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Abstract

In this paper we compute the root-mean-square (RMS) gain of a switched linear system
when the interval between consecutive switchings is large. The algorithm proposed is based on
the fact that a given constant γ provides an upper bound on the RMS gain whenever there is
a separation between the stabilizing and the antistabilizing solutions to a set of γ-dependent
algebraic Riccati equations. The motivation for this problem is the application of robust stability
tools to the analysis of hybrid systems.

1 Introduction

A switched linear system is defined by a linear differential equation for which the matrices that
appear in the right-hand-side are piecewise constant. The times at which these matrices are dis-
continuous are called “switching times.” Formally, to define a switched linear system one considers
a family of n-dimensional, m-input, k-output minimal realizations{

(Ap, Bp, Cp,Dp) : p ∈ P}
, (1)

parameterized by an index set P, together with a family of piecewise constant signals

S := {σ : [0,∞) → P}.

For a given signal σ ∈ S, one can then define the following linear time-varying system

ẋ = Aσ(t)x + Bσ(t)u, y = Cσ(t)x + Dσ(t)u. (2)

∗This material is based upon work supported by the National Science Foundation under the Grant No. ECS-
0093762.
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The signal σ is called a switching signal and the times at which it is discontinuous are called switch-
ing times. Between switching times the dynamics of (2) are time-invariant. Typically, switching
signals are generated by a supervisory logic and different values of σ correspond to distinct modes
of operation [1]. In this paper we consider switched systems for which all the matrices Ap, p ∈ P
are Hurwitz. For simplicity of notation, in the sequel we drop the time-dependence in σ(t) when
the switching signal is used as a subscript to the matrices in (1).

For different switching signals σ, the system (2) has different properties. However, it is useful
to study properties of this system that hold for every σ in a particular set of switching signals S.
Stability is a property that has been extensively investigated for several sets of switching signals:
We say that (2) is uniformly exponentially stable over S when the state transition matrix Φσ(t, τ)
of the switched system ż = Aσz can be bounded by1

‖Φσ(t, τ)‖ ≤ ce−λ(t−τ), ∀t, τ ≥ 0, ∀σ ∈ S,

where the constants c, λ > 0 are chosen independently of σ in S. In [2, 3, 4, 5, 6, 7, 8, 9, 10] conditions
are presented that guarantee stability of (2) for every set of switching signals S. It is also well
known (cf., e.g., [11]) that (2) is uniformly exponentially stable as long as S only contains signals
with consecutive switching times separated by a sufficiently long interval. In particular, defining
S[τD], τD > 0 to be the set of switching signals with interval between consecutive discontinuities no
smaller than τD, there exists a τ∗

D > 0 so that (2) is uniformly exponentially stable over any S[τD],
τD ≥ τ∗

D. The minimum interval τD between consecutive switching times is called the dwell-time.
In [12] it is shown that uniform exponential stability is preserved when the set of switching signals
is enlarged to contain signals that occasionally have dwell times smaller than τD, provided that this
does not happen on-the-average (slow-switching on-the-average). The reader is referred to [13, 1]
for a discussion of these and related results.

Surprisingly, there has been relatively little work on the study of input-output properties that
hold over sets of switching signals. A notable exception is the study of passivity-like conditions for
switched systems in [14]. In this paper we study the root-mean-square (RMS) gain of a switched
system [15, 12, 16]. RMS gains are typically needed to evaluate the performance of closed-loop
systems with hybrid controllers or processes. This analysis also finds application in the use of
robust control techniques in the stability analysis of hybrid systems.

Given a set of switching signals S, we define the RMS gain of (2) over S to be the smallest
scalar gS ≥ 0 for which

gS := inf{γ ≥ 0 : ‖y‖2 ≤ γ‖u‖2, ∀u ∈ L2, σ ∈ S},

where y is computed along solutions to (2) with x(0) = 0. The RMS gain gS can be viewed as a
“worst-case” energy amplification gain for the switched system, over all possible input and switching
signals.

When (2) is uniformly exponentially stable over S, the RMS gain gS is known to be finite.
Since both switching with large dwell-time and slow-switching on-the-average result in exponential
stability, either of these forms of slow switching result in a finite RMS gain gS . In [15, 12, 16]

1Given a vector a and a matrix A we denote by ‖a‖ and ‖A‖ the Euclidean norm of a and the largest singular
value of A, respectively. Given a vector or matrix-valued measurable signal z defined on [0,∞), we denote by ‖z‖2

the L2-norm
(∫ ∞

0
‖z(t)‖2dt

) 1
2 of z. The set of signals z for which ‖z‖2 is finite is denoted by L2.

2



one can find upper bounds on RMS gains over appropriately defined sets of switching signals that
satisfy the slow-switching properties mentioned above. However, these bounds are typically very
conservative and prompted us to compute the precise value of the RMS gain under slow-switching.

The RMS gain over the set of switching signals S[τD] with dwell-time τD > 0 is a monotone
decreasing function of τD. This is simply because, given two dwell-times τD1 ≤ τD2, we have that
S[τD1 ] ⊃ S[τD2]. One can then ask: What is the smallest RMS gain that can be obtained for (2) by
increasing the dwell-time? To answer this question we define the slow-switching RMS gain, by

gslow := inf
τD>0

gS[τD]. (3)

