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Abstract: We investigate limits of performance in reference-tracking and path-
following and highlight an essential difference between them. For a class of
nonlinear systems, we show that in reference-tracking, the smallest achievable
Lo-norm of the tracking error is equal to the least amount of control energy
needed to stabilize the zero-dynamics of the error system. We then show that
this fundamental performance limitation does not exist when the control objective
is to force the output to follow a geometric path without a timing law assigned to
it. This is true even when an additional desired speed assignment is required to
be satisfied asymptotically or in finite time.
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1. INTRODUCTION

Obstacles to achieving perfect tracking with lin-
ear feedback systems have been quantified with
classical Bode integrals and as the limits of cheap
optimal control performance [Kwakernaak and
Sivan, 1972; Middleton, 1991; Qiu and Davi-
son, 1993; Seron et al., 1999; Chen et al., 2000].
While in the absence of unstable zero dynamics
(non-minimum phase zeros) perfect tracking of
any reference signal is possible, this is not the
case with unstable zero dynamics. A formula de-
rived by Qiu and Davison [1993], see also [Su et
al., 2003], shows that the tracking error increases
as the signal frequencies approach those of the
unstable zeros.

Seron et al. [1999] re-interpreted the Qiu-Davison
formula and generalized it to a class of nonlinear
systems. They showed that the best attainable
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value of the Lo-norm of the tracking error — Jp —is
equal to the lowest control effort, measured by the
Lo-norm, needed to stabilize the zero dynamics
driven by the system output y(¢). It is its role as a
stabilizing control input that prevents the output
y(t) from perfect tracking. Extensions to non-
right-invertible systems are given in [Woodyatt et
al., 2002; Braslavsky et al., 2002].

In the first part of this paper we present an
internal model analog of the results in [Seron
et al., 1999; Braslavsky et al, 2002]. In this
more general case, the zero dynamics system to
be stabilized is driven by the tracking error. As
before, the best attainable value of Jp is the
control needed for stabilization.

In the second part of the paper we present our
main result for the path-following problem. When,
for a class of nonlinear systems, the control objec-
tive is to force the output to follow a geometric
path without a timing law assigned to it, we show
that the fundamental performance limitations im-
posed on reference-tracking by unstable zero dy-
namics do not apply. Furthermore, the same is



true for the speed-assigned path-following prob-
lem, where an additional desired speed is required
to be satisfied asymptotically or in finite time.

Recently, in [Aguiar et al., 2004¢] we present
conditions under which for non-minimum phase
linear systems these path following problems can
be solved with arbitrarily small L£o-norm of the
path following error.

In Section 2 we formulate the reference-tracking
and path-following problems. Performance limita-
tions for linear systems for reference-tracking and
recent results for path-following are briefly revised
in Section 3. Section 4 presents the main results
of the paper and concluding remarks are given in
Section 5.

2. REFERENCE-TRACKING AND
PATH-FOLLOWING PROBLEMS

2.1 Reference-tracking
For linear systems

= Ax+ Bu, y=Cx+ Du, (1)

Davison [1976] and Francis [1977] consider the ref-
erence signal r(t) generated by a known exosystem

r= Qw7 (2)

and show that the so-called servomechanism or
regulator problem is solvable if and only if (A4, B)
is stabilizable, (C, A) is detectable, the number
of inputs is at least as large as the number of
outputs (m > q), and the zeros of (A, B,C, D)
do not coincide with the eigenvalues of S. The
internal model approach of [Francis and Wonham,
1976; Francis, 1977] designs the reference-tracking
controller

u(t) = Kz(t) + (T — KIDw(t),
where K is such that (A + BK) is Hurwitz, and
IT and I satisfy
IS = Al + BT,
0=CIl+ DI — Q.
Then, the tracking error ep(t) := y(t) — r(t)
converges to zero, and the transients = := z — [w

and @ := u—T'w are governed by & = (A+ BK)Z,
u=Kz.

w = Sw,

For the nonlinear regulator problem

i = f(z,u), y = h(z,u), (3)
W = s(w), r=q(w), (4)

where f(0,0) =0, z € R™ is the state, u € R™ the
control, y € R? the output, w € RP the internal
state of the exosystem, and r € R the reference
signal, Isidori and Byrnes [1990] shows that it is
solvable if and only if there exist smooth mappings
II(w), and c(w), satisfying II(0) = 0, ¢(0) = 0, and

oIl

o s(w) = F([(w), w))

h(Il(w), c(w)) — q(w) = 0.

(5)

Krener [1992] presented necessary and sufficient
conditions for local solvability of (5) when either
the exosystem has a semisimple pole structure or
the plant has a semisimple zero structure.

