´1q
˘

s,

xQptq “

#

ϕt,τ_tk´1

`

xpτ _ tk´1q
˘

xQpτ _ tk´1q P IntpQq

xQpτ _ tk´1q xQpτ _ tk´1q R IntpQq.

we can re-write the right-hand side of (A.7) compactly as

E
“

IkPKh
`

x´
Q

ptkq
˘

| Fτ_tk´1
s “ E

”

ż T^tk

pτ_tk´1q^T

phλqQ
`

xQptq
˘

dt | Fτ_tk´1

ı

,

where

phλqQpxq –

#

hpxqλpxq x P IntpQq

0 x P X z IntpQq
@x P X .

Since Fτ Ă Fτ_tk´1
, equation (A.4) then follows from the Smoothing Property of the conditional expecta-

tions [16, p. 45].

Proof of Theorem 6.2. Let us denote by K the (random) set of jump-time indices corresponding to the jumps
of the stopped jump counter N̄Q within the interval pτ, T s, i.e., ttk : k P Ku is the set of discontinuities of
N̄Q in pτ, T s. Because of Lemma 5.1, we know that the set K has a finite (possibly zero) number of elements
with probability one.

20The ^T in the lower limit of integration, makes sure that we do get 0 when tk´1 ě T , since in this case pτ _ tk´1q ^ T “
T ^ TQ

`

τ _ tk´1,xpτ _ tk´1q
˘

“ T .
21The exchange between integral and expected value is justified by Fubini’s Theorem and the fact, on the time interval of

interest, x “ xQ is bounded with probability one.
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Since between jump times x is absolutely continuous and evolves according to the vector field f and, at each
jump time tk, k P K we have an instantaneous jump of x from x´ptkq to xptkq, we conclude that

V
`

xpT ^ TQq
˘

“ V
`

xpτ ^ TQq
˘

`

ż T^TQ

τ^TQ

LfV
`

xptq
˘

dt `
8
ÿ

k“1

IkPK

´

V
`

xptkq
˘

´ V
`

x´ptkq
˘

¯

,

where IkPK denotes the indicator function of the event k P K. Because x is equal to the xQ in the closed
interval

“

τ ^ TQ, T ^ TQ

‰

and these processes are also equal at any discontinuity tk of N̄Q, we further
conclude that

V
`

xQpT ^ TQq
˘

“ V
`

xQpτ ^ TQq
˘

`

ż T^TQ

τ^TQ

LfV
`

xQptq
˘

dt `
8
ÿ

k“1

IkPK

´

V
`

xQptkq
˘

´ V
`

x´
Q

ptkq
˘

¯

.

Moreover, xQ remains constant and outside IntpQq on rτ ^ TQ, τ s and on rT ^ TQ, T s so we also have that

V
`

xQpT q
˘

“ V
`

xQpτq
˘

`

ż T

τ

Lf,QV
`

xQptq
˘

dt `
8
ÿ

k“1

IkPK

´

V
`

xQptkq
˘

´ V
`

x´
Q

ptkq
˘

¯

. (A.8)

where

Lf,Qpxq –

#

Lf pxq x P IntpQq

0 x P X z IntpQq.

To proceed and eventually arrive at (6.2), we need to take expected values of both sides of (A.8), conditioned
to the filtration Fτ . To perform this computation, we start by taking a conditional expectation of the
summation in (A.8), which results in

E
”

8
ÿ

k“1

IkPK

´

V
`

xQptkq
˘

´ V
`

x´
Q

ptkq
˘

¯

ˇ

ˇ Fτ

ı

“ E
”

8
ÿ

k“1

IkPKh
`

x´
Q

ptkq
˘

| Fτ

ı

, (A.9)

where

hpxq –

ż

X

V pzqνxpdzq ´ V pxq, @x P X ,

because, by construction, the extraction of the jump point xk “ xptkq “ xQptkq is based on the measure
νx´ptkq “ ν

x
´
Q

ptkq and this extraction is independent of Fτ for τ ă tk, @k P K.

We proceed by using the Dominated Convergence Theorem to move the series out of the expectation in
(A.9). To this effect, note that since xQptq P IntpQq, @t ă tk, k P K and Q is compact, we have that

x´
Q

ptkq
wpo
P Q, k P K and therefore

|IkPKh
`

x´
Q

ptkq
˘

|
wpo

ď hQ – sup
xPQ

ˇ

ˇ

ˇ

ż

X

V pzqνxpdzq ´ V pxq
ˇ

ˇ

ˇ
ă 8, @t ě 0,

because V P D (cf. P3). Since the number of elements in K is upper bounded by the total number of

jumps of N̄QpT q ´ N̄Qpτq in the interval pτ, T s, we then conclude that the finite sum
řN

k“1 IkPKh
`

x´
Q

ptkq
˘

is dominated by

ˇ

ˇ

ˇ

N
ÿ

k“1

IkPKh
`

x´
Q

ptkq
˘

ˇ

ˇ

ˇ
ď

8
ÿ

k“1

IkPK

ˇ

ˇh
`

x´
Q

ptkq
˘ˇ

ˇ ď hQ

`

N̄QpT q ´ N̄Qpτq
˘

, @N ě 1

and we can bound the expected value of the random variable on the right-hand side using Lemma 5.1 as
follows