Since every S[τD], τD > 0 contains the constant switching signals σ(t) = p, t ≥ 0, p ∈ P, gslow is
necessarily larger or equal to the RMS gains of all the “unswitched systems,” i.e.,

gslow ≥ gstatic := sup
p∈P

‖Cp(sI − Ap)−1Bp + Dp‖∞, (4)

where ‖T‖∞ denotes the H∞-norm of a transfer matrix T , i.e., ‖T‖∞ := sup�[s]≥0 ‖T (s)‖. We
recall that ‖T‖∞ is numerically equal to the RMS gain of any linear time-invariant system with
transfer matrix T . Until recently, it was believed that the inequality in (4) was actually an equality.
This would mean that, by switching sufficiently slow, one would recover the RMS gains of the
“unswitched systems,” which are realization independent. It turns out that this is not true and
the above inequality is often strict. The following simple example illustrates this and also provides
some intuition on the difficulties introduced by switching: Consider a SISO switched system

ẋ = Aσx + bσu, y = cσx, (5)

for which the switching signal σ takes values in the set P := {1, 2} and both unswitched systems
have H∞-norm (and therefore RMS gain) equal to one, i.e.,

‖cp(sI − Ap)−1bp‖∞ = 1, p ∈ P. (6)

Consider also the switching signal

σ(t) :=

{
1 t < 1
2 t ≥ 1

t ≥ 0. (7)

Since σ has a single discontinuity, it belongs to every family of switching signals S[τD], τD > 0.
Take now the following probe input signal with L2-norm equal to one:

u(t) :=

{
1 t < 1
0 t ≥ 1

t ≥ 0. (8)

The output of (5) corresponding to the switching signal (7) and the input (8) is given by

y(t) =

{
c1

( ∫ t
0 eA1(t−τ)dτ

)
b1 0 ≤ t < 1

c2e
A2(t−1)

( ∫ 1
0 eA1(1−τ)dτ

)
b1 t ≥ 1

t ≥ 0.

It turns out that c2 can be chosen arbitrarily large without violating (6), provided that b2 is
sufficiently small. Therefore, by appropriate choice of c2, the L2-norm of y can actually be very
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large (in particular larger than 1) for a unit-norm input, even though we are switching between two
systems with RMS gain equal to one. The intuition behind this example is that for t < 1 the input
energy is “stored” in the system through one realization (perhaps through a “large” b1) and then
it is “released” to the output for t ≥ 1 through a different realization (perhaps through a “large”
c2). From this example, we conclude that even for very slow switching (in the extreme a single
switch), the RMS gain of a switched system can be arbitrarily larger than the RMS gains of the
“unswitched systems.” Moreover, the RMS gain of a switched system is realization dependent and
cannot be determined just from the transfer functions of the systems being switched. The goal of
this paper is then to compute the slow-switching RMS gain gslow defined by (3).

For linear time-invariant systems, the RMS gain can be determined by solving algebraic Riccati
equations. In particular, it is well known (Bounded-real Lemma) that the RMS gain is smaller than
a given constant γ > 0 if and only if an algebraic Riccati equation of the form

S(P ; γ) := A′
γP + PAγ + PRγP + Qγ = 0, (9)

has a positive definite solution P , where Aγ , Qγ , and Rγ are appropriately defined γ-dependent
n×n real matrices with Qγ and Rγ symmetric and positive semidefinite (cf. Theorem 1 in Section 3
for details). This allows one to determine the precise value of the RMS gain of a system by using
a bisection algorithm to find the smallest value of γ for which a positive definite solution to (9)
exists [17]. Although in general algebraic Riccati equations have more than one solution, in order
to determine the RMS gain of a time-invariant system it is sufficient to find one of these solutions.
However, to determine the RMS gain of a switched system, we have to pay special attention to
the multiple solutions to the algebraic Riccati equations involved. We shall see below that the
condition for the slow-switching RMS gain of a switched system to be smaller than γ requires a
separation between all the stabilizing and all the antistabilizing solutions to the algebraic Riccati
equations of the systems being switched.

The remaining of this paper is organized as follows: In Section 2 we derive a general formula for
the RMS gain of a switched system in terms of the solution to a differential Riccati equation. This
prompts us to investigate the solutions to differential Riccati equations, which is done in Section 3.
In Section 4 we determine upper and lower bounds on the RMS gain of a switched system over the
set S1 of switching signals with no more than one discontinuity. We then show in Section 5 that
these same bounds are also valid for the slow-switching RMS gain. A bisection-type algorithm to
compute it is given in Section 6. Section 7 illustrates the results presented in the context of an
example. Section 8 contains final conclusions and directions for future research. A partial version of
the results in this paper will be presented at the Fifth Hybrid Systems: Computation and Control
Workshop, Stanford, March 2002.

2 Computation of RMS gains

To determine the RMS gain of (2) over S we consider the following optimization problem:

J(γ, σ) := lim
T→∞

sup
u∈L2

∫ T

0
‖y(τ)‖2 − γ2‖u(τ)‖2dτ, γ ≥ 0, σ ∈ S,

where y is computed along solutions to (2) with x(0) = 0. The RMS gain of (2) over S is then
given by

gS := inf{γ ≥ 0 : J(γ, σ) ≤ 0, ∀σ ∈ S}. (10)
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Note that because the system is linear, when J(γ, σ) > 0 we must actually have J(γ, σ) = +∞,
which means that J(γ, σ) ≤ 0 in (10) could be replaced by J(γ, σ) < ∞. It is also sufficient to
consider the case γ > ‖Dp‖, p ∈ P as the RMS gain is always larger or equal to any of the high
frequency gains ‖Dp‖ because of (4).

We shall use dynamic programming to compute J(γ, σ) for a given σ ∈ S and γ > ‖Dp‖, p ∈ P.
To this effect let us define the following finite-horizon “cost-to-go:”

V (x0, t;T, γ, σ) := sup
u∈L2,x(t)=x0

∫ T

t
‖y(τ)‖2 − γ2‖u(τ)‖2dτ.