2.2 Path-following

Path-following problems are primarily concerned
with the design of control laws that drive an object
(robot arm, mobile robot, ship, aircraft, etc.) to
reach and follow a geometric path. A secondary
goal is to force the object moving along the path to
satisfy some additional dynamic specification. A
common approach to the path-following problem
is to parameterize the geometric path yg by a
path variable 6 and then select a timing law for
0, [Hauser and Hindman, 1995; Al-Hiddabi and
McClamroch, 2002; Skjetne et al., 2004; Aguiar
et al., 20044]. Extending the approach of [Hauser
and Hindman, 1995], a path-following controller
was proposed in [Skjetne et al., 2004] for a class
of uncertain strict feedback nonlinear systems.
A framework for path-following as a method to
avoid some limitations in reference-tracking was
described in [Aguiar et al., 2004a]. The key idea
is to use # as an additional control input to
stabilize the unstable zero-dynamics while the
original control variables keep the system on the
path.

In path-following, the output y(t) is required to
reach and follow a geometric path y4(0) generated
by the exosystem

d
@) =s@®), wlo)=wo o

ya(0) = q(w(?)),
where 0 is the scalar path parameter, and w € RP
is the exogenous state. For a given timing law 0(t),
the path-following error is defined as

ep(t) :==y(t) —ya(6(t)). (7)
The two path-following problems considered in
the paper are:
Geometric path-following: For a desired path
ya(0), design a controller that achieves:

i) boundedness: the state x(t) is uniformly
bounded for all ¢ > 0 and every initial con-
dition (x(0),w(0(0))) = (zo,wp), in some
neighborhood of (0,0),

il) error convergence: the path-following error
ep(t) converges to zero as t — oo, and

iii) forward motion: O(t) > ¢ for all t > 0, where
c is a positive constant.

Speed-assigned path-following: In addition to
geometric path-following, given a desired constant
speed vg > 0, it is required that either 0(t) — vy
as t — 0o, oré(t):vthZTandsomeTZO.

As illustrated by Skjetne et al. [2004], these path-
following problems provide natural settings for
many engineering applications.

From a theoretical standpoint our main interest
is to determine whether the freedom to select



a timing law 6(t) can be used to achieve an
arbitrarily small Lo-norm of the path-following
error, that is, whether 6* > 0 in

[W@mwﬁsw (®)

can be made arbitrarily small, while keeping the
closed-loop stable.

3. LIMITS OF PERFORMANCE FOR
LINEAR SYSTEMS

3.1 Reference-tracking

An important issue in reference-tracking problems
is whether the Lo-norm of the tracking error can
be made arbitrarily small, that is, whether

Amwﬂo2wsw, (9)

can be satisfied for an arbitrary 6* > 0, while
keeping the closed-loop stable. For this to be the
case, the zeros of (A, B, C, D) must lie in the open
left half-plane C~.

The non-minimum phase zeros, that is the zeros
in C*, impose a fundamental limitation on the at-
tainable tracking performance (9). This is revealed
by analyzing the cheap control and showing that
the limit as € — 0 of the optimal value of the cost
functional

Je = n"gn/o [ler@II* + e [la@)I*] dt  (10)

with 4 defined in Section 2.1, is strictly positive,
[Kwakernaak and Sivan, 1972]. Qiu and Davison
[1993] proved the following result:

Theorem 1. Let x(0) = 0, r(t) := msinwt +
1o coswt, and assume that (1) is right-invertible
and has no zero at jw. The best attainable per-
formance Jp := lim._.q J. is given by Jr = n'Mn,
1 = col(n1,n2) for some positive semi-definite M
and

z 1 1
trace M = Z — + ; )
\E W & +jw

where 21, 22,...,%, are the non-minimum phase

zeros of (A, B,C, D).

For more general reference signals, [Su et al., 2003]
give explicit formulas which show the dependence
of Jr on the non-minimum phase zeros and their
frequency-dependent directional information.

3.2 Path-following

In contrast to reference-tracking, the attainable
performance for path-following is not limited by
non-minimum phase zeros, [Aguiar et al., 2004].
Let

nd

va(0) = [axe’’ +ape 0], (11)

k=1
where the wy, > 0 are real numbers and the a; are
non-zero complex vectors, which can be generated

by an exosystem of the form (6). As in [Qiu and
Davison, 1993; Woodyatt et al., 2002; Braslavsky
et al., 2002; Su et al., 2003], we assume that
initially the system is at rest, i.e., (0) = 0.

Theorem 2. For the geometric path-following prob-
lem, if (A, B) is stabilizable, then for any given
positive constant §* there exist constant matrices
K and L, and a timing law 6(t) such that the
feedback law

u(t) = Kz(t) + Lw(0(t)) (12)
achieves (8).
Proof. See [Aguiar et al., 2004(]. O

We stress that the stabilizability of (A4, B) is
the only condition (necessary and sufficient) for
the solvability of the geometric path-following
problem using (12).