E
“

hQ

`

N̄QpT q ´ N̄Qpτq
˘‰

ď hQλmaxpT ´ τq ă 8.
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We therefore conclude from (A.9), the Dominated Convergence Theorem [16, p. 46], and Lemma A.1 that22

E
”

8
ÿ

k“1

IkPK

´

V
`

xQptkq
˘

´ V
`

x´
Q

ptkq
˘

¯

| Fτ

ı

“ E
”

8
ÿ

k“1

IkPKh
`

x´
Q

ptkq
˘

| Fτ

ı

“
8
ÿ

k“1

E
“

IkPKh
`

x´
Q

ptkq
˘

|Fτ

‰

“
8
ÿ

k“1

E
”

ż T^tk

pτ_tk´1q^T

phλqQ
`

xQptq
˘

dt | Fτ

ı

. (A.10)

To apply Lemma A.1, need the map t ÞÑ h
`

ϕpt; t0, x0q
˘

to be integrable on any finite interval rt0, T s,
@T ă Tt0,x0

, for every fixed t0 ě 0, x0 P X , which is guaranteed by the fact that V P D, because of
Property P4.

We now use the Dominated Convergence Theorem again to move the series back inside the expectation in
(A.10). Since t0 “ 0 ď τ , the finite sum

N
ÿ

k“1

ż T^tk

pτ_tk´1q^T

phλqQ
`

xQptq
˘

dt

is dominated by

ˇ

ˇ

ˇ

N
ÿ

k“1

ż T^tk

pτ_tk´1q^T

phλqQ
`

xQptq
˘

dt
ˇ

ˇ

ˇ
“
ˇ

ˇ

ˇ

ż T^tN

τ

phλqQ
`

xQptq
˘

dt
ˇ

ˇ

ˇ
ď hQλmaxpT ´ τq,

@N ě 1. Moreover, since tN eventually becomes larger than T 23, beyond which
Ipτ^TQ,T^TQspsqh

`

ϕs,τ_tk´1
pxpτ _ tk´1qq

˘

“ 0, we have that

8
ÿ

k“1

ż T^tk

pτ_tk´1q^T

phλqQ
`

xQptq
˘

dt “ lim
NÑ8

ż T^tN

τ

phλqQ
`

xQptq
˘

dt
wpo
“

ż T

τ

phλqQ
`

xQptq
˘

dt.

We can then use the Dominated Convergence Theorem [16, p. 46] to move the series in the right-hand side
of (A.10) inside the expectation and conclude that

E
”

8
ÿ

k“1

IkPK

´

V
`

xQptkq
˘

´ V
`

x´
Q

ptkq
˘

¯

| Fτ

ı

“ E
”

8
ÿ

k“1

ż T^tk

pτ_tk´1q^T

phλqQ
`

xQptq
˘

dt | Fτ

ı

“ E
”

ż T

τ

phλqQ
`

xQptq
˘

dt | Fτ

ı

. (A.11)

If we now take expectations of (A.8) conditioned to the σ-algebra Fτ and use (A.11), we obtain

E
“

V
`

xQpT q
˘ ˇ

ˇ Fτ

‰

“ V
`

xQpτq
˘

` E
”

ż T

τ

Lf,QV
`

xQptq
˘

dt `

ż T

τ

phλqQ
`

xQptq
˘

dt
ˇ

ˇ Fτ

ı

,

from which (6.2a) follows, using the definitions of Lf,QV , phλqQ, and LQV . The second equality (6.2b) is
then obtained using Fubini’s Theorem to interchange the integration with respect to time and the expected
value [16, p. 53].

The fact that the equations (6.2) also hold for the natural filtration tF̄t : t ě 0u of the process xQptq, t ě 0
follows from the fact each F̄t Ă Ft, @t ě τ and the Smoothing Property of the conditional expectations [16,
p. 45].

22While the sum inside the expectation in the left-hand side of (A.10) is finite with probability one, the sum outside the
expectation in the right-hand side of (A.10) will generally be a series and therefore we do need to use the Dominated Convergence
Theorem.