The corresponding dynamic-programming equation2 is given by3

−Vt = sup
u∈R

‖Cσx0 + Dσu‖2 − γ2‖u‖2 + Vx

(
Aσx0 + Bσu

)
(11)

= sup
u∈R

VxAσx0 + x′
0C

′
σCσx0 +

(1
2
VxBσ + x′

0C
′
σDσ

)
X−1

(1
2
B′

σV ′
x + D′

σCσx0

)

−
(
u′X − 1

2
VxBσ − x′

0C
′
σDσ

)
X−1

(
Xu − 1

2
B′

σV ′
x − D′

σCσx0

)
= VxAσx0 + x′

0C
′
σCσx0 +

(1
2
VxBσ + x′

0C
′
σDσ

)
X−1

(1
2
B′

σV ′
x + D′

σCσx0

)
, (12)

where Xp := γ2I −D′
pDp > 0. Since for a fixed σ we are dealing with a linear time-varying system,

we can restrict our attention to costs-to-go of the form V (x0, t;T, γ, σ) = x′
0P (t)x0, t ≥ 0 with P (t)

real symmetric. Replacing this in (12) we obtain

0 = x′
0

(
Ṗ + PAσ + A′

σP + C ′
σCσ + (PBσ + C ′

σDσ)X−1
σ (B′

σP + D′
σCσ)

)
x0,

for every x0, which (because of symmetry) actually implies that

−Ṗ = PAσ + A′
σP + C ′

σCσ + (PBσ + C ′
σDσ)X−1

σ (B′
σP + D′

σCσ) = Sσ(P ; γ), (13)

where

Sp(P ; γ) := PĀp + ĀpP + Qp + PRpP, p ∈ P, (14)

with Āp := Ap + BpX
−1
p D′

pCp, Rp := BpX
−1
p B′

p, Qp := C ′
p(I + DpX

−1
p D′

p)Cp. Moreover,

P (T ) = 0, (15)

2Equation (11) could be derived as follows: For an elementary interval dt > 0, we can write

V (x0, t; T, γ, σ) = sup
u∈L2,x(t)=x0

∫ t+dt

t

‖y(τ )‖2 − γ2‖u(τ )‖2dτ +

∫ T

t+dt

‖y(τ )‖2 − γ2‖u(τ )‖2dτ

= sup
u(t)∈R

(‖Cσ(t)x0 + Dσ(t)u(t)‖2 − γ2‖u(t)‖2)dt + V
(
x0 + (Aσ(t)x0 + Bσ(t)u(t))dt, t + dt;T, γ, σ

)
.

Subtracting V (x0, t + dt;T, γ, σ) to both sides of the above equation, dividing by dt and taking the limit as dt → 0,
we obtain (11).

3For simplicity we dropped the dependence of (x0, t; T, γ, σ) on V . We denote the partial derivatives of V with
respect to t and x by Vt and Vx, respectively.
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since V (x0, T ;T, γ, σ) = 0 for every x0. Since (13) is locally Lipschitz with respect to P , we conclude
that J(γ, σ) < ∞ if and only if the unique solution to the final value problem (13)–(15) exists on
every interval [0, T ), T > 0 (cf. Appendix for details). Therefore

gS = inf
{
γ ≥ 0 : solution to (13)–(15) exists on [0, T ), ∀T > 0, σ ∈ S

}
. (16)

To compute the RMS gain of a switched system we must then study the existence of solution to a
differential Riccati equation. We do this in the following section.

3 Differential Riccati equations

We start by considering the following algebraic Riccati equation

S(P ) := A′P + PA + PRP + Q = 0, (17)

where A, Q, and R are n×n real matrices with Q and R symmetric. Associated with this equation
one defines a 2n × 2n Hamiltonian matrix by

H :=
[

A R
−Q −A′

]
.

In the sequel, we say that a matrix P− is a stabilizing solution to the algebraic Riccati equation (17)
if P− is real, symmetric, positive definite, and A + RP− is Hurwitz. We say that P+ is an
antistabilizing solution to (17) if P+ is real, symmetric, positive definite, and −(A + RP+) is
Hurwitz. The following theorem is a consequence of several well known results on algebraic Riccati
equations. For completeness we include in the Appendix the main steps needed to prove it.

Theorem 1. Consider a minimal realization (Ā, B̄, C̄, D̄) with Ā Hurwitz and

‖C̄(sI − Ā)−1B̄ + D̄‖∞ < γ (18)

for some γ > 0. Then ‖D‖ < γ and there exist stabilizing and antistabilizing solutions P− and P+,
respectively, to the algebraic Riccati equation (17) with

A := Ā + B̄X̄−1D̄′C̄, R := B̄X̄−1B̄′,

Q := C̄ ′(I + D̄X̄−1D̄′)C̄, X̄ := γ2I − D̄′D̄.

Moreover, P+ − P− > 0 4 and these solutions can be computed by

P− = P−
2 (P−

1 )−1, P+ = P+
2 (P+

1 )−1, (19)

where the columns of [ P−
1

′
P−

2

′ ]′ and [ P+
1

′
P+

2

′ ]′ are chosen to form bases for the stable and antistable
invariant5 subspaces of H, respectively. The matrices P−

1 and P+
1 above are guaranteed to be

nonsingular.
4Given a symmetric matrix Q we write Q > 0, Q ≥ 0, Q < 0, and Q ≤ 0 when Q is positive definite, positive

semidefinite, negative definite, and negative semidefinite, respectively. We write Q �≥ 0 when Q is nonsingular and
not positive semidefinite (therefore Q must have at least one strictly negative eigenvalue). Similarly, Q �≤ 0 means
that Q is nonsingular and not negative semidefinite.