Next we show that an arbitrarily small £o-norm
of the path-following error is attainable even when
the speed assignment v, is specified beforehand.

Theorem 3. For the speed-assigned path-following
problem, let v, be specified so that the eigenvalues
of v4S do not coincide with the zeros of (3), and
assume that (A4, B) is stabilizable. Then, (8) can
be satisfied for any 6* > 0 with a timing law 6(t)
and a controller of the form (12) but with time-
varying piecewise-constant matrices K and L.

Proof. See [Aguiar et al., 2004]. O

4. LIMITS OF PERFORMANCE FOR
NONLINEAR SYSTEMS

To obtain analogous results for nonlinear systems
we first extend the results of [Seron et al., 1999;
Braslavsky et al., 2002] to the case when the
reference signal for reference-tracking is generated
by an exosystem (4). We then show that, in
contrast to reference-tracking, the path-following
problems can be solved with arbitrarily small
Lo—norm of the path-following error.

4.1 Reference-tracking

We consider the class of nonlinear systems which
are locally diffeomorphic to systems in strict-
feedback form [Krsti¢ et al., 1995, Appendix G]3:

z = fo(2) + go(2)é1, (13a)
&1 = fi(z,&) + 91z, €1)&a,

& = Frlz. 61, &) Hor(z. 60, &), (13D)
Yy = 617 (13C)
where z € R"= £ = col(&,...,&), & € R™,
Vi € {1,...,r}, u € R™ and y € R™. f;(")
and g;(+) are C* functions of their arguments (for

3 When convenient we use the compact form (3) for (13).
In that case, f(-) denotes the vector field described by
the right-hand-side of (13a)—(13b), h(-) the output map
described by (13c), and « = col(z,&1,...,&r).



some large k), f;(0,...,0) = 0, and the matrices
gi(), i = 0,...,r are always nonsingular. We
assume that initially the system is at rest, i.e.,

(Z7£) = (070)

When the reference-tracking problem is solvable,
there exist maps II = col(Ily,...,IL,), I : RP —
R™ II; : RP — R™ Vi € {1,...,r}, and ¢ :
R?P — R™ that satisfies (5). The following locally
diffeomorphic change of coordinates

Z=z—TIh(w), (14)
Ei=col(&r,.... &), (15)
=& —-1L(w), i=1,...,r (16)
U =u—c(w), (17)

transforms the system (13) into the error system
2= fo(2,w) + §o(Z, w)er, (18a)
& = fi(Z &,w) + 515, &, w)és,

(18b)
gr = fr(gvéla' .. 757’711)) +§T‘(23£17' .. agﬂw)ﬂ7
engla (180)

where
fo = fo(Z + To(w)) — fo(To(w))
+ |90(2 + Ho(w)) — go(Uo(w))|a(w),
o = go(Z + Ip(w)),
fo(0.w) = 0, §0(2,0) = go(2), and f;(), 5i("),

i=1,...,r are appropriate defined functions that
satisfy figO,...,O,w) = 0 and g;(2,...,&,0) =
gi(Z,...,&). For our analysis we consider the

following two optimal control problems.

Cheap control problem: For the system con-
sisting of the error system (18) and the exosys-
tem (4) with initial condition (2(0),£(0),w(0)) =
(Eo,éo,wo), find the optimal feedback law 4 =
g (z, €, w) that minimizes the cost functional

%/ooo (ller )N +8lIZ@)II* + € [a())?) dt (19)

for some small § > 0, ¢ > 0. We denote by
J§¢ (%0, &0, wo) the corresponding optimal value.
The best-attainable cheap control performance
for trajectory tracking is then defined by Jr :=
lims,e) 0 J§5 (20, €0, wo). As shown in [Krener,
2001], Jg;(é,é,w) is C¥=2 in some neighborhood
of (0,0,0) for every § > 0, ¢ > 0 under the
following assumption:

Assumption 1. The local linearization around
(2,€) = (0,0) of system (13) is stabilizable and de-
tectable, and the local linearization around w = 0
of the exosystem (4) is stable.

Minimume-energy problem: For the system

z = fo(2,w) + §o(Z, w)er, (20a)
w = s(w), (20b)

with er viewed as the input, and initial condition
(2(0),w(0)) = (20, wo), find the optimal feedback

law er = of*°(Z, w) that minimizes the cost

%/Ooo (BIZ@))? + ller®)?) dt,  (21)

for some small § > 0. We denote by J§*°(Zo, wo)
the corresponding optimal value. Under Assump-
tion 1, Ji¢(Z,w) is C*~2 in some neighborhood of
(0,0).

