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Abstract— Stochasticimpulsive systemsare de�ned by a diffusion processwith jumps triggered by a renewalprocess,i.e.,
the intervals between jumps are independent and identically distrib uted. We construct a model for such systemsbasedon
jump-diffusion equations and provide Lyapunov-basedconditions that guarantee their mean-square stability.

As an application, we show that stochasticimpulsive systemscan be usedto model networked control systemswith stochastic
inter-sampling times and packet drops.Conditions for mean-square stability of the resulting systemsare provided. For linear
dynamics, theseconditions can be formulated in terms of Linear Matrix Inequalities.

We use two benchmark examples that previously appeared in the literatur e to illustrate the use of our results and to
investigatetheir conservativeness.
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I . INTRODUCTION

Impulsive systemscan be viewed as a continuous�o w that is interruptedat the so called jump-times.In stochastic
impulsivesystems, the continuous�o w is characterizedby a stochasticdifferentialequationof the form

dxt = f (x t )dt + � (x t )dwt ; t � 0; x 2 Rn x ; (1a)

wherethe driving term wt 2 Rm is a standardWienerprocess.The jump timesarea sequenceof timest0 := 0 < t1 <
t2 < � � � , at which the system's stateis resetaccordingto a law of the form

x t k = � (k � 1; x t �
k

; zk ); 8k 2 N; (1b)

wherex t � denotesthe limit from below of x � as � " t, andzk an exogenoussequenceof jump points taking valuesin
somesetZ .

Stochasticimpulsive systemsexhibit threesourcesof randomness:the Wienerprocesswt , the jump times f tk : k 2
Ng, and the jump points f zk : k 2 Ng. We are interestedin stochasticimpulsive systemsfor which the intervals
f tk+1 � tk : k 2 Ng betweenconsecutive jumps are independentand identically distributed (i.i.d.). In this case,the
process

r t := maxf k 2 N : tk � tg; 8t � 0;

thatcountsthenumberof jump timestk in theinterval (0; t] is a renewal processandwe saythatthestochasticimpulsive
systemis driven by a renewal process.This terminologyimplicitly subsumesthat the jump pointsf zk : k 2 Ng arei.i.d
and that all sourcesof randomnessmentionedso far arestatisticallyindependent.

In this paper, we show that a stochasticimpulsive systemdriven by a renewal processcan be modeledby a jump-
diffusion equationwith state-dependentintensityof the form

dxt = f (x t )dt + � (x t )dwt +
Z

Z
(� (r t � ; x t � ; z) � x t � )n(dt; dz); (2a)

dr t =
Z

Z
n(dt; dz); (2b)

d� t = dt �
Z

Z
(� t � ) n(dt; dz); (2c)

wheren(dt; dz) is aninteger-valuedrandommeasurewith jump intensitygivenby � haz (� t � )� Z (dz). Thefunction� haz (�)
is thehazardrateof the renewal processthat characterizesthe jump timest k and� Z (�) is theprobabilitymeasureof the
jump-pointszk (detailscanbe found in SectionIV). This characterizationof a stochasticimpulsive systemallow us to
usethe Itô formula for semimartingalesandLyapunov-basedargumentsto derive suf�cient conditionsfor the stability
of stochasticimpulsive systemdriven by renewal processes.
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Fig. 1. Networked control system

Spatially distributed systemscontrolled over a communicationnetwork — often referred to as networked control
systems— provide our main motivation to study impulsive system.Figure1 shows a simplenetworked control system
for which a remotecontroller receivesprocesssensorinformationandsendactuationsignalsthrougha communication
network. In this �gure, the encoderblock mapmeasurementsinto streamsof “symbols” that canbe transmittedacross
thenetwork, andthedecoderblock performthe taskof mappingthestreamsof symbolsreceived from thenetwork into
continuousactuationsignals.However, the network may drop symbols,which meansthat the stringsreceived by the
controller/decodermay be a strict subsetof the stringssentby the encoder/controller.

We show thatwhenthe interval betweenconsecutive sampletimesis i.i.d., networkedcontrolsystemscanbemodeled
by stochasticimpulsive systemdriven by renewal processes.The constructionof the impulsive systemmimics the one
proposedin a deterministicsetting by Nesic and Teel [6]. We then provide suf�cient conditionsfor the stability of
networked control systemsthat explore the specialstructureof the impulsive systemsthat arisein this context.

This paperis organizedas follows: SectionII reviews backgroundmaterialon jump-diffusion processesand the Itô
formula for semimartingales.In SectionIII we show how a renewal processescan be obtainedas solution to a jump-
diffusion equation.In SectionIV, we show how a stochasticimpulsive systemdriven by a renewal processcan be
obtainedas a solution to a jump-diffusion equationand provide a Lyapunov-basedsuf�cient condition for stability of
the impulsive system.In SectionV, we show how a networkedcontrol systemcanbe modeledasa stochasticimpulsive
systemandprovide a suf�cient conditionsfor its stability.