5Let H be a matrix with characteristic polynomial α(s) = α−(s)α0(s)α+(s), where all roots of the polynomials
α−(s), α+(s), and α0(s) have negative, positive, and zero real parts, respectively. The stable and antistable invariant
subspaces of H are defined to be Ker α−(H) and Ker α+(H), respectively.
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Consider now the final-value solution to the following differential Riccati equation

−Ṗ = S(P ) = A′P + PA + PRP + Q, P (t0) = P0, t ≤ t0. (20)

The following theorem is inspired by results from [19] and [20, Chapter 3].

Theorem 2. Suppose that there exist stabilizing and antistabilizing solutions to (17) with P+ −
P− > 0.

(i) When P0 − P+ is nonsingular, the solution Π(t;P0) to (20) is given by

Π(t;P0) = P+ + Λ(t)−1, t ≤ t0,

with

Λ(t) := e(A+RP+)(t−t0)
(
(P0 − P+)−1 + (P+ − P−)−1

)
e(A+RP+)′(t−t0) − (P+ − P−)−1 (21)

on the interval I on which Λ is nonsingular.

(ii) When R ≥ 0 and P0 − P+ < 0 the solution Π(t;P0) to (20) exists globally for t ≤ t0 and
Π(t;P0) → P− as t → −∞. The same result holds when R ≤ 0 and P0 − P+ > 0.

(iii) When R ≥ 0 and P0 − P+ 
≤ 0, the solution Π(t;P0) to (20) has finite escape time. The
same result holds when R ≤ 0 and P0 − P+ 
≥ 0.

Proof of Theorem 2. To prove (i), let P := P+ + Λ−1, t ∈ I. Since (P − P+)Λ = I, we conclude
that ṖΛ + (P − P+)Λ̇ = 0. On the other hand, differentiating (21), we obtain

Λ̇ = (A + RP+)(Λ + (P+ − P−)−1) + (Λ + (P+ − P−)−1)(A + RP+)′.

Therefore,

ṖΛ + (P − P+)(A + RP+)(Λ + (P+ − P−)−1) + (P − P+)(Λ + (P+ − P−)−1)(A + RP+)′ = 0,

which is further equivalent to

− Ṗ = (P − P+)(A + RP+) + (A + RP+)′(P − P+)

+ (P − P+)
(
(A + RP+)(P+ − P−)−1 + (P+ − P−)−1(A + RP+)′

)
(P − P+), (22)

because Λ−1 = P − P+. Moreover, since

0 = S(P+) − S(P−) = A′(P+ − P−) + (P+ − P−)A + P+RP+ − P−RP−

= (A + RP+)′(P+ − P−) + (P+ − P−)(A + RP+) − (P+ − P−)R(P+ − P−),

we conclude that

(P+ − P−)−1(A + RP+)′ + (A + RP+)(P+ − P−)−1 − R = 0. (23)
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From this and (22), we obtain

−Ṗ = (P − P+)(A + RP+) + (A + RP+)′(P − P+) + (P − P+)R(P − P+)
= PA + A′P + PRP − P+A − A′P+ − P+RP+

= PA + A′P + PRP + Q − S(P+)

Since S(P+) = 0, we conclude that P satisfies the differential equation in (20). Moreover, because
Λ(t0) = (P0 − P+)−1, we conclude that P (t0) = P0 and therefore P+ + Λ−1 is indeed the solution
to (20) on I.

To prove (ii), let

Γ(t) := e(A+RP+)(t−t0)(P+ − P−)−1e(A+RP+)′(t−t0) − (P+ − P−)−1. (24)

Differentiating this equation, we conclude that Γ is the solution to the following differential Lya-
punov equation

Γ̇ = (A + RP+)(Γ + (P+ − P−)−1) + (Γ + (P+ − P−)−1)(A + RP+)′

= (A + RP+)Γ + Γ(A + RP+)′ + R,

with initial condition Γ(t0) = 0. Here, we used (23). Since, for R ≥ 0,

Γ(t) =
∫ t

t0

e(A+RP+)(t−τ)Re(A+RP+)′(t−τ)dτ ≤ 0, t ≤ t0,

we conclude that

Λ(t) = e(A+RP+)(t−t0)(P0 − P+)−1e(A+RP+)′(t−t0) + Γ(t)

≤ e(A+RP+)(t−t0)(P0 − P+)−1e(A+RP+)′(t−t0), t ≤ t0.

Since e(A+RP+)(t−t0) is nonsingular for any finite t, we conclude that Λ(t) < 0, ∀t ≤ t0 and there-
fore I = (−∞, t0] whenever P0 − P+ < 0. In this case, and because −(A + RP+) is Hurwitz,
e(A+RP+)(t−t0) → 0 as t → −∞. Therefore Λ(t) → −(P+ − P−)−1 and P (t) → P− as t → −∞.
Note that for R ≤ 0, we have Γ(t) ≥ 0, ∀t ≤ t0. In this case P0 − P+ > 0 guarantees that Λ(t)
remains positive definite for t ≤ t0, also leading to global existence of solution.

To prove (iii) note that because −(A + RP+) is a stability matrix, Γ(t) above converges to a
negative definite matrix as t → −∞ and, since Λ and Γ only differ by a term that converges
to zero as t → −∞, Λ(t) must also converge to a negative definite matrix. Suppose now that
Λ(t0) = (P0 − P+)−1 
≤ 0 and therefore that Λ(t0) must have at least one positive eigenvalue.
Since as t → ∞ all eigenvalues of Λ(t) must become negative and the eigenvalues are continuous
functions of t, Λ(t) must be singular for some finite time resulting in finite escape time for the
solution Π(t;P0) = P+ + Λ−1(t). A similar argument could be used for the case R ≤ 0 and
P0 − P+ 
≥ 0.