Our analysis reveals that the best attainable value
of Jr is equal to the least control effort needed to
stabilize the corresponding zero dynamics system
(20) driven by the tracking error er.

Theorem 4. Suppose that Assumption 1 holds
and that (5) has a solution in some neighbor-
hood of w = 0. Then, for any initial condition
(2(0),£(0),w(0)) = (20, &0, wp) in some neighbor-
hood of (0, 0,0) there exists a solution to the cheap
control problem and

Jr = lim 3 (22)

Proof (outline). Under Assumption 1 and from the
formulations of the cheap control and minimum-
energy problems, we conclude that for every 6 > 0,
e > 0, and every initial condition (Zp,&p,wp) in
some neighborhood of (0, 0, 0), the value functions
J§¢(Z,w) and Jg;(:z:,é, w) exist and satisfy

T3 (20, wo) < J§<(Z0, &0, wo).
Therefore,

lim JJ"¢ < lim J§S = Jr. (23)

5§—0 (€,6)—0
On the other hand, from Lemma 1 in Appendix
we have

J§¢ (%0, €0, wo) < J"(Z0,wo) + O(e).  (24)

Therefore, the result (22) follows from (23)—(24),
and the fact that &, € can be made arbitrarily
small. O

4.2 Path-following

One can also define a cheap control problem
for path-following by replacing er by ep in
(19). The following result shows that, in contrast
to reference-tracking, the path-following problem
can be solved with arbitrarily small £o-norm for
the error.

We assume that the vector field s(w) and the
output map g(w) of the exosystem (6) are linear,
ie., that s(w) = Sw, ¢(w) = Quw, and that
all eigenvalues of S € RP*P are non-zero and
semisimple.

Theorem 5. Assume that (5) has a solution for
s(w) = vgSw, for vq almost everywhere on (0, 00).
There exists a neighborhood around w = 0 such
that for all initial conditions w(f(0)) = wp in
that neighborhood and any 6* > 0, we can find
a timing law for 6(t) and a feedback law

u=c(w) + as,.(z,&w) (25)



that solves the geometric path-following and sat-
isfies (8).
Proof (outline). Choosing the timing law

0(t) =vq,  6(0)=0, (26)

where vy > 0 is a constant to be selected latter,
the path-following problem can be viewed as the
reference-tracking of the signal r(t) generated by

w(t) = vgSw(t), r(t) = Quw(t). (27)
The substitution in (5) yields

a—HvdSw = fI(w), c(w)),

ow
h(II(w), c(w)) — Quw = 0.

The feedback law (25) is determined by the func-
tion c(w) that solves (28) and as (2, &, w) which
minimizes (19) for the error system (18) together
with the exosystem (27) and for some small § > 0,
e > 0. From the choice of the timing law (26) and
applying Theorem 4, we can conclude that in the
limit as (6,5) - O, Jp = JT = limgﬁo J(gne

Now, we need to show that J§*¢ can be made
arbitrarily small be selecting a sufficiently large
vq. To this end, we prove in Lemma 2 in Appendix
that for the minimum-energy problem and every
initial condition in some neighborhood of (Z,w) =
(0,0), there exist a sufficiently small 6 > 0 in
(21) and a feedback law ep = &J*°(Z, w) for which
J§"¢(Zo,wp) can be bounded by

(28)

. 1.,
J§"¢ (20, w0) < 526130207

for some Py > 0 that does not depend on vy.

Observe also that Zp = Ilg(wp), since z(0) =
0. The proof is completed using Lemma 3 in
Appendix. |

Next we show that an arbitrarily small £o-norm
of the path-following error is attainable even when
the speed assignment vy is specified beforehand.

Theorem 6. Let vg be specified so that (28) has a
solution in some neighborhood of w = 0. For the
speed-assigned path-following problem, (8) can be
satisfied for any 6* > 0 with a suitable timing law
0(t) and a controller of the form (25) with time-
varying piecewise-continuous mappings ¢(w) and

a(z,§ w).

Proof (outline). To construct a path-following
controller that satisfies (8) we start with

u:CJ(w)+aU(Z7£7w)7 (293’)
0 =v,, (29b)
where for each positive constant vy, £ € 7 =

{0,1,2,... N'}, the mappings I1, := col(I,, I, ),
Hgf = COZ(HZQ’" .,Hgfr), H[O : RP — an7

I, :RP — R™, s =1,...,r,and ¢, : RP — R™
satisfy oII
'3
%UESU} = f(Hg(’w),Ce(w)), (30)

h(Ie(w), ce(w)) — Qu = 0,

and o(t) : [to := 0,00) — Z, is the piecewise
constant switching signal

i, b <t <tip1,i=0,.
o= {5 15

N -1

Each ay(z,&,w) is the optimal feedback-law that
minimizes

/ (lepl®+6llz =TT, (w)[[*+€ [lu—ce(w)||?) dt
0

for some § > 0, € > 0 small. We observe that (29)
is a speed-assignment path-following controller for
which 0(t) converges to vy = vy in finite time.