23Recall that when there was a finite number of jumps, we “completed” the sequence tk with values larger than T
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Proof of Lemma 7.3. Since

 

ω P Ω
ˇ

ˇ Dt P rτ ,8q : Mptq ě m
(

“
ď

Tě0

 

ω P Ω
ˇ

ˇ Dt P rτ , τ _ T s : Mptq ě m
(

,

with the sequence of sets inside the union monotonically increasing with T (with respect to the inclusion
partial order), we conclude that24

P
`

Dt P rτ ,8q : Mptq ě m | Fτ

˘ wpo
“ lim

TÑ8
P
`

Dt P rτ , τ _ T s : Mptq ě m | Fτ

˘

. (A.12)

To establish an upper bound for the right-hand side of the above equation, pick some time T ě 0 and define
the stopping time

Tm – inf
´

 

t P rτ , τ _ T q : Mptq ě m
(

Y tτ _ T u
¯

“ sup
´

 

s P rτ , τ _ T q : Mptq ă m, @t P rτ, sq
(

Y tτ u
¯ wpo

ě τ ,

where τ _ T – maxtτ , T u. In essence, Tm is the first time in rτ , T s at which Mptq becomes larger than or
equal to m, with the understanding that Tm “ τ _T if Mptq never gets this large. In view of this definition,

PpDt P rτ , τ _ T s : Mptq ě m | Fτ

˘ wpo
“ P

`

MpTmq ě m | Fτ

˘ wpo

ď
E
“

MpTmq | Fτ

‰

m
,

where the last inequality is a consequence of Markov’s inequality. Since τ

wpo

ď Tm ď τ _ T
wpo
ă 8

and M is nonnegative, we can use Doob’s stopping Theorem [14, Theorem 1.39, p. 10] to conclude that

E
“

MpTmq | Fτ

‰ wpo

ď Mpτ q, from which we further conclude that

PpDt P rτ , τ _ T s : Mptq ě m | Fτ

˘ wpo

ď
Mpτ q

m
, @T ě 0.

The result then follows from using this upper bound in (A.12) and using the fact that uptq ď upτq, @t ě τ .

The following result is inspired by Barbalat’s Lemma [15].

Lemma A.2 (Comparison). Given two non-negative scalar signals u, v : r0,8q Ñ r0,8q such that

upT q ď uptq ´

ż T

t

vprqdr, vpT q ě vptq ´

ż T

t

`

aupsq ` b
˘

ds, @T ě t ě 0, (A.13)

we have that limtÑ8 vptq “ 0 and , for every ǫ ą 0,

vptq ď
´ 1

2ǫ
` a ǫ

¯

upτq ` b ǫ, @t ě τ ě 0. (A.14)

l

Proof of Lemma A.2. From the right-hand side inequality in (A.13), we conclude that

ż T

t

vprqdr ě

ż T

t

´

vptq ´

ż r

t

`

aupsq ` b
˘

¯

dr ě

ż T

t

´

vptq ´

ż r

t

`

auptq ` b
˘

¯

dr

“ vptqpT ´ tq ´
`

auptq ` b
˘ pT ´ tq2

2
, @T ě t ě 0, (A.15)

24We are using the fact that if E1 Ă E2 Ă E3 Ă ¨ ¨ ¨ , then PpY8
i“1Eiq “ limiÑ8 PpEiq.
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where the second inequality is a consequence of the fact that upsq ď uptq, @s ě t because of the left-hand
side inequality in (A.13) and the fact that v is non-negative. Replacing this integral in the left-hand side
inequality in (A.13), we conclude that

upT q ď uptq ´ vptqpT ´ tq `
`

auptq ` b
˘ pT ´ tq2

2
,

which is equivalent to

vptq ď
uptq ´ upT q

T ´ t
`
`

auptq ` b
˘T ´ t

2
ď
´ 1

T ´ t
` a

T ´ t

2

¯

uptq `
bpT ´ tq

2
.

Inequality (A.14) follows from specializing this inequality to ǫ “ T´t
2

ô T ´ t “ 2ǫ. To prove that
limtÑ8 vptq “ 0, we assume by contradiction that there exists some δ ą 0 and an unbounded monotonically
increasing sequence to times ttn : n ě 0u such that

vptnq ě δ, @n ě 0. (A.16)

We therefore conclude from (A.15) that

ż T

tn

vprqdr ě vptnqpT ´ tnq ´
`

auptnq ` b
˘ pT ´ tnq2

2

ě δpT ´ tnq ´
`

aup0q ` b
˘ pT ´ tnq2

2
, @n ě 0, T ě tn,

where the second inequality is a consequence of (A.16) and the fact that uptq ď up0q, @t ě 0. In particular,
for T “ tn ` δ

aup0q`b
, we conclude that

ż tn` δ
aup0q`b

tn

vprqdr ě
1

2

δ2

aup0q ` b
.

Without loss of generality, we shall assume that the times in the sequence tn are separated by more than
δ

aup0q`b
, in which case

ż 8

0

vprqdr ě
8
ÿ

n“0

ż tn` δ
aup0q`b

tn

vprqdr ě
8
ÿ

n“0

1

2

δ2

aup0q ` b
“ `infty.

On the other hand, left-hand side inequality in (A.13) implies that

lim
TÑ8

upT q ď up0q ´

ż 8

0

vprqdr “ ´8,

which contradicts the fact that u is non-negative.
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