4 RMS gain of single-switch systems

In this section we consider the set S1 of switching signals with no more than one discontinuity.
Using the results from the previous section we compute bounds on the RMS gain gS1 of (2) over
S1:
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Theorem 3. Assume that the realizations in (1) are minimal. Given any γ > gstatic,

∃p, q ∈ P P+
q − P−

p 
≥ 0 ⇒ gS1 ≥ γ (25)

∀p, q ∈ P P+
q − P−

p > 0 ⇒ gS1 ≤ γ, (26)

where P+
p and P−

p , p ∈ P respectively denote the stabilizing and antistabilizing solutions to the
algebraic Riccati equation Sp(P ; γ) = 0, with Sp defined by (14).

Before proving Theorem 3, it is interesting to note that the condition in (26) that gives the upper
bound on the RMS gain requires a separation between all the stabilizing and all the antistabilizing
solutions to the algebraic Riccati equations of the systems being switched. Note that for p = q,
the fact that the qth system has RMS gain smaller than γ already guarantees that P+

q − P−
q > 0

(cf. Theorem 1). However, this is not enough for gS1 to be smaller or equal to γ. Indeed, we need
all the stabilizing solutions P−

p to be “smaller” than all the antistabilizing solutions P+
q .

Proof of Theorem 3. To prove (25) we show that when P+
q − P−

p 
≥ 0 for some p, q ∈ P, the RMS
gain gS1 given by (16) must be larger or equal to γ because the solution to (13)–(15) does not exist
for some T > 0, σ ∈ S. To this effect suppose that there are p, q ∈ P for which P+

q − P−
p 
≥ 0 and

take

σ(t) :=

{
q t < Tswitch

p t ≥ Tswitch

t ≥ 0, (27)

for some Tswitch > 0. Because Rp ≥ 0 and −P+
p < 0 (cf. Theorem 1), we conclude from Theo-

rem 2 (ii) that the solution to (13)–(15) exists for every t ∈ [Tswitch, T ). Moreover, if σ where equal
to p for all times, we would actually have P (t) → P−

p as t → −∞. This means that by choosing T
sufficiently large, it is possible to have P (Tswitch) sufficiently close to P−

p so that P+
q −P (Tswitch) 
≥ 0.

Here, we are using the fact that the set {P : P+
q − P 
≥ 0} is open and therefore if P (Tswitch) is

sufficiently close to the element P−
p of this set, it must be inside the set. Once it is known that T

is chosen such that P+
q − P (Tswitch) 
≥ 0, by applying Theorem 2 to solve (13)–(15) for t ≤ Tswitch,

we conclude from (iii) that the solution is actually only defined in an interval (Tescape, Tswitch] of
finite length. Because of time invariance, we can choose T sufficiently large so that Tescape > 0. So
the solution to (13)–(15) does not exist globally. This finishes the proof of (25).

To prove (26) we show directly that when P+
q − P−

p > 0 for every p, q ∈ P, we have ‖y‖2 ≤ γ‖u‖2

for every input and switching signals. To this effect pick arbitrary u ∈ L2, σ ∈ S1 and define

v(t) := V (x(t), t) +
∫ t

0
‖y(τ)‖2 − γ2‖u(τ)‖2dτ, t ≥ 0,

where x and y are evaluated along a solution to (2) and V (x, t) := x′P (t)x, t ≥ 0. Here, P (t),
t ∈ [0,∞) denotes a time-varying continuous real symmetric matrix with the property that on any
interval on which σ is constant we have

−Ṗ = Sσ(P ; γ). (28)

To construct such P (t) we use the fact that because σ ∈ S1, the switching signal must be of the
form (27) (possibly with p = q if it is actually constant). Suppose then that for t > Tswitch we set
P (t) constant and equal to P−

p , and for t ≤ Tswitch, P (t) is defined by the final value problem

−Ṗ = Sq(P ; γ), P (Tswitch) = P−
p .

9



The function P (t) is well defined on t ∈ [0, Tswitch] because P−
p − P+

q < 0 (cf. Theorem 2 (ii)) and
also on t ∈ (Tswitch,+∞) because we are simply setting it to be equal to P−

p on this interval. By
construction this choice of P (t) is continuous and does satisfy (28) on every interval on which σ is
constant. Because of (28), on any such interval we have

v̇ = x′Ṗ x + Vx(Aσx + Bσu) + ‖Cσx + Dσu‖2 − γ2‖u‖2

= x′Ṗ x + VxAσx0 + x′
0C

′
σCσx0+

+
(1

2
VxBσ + x′

0C
′
σDσ

)
X−1

(1
2
B′

σV ′
x + D′

σCσx0

)
−

(
u′X − 1

2
VxBσ − x′

0C
′
σDσ

)
X−1

(
Xu − 1

2
B′

σV ′
x − D′

σCσx0

)
≤ x′Ṗ x + VxAσx0 + x′

0C
′
σCσx0+

+
(1

2
VxBσ + x′

0C
′
σDσ

)
X−1

(1
2
B′

σV ′
x + D′

σCσx0

)
,

= x′(Ṗ + Sσ(P ; γ)
)
x = 0.

(cf. equations (12)–(13)). We then conclude that v decreases between discontinuities of σ and is
continuous at the switching time Tswitch. Therefore v(t) ≤ v(0) = x(0)′P (0)x(0), ∀t ≥ 0. For a zero
initialization of (2) we then conclude that v(t) ≤ 0, ∀t ≥ 0, or equivalently that∫ t

0
‖y(τ)‖2 − γ2‖u(τ)‖2dτ ≤ −V (x(t), t), ∀t ≥ 0.