We now prove that for any given ¢*, (8) can be
satisfied by appropriate selection of the finite se-
quence tg, t1,. .., tn together with (vg, Iy, avg, co),
(v1, 11, a1,¢1)y ..., (N, Iy, an, en) used in the
feedback controller (29). To this end, we show in
Lemma 4 in Appendix that Jp is bounded by

1 (P) <
JPS§26P020+ Amaz (Po) Z:Ug 1—1}(

N
+ Amaz (FPo) Z Zo_1(te) [Ze—1(te) — Ze(te)]
=1
N
o Amar (PO ™22, (31)

2

~
Il

1

where Py > 0, v is a positive constant, Zy = Z(0),
zp := Iy, (w), and the transient errors Z; := z —
II,, (w) converge to zero as t — oo.

We show that each term of (31) can be upper-
bounded by % so that Jp < 0*. Applying the
same arguments used to prove Theorem 5, the first
term in (31) can be bounded by % by choosing a
sufficiently large vg. To prove that the second term
in (31) is smaller than %7 we select the parameters
v, £ € T to satisfy

Vg1 — Vg = W, 1,2,...,N (32)

uN =vg, L=

N & . vg—v .
Where o= m7 and N := % Then, it
follows that
N 5*
¥ (w1 —ve)* <yNp =(vo —vw)n = .

=1
The above selection for the vy, ¢ € Z, is made
under the constraint that the reference-tracking
of the signal r(t) generated by (27) (with vy
replaced by vg) be solvable. This can always be
satisfied by appropriately adjusting vy. Finally,
for a given finite N, each of the last two terms
n (31) can be made smaller than % by choosing
te, £ =1,2,..., N sufficiently large. O

5. CONCLUSIONS

We have first presented an analogy of the results
n [Seron et al., 1999; Braslavsky et al., 2002]
for reference-tracking using the internal model
approach. We have shown that the best attainable
value of Jr is the least amount of energy required
to stabilize the corresponding zero-dynamics of



the error system. In main part of the paper we
have demonstrated that the performance limita-
tions can be avoided by reformulating the problem
as path-following, where the path variable 6 is
treated as an additional control variable. This con-
ceptual result may be of practical significance, be-
cause the path-following formulation is convenient
for many applications. Design of path-following
controllers for non-minimum phase systems is a
topic of current research.

APPENDIX

Lemma 1. Suppose that Assumption 1 holds. For
every 0 > 0 and every initial condition (Zp, &9, wo)
for the error system (18) and the exosystem (4)
in some neighborhood of (0,0,0), there exist a
sufficiently small € > 0 and feedback law @ =
&g (2, &, w) for which (19) is smaller than or equal
to

J5 (20, wo) + O(e). (33)

Proof. This proof is inspired from [Braslavsky et
al., 2002]. Let a3*¢(Z,w) be the optimal control
law for the minimum-energy problem, that is,

o' Jme
agne(g,,w> = _g(l) 8; )

which exists under Assumption 1. Consider the
change of coordinates

(34)

m =& — g, M =§ —Oé(;me,---
m=8"" —af ™ (35)
that takes (18) to the form
2= folZ,w) 4 Go(Z,w)ae(Z,w) + jo(Z, w)Cn,
i = An+ Bf,(3,n,w) + B, (36)
m = Cn,

where 1 := col(n1,n2,...,M), the input v := ga,

g = II]_1gi, fy(-) is a suitable defined function,

and
0
0
o
I
0

0o-0]. (37)

A:: B =

)

oo oo

.0
o0
I
0

co i o~

C:=[1

The proof is organized in two parts: we first prove
that for any 6 > 0 and any initial condition
(20,M0,wo) in some neighborhood of (0,0,0) for
system (36) together with the exosystem (4), there
exist a sufficient small € > 0 and a feedback law
v = &s.(2,n, w) for which

~ 1 > me/(z
Vocliomon) =5 [ (I + oGl
+5||2H2+€2THU||2)dt

is smaller than or equal to (33) along trajectories
to (4), (36). Then, in the second part, we derive a
feedback law for u that is obtained from é&s, and
show that (19) is smaller than or equal to (33).