Notation: In this paper, (
 ; F; P) denotesa probability spaceand ! an elementof 
 . To simplify notation,we
often omit the dependenceon ! for randomvariables,functions,processes,or measures.Whenwe needto emphasize
that a particularsymbol denotesa randomvariableor function, the dependenceon ! is includedbut separatedfrom
the remainingargumentsby a semicolon.We recall that a stochasticprocessis called cadlag if all its realizationsare
right-continuousandadmit left-limits.

I I . JUMP-DIFFUSIONS WITH STATE-DEPENDENT INTENSITIES

A jump-diffusion processx t is de�ned by a stochasticdifferentialequationof the form

dxt = f (x t )dt + � (x t )dwt ; t � 0; x t 2 Rn x ; (3a)

anda jump equationof the form

x t k = x t �
k

+ � (x t �
k

; zk ); k 2 N; zk 2 Z ; (3b)

where wt is a standardWiener process,the f tk (! ) � 0 : k 2 Ng form a randomsequenceof jump times, and the
f zk (! ) : k 2 Ng form a randomsequenceof jump points taking valuesin somesetZ .

In the simplestjump-diffusion processes,the intervals betweenconsecutive jump times f t k+1 (! ) � tk (! ) : k 2 Ng
are exponentiallydistributed i.i.d. randomvariableswith (constant)mean1=� . Moreover, theserandomvariablesare
independentof all the zk andof the Weinerprocesswt . The constant� > 0 is calledthe intensityof the jump diffusion
processand it is well known that the expectedvalueof the numberof jump times that fall in an interval I := (t 1; t2],
t2 > t1 � 0 is given by

E
�
n(! ; I )

�
=

Z

I
� dt = � (t2 � t1); (4)
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where the randomvariable n(! ; I ) denotesthe numberof jump times in the set I . Theseare called jump-diffusion
processeswith constant(or Poisson)intensitiesandcanessentiallybe viewedasstochasticimpulsive systemsdrivenby
a Poissonrenewal process.Thereare two minor differencesbetweenjump-diffusion processeswith constantintensity
and stochasticimpulsive systemsdriven by a Poissonrenewal process:(i) � (�) in the impulsive systemequation(1b)
is equalto the valueof x immediatelyafter the jump, whereas� (�) in the jump-diffusion equation(3b) is equalto the
discontinuityin x at time tk ; and(ii) in impulsive systemswe allow � (�) to dependon the jump index k, whereas� (�)
doesnot.

To modelstochasticimpulsive systemsdriven by moregeneralrenewal processes,we needjump-diffusion processes
with state-dependentintensities.In theseprocesses,(4) is generalizedto

E
�
n(! ; I ; A)

�
= E

hZ

I
� (x t � (! ); A)dt

i
; (5)

wheref � (x; �) : x 2 Rn x g denotesa family of measureson Z ; I � [0; 1 ) an arbitrary Lebesgue-measurableset in
[0; 1 ); A � Z an arbitrary � (x; �)-measurableset; and n(! ; I ; A) the numberof jump times t k in I for which the
correspondingjump pointszk belongto A. Note thatn is an integer-valuedrandommeasureon [0; 1 ) � Z , in thesense
of [4, De�nition II.1.13, p. 68]. In particular, settingA to be the whole set Z , we concludethat the expectednumber
of jump times that fall in an interval I := (t1; t2], t2 > t1 � 0 is now given by

E
�
n(! ; I ; Z )

�
= E

hZ

( t 1 ;t 2 ]
� (x t � (! ); Z )dt

i
:

According to this equation,the (expected)numberof jump points per unit time will generallyvary with time because
� (x t � ; Z ) varieswith x t . Moreover, jump times and jump points may not be independentsince � (x t � ; �) may favor
distinct distributionsfor the jump points,dependingon whetherjump timesaremoreor lesslikely to occur.

The two equations(3a)–(3b) areoften combinedinto a single jump-diffusionequation, written as

dxt = f (x t )dt + � (x t )dwt +
Z

Z
� (x t � ; z)n(dt; dz): (6)

The randommeasure� (x t � (! ); �) in (5) — which determinesboth the rate at which n is incrementedand wherethe
correspondingjump points lie — is called the intensityof the jump process.

We proceedto justify the useof the singleequation(6) to denote(3), which requiresthe notion of stochasticintegral
againsta randommeasure.However, if one simply regards(6) as a short-handnotation for (3), and takes (5) as the
de�nition of intensity, onecan skip the following paragraphsand jump directly to the statementof Theorem1, which
is the key result that will be neededin subsequentsections.