Since u ∈ L2, limt→∞ x(t) = 0 and therefore
∫ ∞
0 ‖y(τ)‖2 − γ2‖u(τ)‖2dτ ≤ 0. This concludes the

proof since it shows that indeed ‖y‖2 ≤ γ‖u‖2.

5 Slow-switching RMS gain

In this section we show that the upper and lower bounds provided by Theorem 3 on the RMS gain
gS1 of (2) over S1 also hold for the slow-switching RMS gain gslow of (2). For simplicity, in this
section we assume that the set P is finite, i.e., that we are switching among a finite number of
systems. However, it would be straightforward to replace this assumption by uniformity conditions
on the systems being switched, e.g., compactness of the family of realizations {Ap, Bp, Cp,Dp : p ∈
P}.
Theorem 4. Assume that the realizations in (1) are minimal and P is finite. Given any γ > gstatic

∃p, q ∈ P P+
q − P−

p 
≥ 0 ⇒ gslow ≥ γ (29)

∀p, q ∈ P P+
q − P−

p > 0 ⇒ gslow ≤ γ, (30)

where P+
p and P−

p , p ∈ P respectively denote the stabilizing and antistabilizing solutions to the
algebraic Riccati equation Sp(P ; γ) = 0, with Sp defined by (14).

Proof of Theorem 4. To prove (29) note that for any τD > 0, S1 ⊂ S[τD] and therefore gS1 ≤ gslow.
From Theorem 3 we then conclude that

∃p, q ∈ P P+
q − P−

p 
≥ 0 ⇒ gS1 ≥ γ ⇒ gslow ≥ gS1 ≥ γ.
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To prove (30) assume that P+
q − P−

p > 0 for every p, q ∈ P and therefore that we can select a
positive constant ε and matrices P(p,q), p, q ∈ P such that

‖P − P−
p ‖ ≤ ε ⇒ P+

q > P(p,q) ≥ P, ∀p, q ∈ P. (31)

In practice, P(p,q) can be any matrix sufficiently close to P−
p so that P+

q > P(p,q) > P−
p and ε a

sufficiently small positive constant so that for any P such that ‖P−P−
p ‖ ≤ ε we still have P(p,q) ≥ P .

Since P(p,q)−P+
q < 0, we conclude from Theorem 2 (ii) that the solution to the final value problem

−Ṗ = Sq(P ; γ), P (T ) = P(p,q), (32)

exists globally and converges to P−
q as t → −∞. Pick now a constant τD sufficiently large so that

‖P (t) − P−
q ‖ ≤ ε, ∀t ≤ T − τD regardless of the choices for p and q in (32). We show next that

the RMS gain over S[τD] is smaller or equal to γ and therefore so is the slow-switching RMS gain
gslow.

Pick arbitrary u ∈ L2, σ ∈ S1 and define

v(t) := V (x(t), t) +
∫ t

0
‖y(τ)‖2 − γ2‖u(τ)‖2dτ, t ≥ 0,

where x and y are evaluated along a solution to (2) and V (x, t) := x′P (t)x, t ≥ 0. Here, P (t)
denotes a time-varying symmetric matrix with the property that on any interval (t1, t2) on which
σ is constant and equal to q we have

−Ṗ = Sq(P ; γ), P (t2) = P0, (33)

where P0 is chosen equal to P−
q in case t2 = ∞ and equal to P(p,q) when t2 < ∞, with p being

the value of σ immediately after t2. Note that in the former case (which occurs only when t1 is
the last switching time), P (t) is constant for t > t1. In the latter case, the solution to (33) is well
defined for every t ≤ t2 because P(p,q) − P+

q < 0 (cf. Theorem 2 (ii)). This construction yields a
time-varying matrix P (t) that is well defined for all t ∈ (0,∞) and satisfies (28) on every interval
on which σ is constant. However, now P (t) is not necessarily a continuous function of t.

As in the proof of Theorem 3, we conclude that v̇ ≤ 0 on any interval on which σ is constant but
now v(t) is discontinuous at switching times. In particular, if σ switches from q to p at time t2, we
have

lim
τ↓t2

v(τ) − lim
τ↑t2

v(τ) = x(t2)′
(
P̄ − Pp,q

)
x(t2),

where P̄ is either equal to P−
p in case t2 is the last switching time or the solution at time t2 of a

final value problem of the form

−Ṗ = Sp(P ; γ), P (t3) = P(p̄,p),

for some p̄ ∈ P and with t3 ≥ t2 + τD. However, we selected τD sufficiently large so that ‖P (t2) −
P−

p ‖ ≤ ε. Therefore we always have ‖P̄ − P−
p ‖ ≤ ε whether or not t2 is the last switching time.

From this and (31) we conclude that P̄ − Pp,q ≤ 0 and therefore

lim
τ↓t2

v(τ) − lim
τ↑t2

v(τ) = x(t2)′
(
P̄ − Pp,q

)
x(t2) ≤ 0.
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This means that even at points of discontinuity of v, this signal decreases and therefore also here
v(t) ≤ v(0), ∀t ≥ 0. As in the proof of Theorem 3 we can then conclude that ‖y‖2 ≤ γ‖u‖2 for a
zero initialization of (2). This finishes the proof since we showed that the RMS gain over S[τD] is
indeed no larger than γ.

Remark 1. The proof of (30) actually provides a bound on the dwell-time τD to have the RMS
gain over S[τD] smaller or equal to γ. In general, if the separation between the stabilizing and
antistabilizing is large, we can choose the ε in (31) large and therefore have an RMS gain no larger
than γ even for small τD.