Let P € R™™>™7" bhe the unique positive-definite
solution of the algebraic Riccati equation

PA+A'P—PBB'P=-C'C  (38)

where A, B, C' are given by (37), and consider the
feedback law

1
v=—-—B'PEn, (39)
€

where

Substituting (39) into (36), we obtain the closed-
loop system
Z = fo(z,w) + go(z,w)ag"* (%, w)
¢Ei = (A— BB'P)En+ " Bf,(2,n,w).
We now show that (39) achieves asymptotic sta-

bility of the closed-loop system (40). Consider the
candidate Lyapunov function

W = J3(2,w) + 50 EQEn,
where ) € R™"*™" i the unique positive definite
solution of the algebraic Riccati equation
QA—-BB'P)+ (A" - PBB"YQ=-0CC-1

which exists because (A — BB'P) is Hurwitz.
Computing W along (40), we obtain

. a me ~ me ~ 6Jme
W= 8‘; (fo + Good™ + GoCEn) + 82} s(w)
+ %U’E[Q(A — BB'P) + (A’ — PBB')Q]En

+ ¢ EQBY,
= Loizi2 - Ljame? - aperon - Liceg)?
2 2 2
1 , ~
= 3 IEnl® + €' EQBH,,

where we have used the fact that Jj¢(Z, w) satis-
fies the Hamilton-Jacobi-Bellman (HJB) equation

oJge - . aJgre 1.9
5 fo(z,w) + i s(w) + 50l
L., oare|”

By noting that f,(-) satisfies

1F2(Zm,w0) | < A5 121+ 3l

for any positive constants pz, p,, pw so that
2l < pz, lInll < pys [lw]l < pw, and sufficient
large positive constants 7z, 7, it follows that

i 1 5 1 me 1
W< —55”2\\2 - §HC?7+045 1? - §|\E77||2
+ " (nllZl + 22lnll) [|En]|
1 I )
< 26— mEP — 31— e~ 2320) |

where 1 1= 73 [|QB||, v2 := 7, ||@B]|, and we have
used the fact that €"||n|| < ¢€||En| for e < 1.



Consequently, for any 4 > 0, we can always
pick a sufficiently small ¢ > 0 such that W <
0. Asymptotic stability of (2,7) = (0,0) thus
follows from LaSalle’s theorem. Note also that W
converges to zero as t — oo because Jj*°(0,w) =
0

To prove that
Vs,e(Z0,m0, wo) < J5"“(20,wo) + O(€),  (42)
we define the positive-definite function
V= I3 (2 w) + eVeln),
where

~ 1
Ve = in’EPET].

The time-derivatives of Jf*¢ and V. along (40)
satisfy

‘rme 1 = 1 me me
Ve = =813 = Slag|? — ape ', (43)
2 1 1
= ——||CEn|* - —||B'PEn|?
S| Bl = 5 1B PE)|
+ e EPBY,. (44)
and

S 1. . 1
V= —§5||ZH2 —5lCn+ ay|?
1 . .
- 5||B/PE77||2 + € EPBf,. (45)

From the definitions of V and W, and the fact that
W converges to zero as t — oo, we can conclude
that V also converges to zero as t — oo. Thus,
integrating (45) and by noticing that

’ 2
we get

1 o0 -
Vie =2 / (ICn-+aol2+82%-+1|B'PEn||?) dt.
0

Vse= V(Zo,no, wp) + / 67’77'EPB]E,7 dt.
0

Integrating (44), the term [~ ¢l EPBS, dt
can be upper-bounded by || [;* ¢~y EPBf, dt|| <
Ve(no), and therefore we conclude (42).

The second part of the proof consists of showing
that for every § > 0 and every initial condition in
some neighborhood of (z,&,w) = (0,0,0), there
exists a € > 0 for which (19) with the feedback
law

1. - 1
u=g 1045,@(2,777711) = *GTTQ 'B'PEn

is smaller than or equal to (33).

Let 7" be the lowest value of the smallest singular
value of g in a compact set containing the trajecto-
ries generated by u. Note that v > 0 because g;l,
i =1,...,r are nonsingular. Let ¢* = %, then,

1

5 [ UlerlP+ 8212 + rjal?) de <
0

1= 2 2 € 2
5 [ Qlerl?+ 821 + S lgal?) de
0 v
= Vser S P (oso) + O(e"),
O

Lemma 2. Consider the minimum-energy prob-
lem formulated in Section 4. For every initial
condition (£(0),w(0)) = (2o, wo) for (20) in some
neighborhood of (0,0), there exist a sufficiently
small § > 0 and a feedback law er = &j"*(Z, w)
for which (21) is smaller than or equal to

1., .
-z, Pozg-
5%0f0%0
for some Py > 0 that does not depend on vy.