6 Computation of the slow-switching RMS gain

Theorem 4 suggests the bisection algorithm in Table 1 to compute the slow-switching RMS gain
gslow of (2). This algorithm only fails if there is a positive-length interval of values for γ on which

1. Select a tolerance ε, an upper bound γup and a lower bound γlow

on gslow (e.g., γlow := gstatic and γup taken from [12])

2. If γup − γlow ≤ 2ε then stop (the RMS gain gslow is away from
γup+γlow

2 by less than ε)

3. Otherwise set γ = γup+γlow
2 and

If ∃p, q ∈ P P+
q − P−

p 
≥ 0 then set γlow = γ

If ∀p, q ∈ P P+
q − P−

p > 0 then set γup = γ

and go back to step 2

Table 1: Bisection algorithm to compute the slow-switching RMS gain

all P+
q − P−

p ≥ 0 and at least one of these matrices always has an eigenvalue exactly at the origin.
Generically, this should not happen over an interval of positive length since an infinitely small
perturbation on γ should make the eigenvalue become either positive or negative. However, even
when this happens one can still use algorithms similar to the one in Table 1 to compute the following
upper and lower bounds on gslow:

sup{γ > gstatic : ∃p, q ∈ P, P+
q − P−

p 
≥ 0} ≤ gslow ≤ inf{γ > gstatic : P+
q − P−

p > 0, ∀p, q ∈ P}.
Remark 2. The verification of the matrix-inequality conditions in step 3 is computationally simple
when P is a finite set. Indeed, when P has n elements, in the worst case, the verification of this
conditions requires the computation of the stabilizing and anti-stabilizing solutions to n algebraic
Riccati equations (e.g., using (19) in Theorem 1) and then verifying if n(n−1) matrices are positive
definite. However, if P is a continuum (i.e., when one can switch among an infinitely large family
of systems) the above algorithm may not be practical.

7 Example

In this section we illustrate the results presented above in the context of a simple example. We
consider here the control of the roll angle of an aircraft and use the following process model taken
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from [21, p. 381]:

H(s) =
−1000

s(s + .875)(s + 50)
.

For this process we designed two feedback controllers to be connected to the process as in Figure 1.
In this figure u denotes the control input, y the process output, r a reference signal, d an input
disturbance, and n measurement noise. The two controllers designed essentially differ by the

controller process
yuet

d n

r

+
+ ++

+

−

Figure 1: Feedback configuration

closed-loop bandwidth that they achieve: Controller K1 exhibits small closed-loop bandwidth and
is therefore not very sensitive to noise but exhibits a slow response, whereas controller K2 has larger
bandwidth and is therefore faster but more sensitive to noise (cf. Figure 2). Both controllers were
designed using LQG/LQR. We computed the regulator gains by minimizing the cost

Jreg :=
∫ ∞

0
y2(τ) + ẏ2(τ) + ρu2(τ)dτ

where ρ was chosen equal to 10 and .1 for K1 and K2, respectively. The design of the optimal
LQG gain was done assuming that the input disturbance d and the measurement noise n were
uncorrelated white noise processes with E[d(t)d(τ)] = δ(t − τ), E[n(t)n(τ)] = µδ(t − τ), where µ
was chosen equal to 10−1 and 10−3 for K1 and K2, respectively. The controller transfer functions
obtained were:

K1(s) ≈ −20.73(s + 50.03)(s + 0.9644)
(s + 49.85)(s2 + 17.45s + 144.3)

, K2(s) ≈ −1980.(s + 51.01)(s + 0.9901)
(s + 57.17)(s2 + 71.28s + 2925)

.

Although both controllers exhibit different bandwidths (cf. Figure 2), their closed-loop RMS gains
from the noise n to the output y are relatively similar: 1.008 (.069dB) and 1.01 (.087dB) for
controllers K1 and K2, respectively.

Suppose now that we implement the following multi-controller [1] to switch between the two
controllers :

ż = Fσz + gσet, u = hσz,

where each {Fp, gp, hp}, p ∈ {1, 2} denotes a balanced realization of the controller transfer function
Kp(s), and σ : [0,∞) → {1, 2} a switching signal that effectively determines which controller is
connected to the process at each instant of time. The closed-loop system is then a switched system
of the form

ẋ = Aσx + bσ(r − n) + fd, et = cσx + r − n, (34)
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Figure 2: Magnitude Bode plots for the closed-loop transfer functions from the noise n to the
output y, for the two time-invariant controllers.

where

Ap :=
[

A bhp

−gpc Fp

]
, bp :=

[
0
gp

]
, cp :=

[−c 0
]
, f :=

[
b
0

]
, p ∈ {1, 2},

and {A, b, c} denotes a minimal realization of the process transfer matrix H(s). Using the algorithm
in Section 6, we obtained for (34) a slow-switching RMS gain from the noise n to the output y of
9.04 (19.1 dB). This example shows that noise entering the system can be greatly amplified because
of switching. Note that the RMS gain depends on the realizations chosen for the controllers. Here,
we chose balanced realizations because they are generally believed to be well conditioned and, in
fact, other realizations tried led to larger RMS gains. An interesting question that remains open is
the design of controllers and the choice of realizations that minimize the slow-switching RMS gain.
The study of controller realizations that are adequate for switching was pursued in [22]. However,
this problem was only studied from a stability perspective and the effect of controllers realizations
on RMS gains was not addressed.

8 Conclusions

We presented a method to compute the slow-switching RMS gain of a switched linear system. The
algorithm proposed uses the fact that a given constant γ provides an upper bound on the RMS
gain whenever there is a separation between all the stabilizing and all the antistabilizing solutions
to the algebraic Riccati equations of the systems being switched. We are now in the process of
expressing this condition in the form of Linear Matrix Inequalities. The motivation is to construct
efficient algorithms that can be used to design switching controllers that minimize the RMS gain
of the closed-loop.

One of the implications of this work is the observation that the RMS gain of a switched linear
system depends on the realizations of the systems being switched. This is not the case for linear
time-invariant systems, for which the RMS gains essentially provide a measure of how much a
sinusoidal signal is amplified (ignoring the effects of initial conditions and therefore of realizations).
This is because the probe signals that produce maximum energy amplification for linear time-
invariant systems can be chosen to be sinusoids. However, for switched systems this is not the

14



case (as demonstrated by the example in the introduction). In fact, for switched systems the
probe signals that define the RMS gain may well use transients to maximize energy amplification.
Clearly, this must be taken into account when studying questions related to performance and/or
robust stability of switched systems.

Appendix

Proof of (16). To check that J(γ, σ) < ∞ implies that the solution to (13)–(15) exists on every
interval [0, T ], T > 0, assume by contradiction that for some T > 0 the maximum interval of
existence of solution is (t0, T ] with t0 > 0 and that limt↓t0 x′

0P (t)x0 = +∞ for some x0 ∈ R
n. Since

in this case V (x0, t0;T, γ, σ) = +∞, it is possible to find inputs u defined on [t0, T ] that make∫ T
t0
‖y(τ)‖2 − γ2‖u(τ)‖2dτ arbitrarily large. Moreover, since the system is controllable for each

frozen value of σ, it is always possible to take the state from x(0) = 0 to x(t0) = x0 by selecting an
appropriate input. This means that we can find inputs u defined on [0, T ] that make

∫ T

0
‖y(τ)‖2 − γ2‖u(τ)‖2dτ (35)

arbitrarily large. Extending these inputs to +∞ by making them zero on (T,+∞), we conclude
that there are inputs that make (35) arbitrarily large for arbitrarily large T and therefore that
J(γ, σ) = ∞. Conversely, if the solution to (13)–(15) exists on every interval [0, T ], T > 0 we
conclude that for every T > 0,

sup
u∈L2,x(0)=0

∫ T

0
‖y(τ)‖2 − γ2‖u(τ)‖2dτ = V (0, 0;T, γ, σ) = 0

and therefore J(γ, σ) = 0 < ∞. �

Proof of Theorem 1. Because of (18) we conclude from [17, Lemma 4.7] that ‖D‖ < γ and the
Hamiltonian matrix H has no eigenvalues on the imaginary axis. Moreover, because R is positive
semidefinite and (A,R) is controllable—which is a consequence of the controllability of (Ā, B̄)—
we also have that P−

1 is nonsingular (cf. [17, Theorem 13.6]). From [17, Theorem 13.5], we then
conclude that the matrix P− defined by (19) is indeed a real, symmetric solution to the algebraic
Riccati equation (17) and that A+RP− is Hurwitz. Similarly, considering the symmetric algebraic
Riccati equation

(−A)′P + P (−A) + P (−R)P + (−Q) = 0, (36)

(whose Hamiltonian is −H and therefore has the same spectrum as H) and using the fact that −R
is negative semidefinite and (−A,−R) is controllable, we also conclude that P+

1 is nonsingular and
therefore the matrix P+ defined by (19) is a real, symmetric solution to both (36) and (17) and
−A − RP+ is Hurwitz.

Take now a solution P to the algebraic Riccati equation (either P+ or P−). Since P satisfies (17),
we have that

(Ā + B̄X̄−1D̄′C̄)′P + P (Ā + B̄X̄−1D̄′C̄) + PB̄X̄−1B̄′P + C̄ ′(I + D̄X̄−1D̄′)C̄ = 0,
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or equivalently

Ā′P + PĀ = −C̄ ′C̄ − (PB̄ + C̄ ′D̄)X̄−1(B̄′P + D̄′C̄) ≤ 0.

Since Ā is Hurwitz and the pair (C̄, Ā) is observable, from standard results on the solution to
algebraic Lyapunov equations, we have that

P =
∫ ∞

0
eĀ′t(C̄ ′C̄ + (PB̄ + C̄ ′D̄)X̄−1(B̄′P + D̄′C̄)

)
eĀtdt ≥

∫ ∞

0
eĀ′tC̄ ′C̄eĀtdt > 0.

Therefore both P+ and P− are positive definite. It remains to show that P+ − P− > 0. We first
show that this matrix is nonsingular. To this effect take a vector x ∈ R

n such that (P+−P−)x = 0.
From (19), we then conclude that P−

2 (P−
1 )−1x = P+

2 (P+
1 )−1x and therefore

z :=
[
P−

1

P−
2

]
(P−

1 )−1x =
[

x
P−

2 (P−
1 )−1x

]
=

[
x

P+
2 (P+

1 )−1x

]
=

[
P+

1

P+
2

]
(P+

1 )−1x.

However, this means that z belongs both to the image of [ P−
1

′
P−

2
′ ]′ and the image of [ P+

1
′

P+
2

′ ]′

and therefore both to the stable and antistable invariant subspaces of H. Since these spaces are
independent we must have z = 0 and therefore x = 0. This shows that P+ −P− is nonsingular. On
the other hand, since

0 = S(P+) − S(P−) = A′(P+ − P−) + (P+ − P−)A + P+RP+ − P−RP−

= (A + RP+)′(P+ − P−) + (P+ − P−)(A + RP+) − (P+ − P−)R(P+ − P−),

we conclude that

(P+ − P−)−1(A + RP+)′ + (A + RP+)(P+ − P−)−1 − R = 0.

Since −A − RP+ is Hurwitz and R ≥ 0, we also conclude from standard properties of Lyapunov
equations that (P+ − P−)−1 ≥ 0. Since we already established that this matrix is nonsingular, we
must actually have (P+ − P−)−1 > 0 and equivalently P+ − P− > 0.
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