Proof. Let
z = F()Z + G0§1

be the local linearization around z = 0 of (13a).
The Z dynamics (18a) can be written as

Z=Fyz+ Goe+ hg, (Z,w) + hgo (2, w)er, (46)
where hg (Z,w) = fo(Z,w) — FoZ, hg (3, w) =
go(Z,w) — Gy and satisfy for all ||Z|| < pz, |Jw| <
Puw

1h 7, (2, w) | < ll211* + 2| 21| [T (w)]],
1hgo (2, w)Il < Y3l [I* + yal o ()],

for some positive constants v;, i = 1,...,4. Con-
sider (46) in closed-loop with the feedback law
er = dgne(g,w) = —Ggpoi (47)

where Py > 0 satisfies
FyPy+ PyFy + I — PoGoGyPy = 0. (48)
Let 1
Vi = S 2 Rz,
Computing its time-derivative along the trajecto-
ries of (46), (47), yields
X 1
Ve = 52’[P0F0 + F[Py — 2Py,GoGy Pz
1. -
+ §Zl[tho + h;;OP - QP()thG()Po}Z
1 1 -
< —5llexl? = 5 |1 = 22mas (R) (1112112
+ 7202 [ To(w) | = Amax (Po) (3] 2]l
o+ 4l Tlo () 1)) ] 1211

Therefore, there exist sufficiently small positive
constants pz, p,, and a § > 0 such that for all

121l < pz, [lw]l < puw, V(;me satisfies
: 1 5
Vs"e < =g llerll* = 5112017 (49)

Thus, ng converges to zero as t — oo and
integrating (49) we obtain

rme (2 1 ~ 3
) = 5 [ lerl + al21R) .

O

Lemma 8. Consider the reference-tracking prob-
lem for the nonlinear system (13) with the vector
field s(w) and the output map g(w) of the ex-
osystem (4) given by s(w) = vgSw, ¢(w) = Qu.



Suppose that all eigenvalues of S € RP*P are non-
zero and semisimple, and that (28) has a solution
in some neighborhood of w = 0 for some vg > 0.
Then, for any p > 0, there exists a sufficiently
large vg > 0 such that the reference-tracking
problem is solvable. Moreover, the mapping Il :
RP — R™= that satisfies

aHaO—lEfU)Sw = p[ fo(Io(w)) + go(To(w)) Qu]
(50)
poi= Z’ is bounded by
I ()] < p. 1)

Proof. Without loss of generality, we assume that
S is a diagonal matrix. For a given neighborhood
{w € C? : ||w|| < €} for which the solution exists
and a given p > 0, we expand Ily(w) in Taylor
series

1
Ho(w) =TIy’ (w) + 5T w) + -

+ k,n[’“( w) + O(w)* 1 (52)

where the superscript [d] denotes terms composed
of homogeneous polynomials of degree d, i.e.,

k
Hg ](w) = Z Wiy - v Wy, (53)

1<in < <ir<p

Oiy..ip,

0i,..;, € C", and pick a sufficiently large N
such that
N i _r
k
([TIo (w Z a0 @< 5, Yjwjze  (54)

We prove (51) if there exists p > 0 for which all

terms k =1,2,..., N of Ilp,, , can be bounded
by
p
My, ,|<6, 6= ——.
|| Oiy i | =0 2(€p€ — 1) (55)
Note that
Y
o)l < o) — 32 11

oK
+ | Z k'H
P [k]
<5+ Z {1115
Since ||Hg€] (w)|| < 6p*||w||*, it follows that
! p
z — k_F peE_ 1) —
o)) < §:+03 100" = § 1) =,

0(2) in Taylor series

f[k]( ) +

Go + g9 (2) + -+ +k,gé’“ NORYOW

Expanding fo(z), g
fo(2)
g0(z) =

and inserting these series expansions together
with the expansion of IIp(w) into (50) and match-
ing the first order terms, we obtain

= Foz+ 5 7() +

( )k+17

ol
B (w)Sw =

Substituting TI{ (w) = b w,;, II; € R in
(56) and matching the term in w;, yields

Ailliw; = p[Foll; + GoQeiw;, Vi

p[Folll (w) + GoQuw].  (56)

(57)

where the \; denote the eigenvalues of S, and e;
the 7" unit vector. Taking norms we get

follTTi| + ay,
i < bl
7
where fy := ||Fp|| and a1, := ||GoQe;||. Therefore,
we can conclude that ||TII;]] < ¢ provided that
SR T V)
p# < min —= and p <
1<i<p fod + ay, fo

To guarantee that (57) has a non trivial solution
for all II;, (suppose for example that II; is an
eigenvector of Fp), the constant u should also sat-
isfies the non-resonance constraint [Krener, 1992]

Bzi £ Aj,

where z; are the eigenvalues of Fy, which turns out
to be the zeros of the local linearization around
the origin of (13).

i=1,....,n,;7=1,...,p

Consider now the degree two part of (50) that

satisfies

o2
812 (w)Sw = p[Foll

+ Py () +

H(w)

Lol 18 ) Qu.

(2]

(58)

We can expand H?], , and gg ]Qw in terms of

the w; as
12 (w) = 3 Mo, wiwy,
e ”(w)) =" fo,wiw,
90 (5 (w)Quw = 3 g0, wiw;,

where Ily,, € C"=, fo,. € C"=, go,; € C"=, and the
sums range over 1 < i < j < p. Substituting these
equations into (58), matching the terms w;w; and
noticing that

ony
ow

we obtain

(w)Sw = Z Hoij ()\1 + )\j)wiwj, Vm-

1
(Ai+ X))o, wiw; = N[FOHO” +fo, T3 590; Jwiw;.
Taking norms, yields
M.]FOHHOU || =+ az;;
- |)\,‘ + >\j| ’

where ap,; = | fo,; + 390,,|l. Therefore, we can
conclude that |[Tlo,, || < ¢ provided that

5 + A i + A |
< min — and p<
1<i<j<p fod + az,,; fo

||H0ij




Also, for all z;, u should satisfies the second non-
resonance constraint

/U‘Zi#AJd+>‘j2ﬂ 1§]1§]2§p
Generalizing to an arbitrary degree k, we have
that the degree k equations of (50) satisfies

ot

Ao (w)Sw = p[Folly <w>

)+ ol w)Qul, (59)

where f(gk] (w) and g([Jk_u (w) are the degree k and
k — 1 parts of the composition of fo(z) and go(z)
with the expansion of IIp(w) up to degree k — 1.
As before, expanding H([)k], (gk], and g([)kfl]Qw in
terms of w;, w, ... w;, with i3 <y < -+ <4 <
p, and substituting these expansions in (59) yields

iy + -+

= ,U[FOHOH_..% +f0i1...'ik +

+ X )Mo, Wiy - wi,

1

Egoil...ik ] Wiy - v Wiy -
Taking norms, we get

f_OHHOi g || +ag,, .
‘ M 10k 1

ik
Y

” 0y ...ip,

where ag,, , Hfo11 . kg%...ikH' Thus, it
follows that HHOZI...% || < provided that

JUS min 6|):“+”'+>\ik|7
1< << <p f05+aki1---ik
and
p< Rt ]
fo

Once more, the selection of p should satisfies
all the non-resonance constraints. The k" non-
resonance constraint is given by

pzi FXj+ot N, 1< <ja << <p.

O

Lemma 4. Under the conditions of Theorem 6,
there exists a sufficiently large constant v > 0
such that Jp satisfies (31).

Proof. We first compute

JeIZ/ lep(®)|2dt, €eT

te

with o(t) = ¢ for all t > t, and note that

N
Jp <> e (60)
£=0
As in the derivation of proof of Theorem 5, we get
1. -
Jo < §Z€(t€)/POZl(tZ)7 (61)

where Py > 0 satisfies (48), Z, := z — Z, and
ze = Iy, (w), that is, Z, is the steady-state of z
when o(t) = ¢ for all t > ty. For £ = 1,2,...,N

we substitute z(t¢) = Z¢_1(t¢) + Ze—1(t¢) in (61)
and get

Jp < %(55—1@() + Zo—1(te) — Ze(tz))/Po

(Zo—1(te) + Ze—1(te) — Ze(te))
)\ma:r(PO)

< omet (I\Ze 1(te) = Ze(to)|I? + 2%, (1)
[Ze1(te) = 2e(t)] + |z (1) (62)
We now prove that Hgo( ) = Zp1 — Zp =

IT—1, (w) — Iy, (w) can be written as

Iy, (w) = ae(w)jis, (63)

where [i := pg—1 — e and ap(w) is a continuous
functions that satisfies

B ) = folTTe-1,(0) + go(TTe-1, () Qu
0[BT, (), T () (w)
+ 8, (o1, (), Ty, (w)a()Qu]. (64

To show (63), we consider (50) for each Iy, (w),
Iy, (w), that is,
Oy_1,(w)
. SW=He-1 [fo(Tg—1, (w))

+ go(Mg—1, (w)) Qu

oIy, (w
%Sw = pe[ foTlg, (w)
+ 9o (Héu (UJ))QIU]
Subtracting the equations, yields

0
Hg;f ) fo(Mg—q, (w))

= jie|
+ go(Ig—1, (w))Qw] + pue [ fo(ILp—1, (w))
— fo(Tgy (w)) + (go(Ig—1, (w))
— go(Ilg, (w)))Qu].  (65)

Applying the mean value theorem and replacing
(63) in (65), it follows (64).

Assuming that IIy_q,(w) and II; (w) exist, then
a(w) is bounded and there exists a sufficiently

large constant v > 0 such that ||TI,, (w)||> < ~ji3.
This fact, together with (60) and (62) follows (31).

d
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