In the remainderof this sectionwe assumethat the readeris familiar with stochasticintegrationandmartingaletheory
at the level of [4, ChaptersI, II]. By a weaksolution to the equation(6) with jump intensity� (x t � (! ); dz) and initial
probability measure � 0 on Rn x , we meana probability space(
 ; F; P); a �ltration F t ; an Ft -adaptedstandardWiener
processwt ; an integer-valuedrandommeasuren on [0; 1 ) � Z with compensator

� (! ; dt; dz) := � (x t � (! ); dz)dt; (7)

anda locally bounded,cadlagFt -adaptedprocessx t suchthat x0 hasmeasure� 0 and1

x t � x0 =
Z

[0;t ]
f (xs� )ds +

Z

[0;t ]
� (xs� )dws +

Z

[0;t ]�Z
� (xs� ; z)n(ds;dz): (8)

The processx t is called the weaksolution-process. We recall that the compensator� (! ; dt; dz) of an integer-valued
randommeasuren(! ; dt; dz) on [0; 1 ) � Z is a predictablerandommeasurefor which

E
hZ

[0;1 ) �Z
h(! ; s; z)n(! ; ds;dz)

i
= E

hZ

[0;1 ) �Z
h(! ; s; z)� (! ; ds;dz)

i
(9)

for every nonnegative optional function h [4, TheoremII.1.8, p. 66].

1The �rst integral in (7) canbe understoodin the senseof [4, EquationI.3.4, p. 28] or [4, TheoremI.4.31,p. 46], the secondmustbe understood
in the senseof [4, TheoremI.4.31, p. 46], and the last one in the senseof [4, EquationsII.1.5, p. 66 or II.1.15, p. 69]. In integration againstthe
Lebesguemeasuredt, one doesnot needto worry aboutthe integrandbeing left- or right- continuous.However, for consistency we will generally
provide predictableintegrandsfor which integration againstsemimartingalesis well de�ned [4, TheoremI.4.31, p. 46].



To understandtheconnectionbetweenthis de�nition and(3), we recall that denotingby f (t k ; zk ) : k 2 Ng thepoints
at which the randommeasuren is incremented,we have that

Z

[0;t ]�Z
h(! ; s; z)n(! ; ds;dz) =

X

k :t k 2 (0 ;t ]

h(! ; tk (! ); zk (! )) ; (10)

for every optional function h [4, PropositionII.1.14, p. 68]. In particular, for h(! ; s; z) = � (x s� (! ); z) we conclude
that

Z

[0;t ]�Z
� (xs� ; z)n(ds;dz) =

X

k :t k 2 (0 ;t ]

�
�
x t �

k
; zk

�
:

This shows that the last term in (8) is instantaneouslyincrementedby �
�
x t �

k
; zk

�
at eachtime tk , which is consistent

with the jump equation(3b). Moreover, at all other times,the last term in (8) remainsconstantandthe evolution of x t

is determinedby the �rst two integrals,which is consistwith the stochasticdifferentialequation(3a).

To verify that the compensatorin (9) leadspreciselyto equation(5), we take an arbitrary Lebesgue-measurableset
I � [0; 1 ), an arbitrary � (x; �)-measurablesetA � Z , andde�ne h(! ; s; z) equalto one if t 2 I , z 2 A andequalto
zerootherwise.We thenconcludefrom (9) and(7) that

E
�
n(! ; I ; A)

�
= E

hZ

I � A
n(! ; ds;dz)

i
= E

hZ

[0;1 ) �Z
h(! ; s; z)n(! ; ds;dz)

i

= E
hZ

[0;1 ) �Z
h(! ; s; z)� (x t � (! ); dz)ds

i
= E

hZ

I
� (x t � (! ); A)ds

i
:

The following theoremis a consequenceof the fact that any weak solution-processto (6) is a semimartingale,for
which one can apply the Itô formula for semimartingales.A detailedproof of this result (with extensive references
to [4]) canbe found in the Appendix.

Theorem1: Let x t denotea weaksolution-processto (6), V : Rn x ! R a twice continuouslydifferentiablefunction,
andde�ne

LV (x) := r x V (x) � f (x) +
1
2

trace[� (x)0H x V (x)� (x)] +
Z

Z

�
V

�
x + � (x; z)

�
� V (x)

�
� (x; dz); (11)

8x 2 Rn x , wherer x V (x) andH x V (x) denotethe gradientvectorandthe Hessianmatrix of V (x), respectively. Then
V (x t ) � V (x0) �

R
[0;t ] LV (xs� )ds is a martingaleand,whenthe function V is nonnegative andE[V (x0)] < 1 ,

E
�
V (x t )

�
= E

�
V (x0)

�
+

Z

[0;t ]
E

h
LV (xs)

i
ds; 8t � 0: (12)

�
Remark1: Conditionsfor existenceanduniquenessof solutionto (6) areoftenformulatedfor Poissonintensities(i.e.,

not statedependent)[4, SectionIII.2c]. However, theseresultscanbeusedto derive existenceanduniquenessconditions
for state-dependentintensitiesusinga thinningprocedure[3]. An extendeddiscussionon existenceof uniquenessresults
for jump-diffusionequationsis beyond the scopeof this paper. However, it is worth while pointing out that Theorem1
holdswhetheror not weak solutionsare unique.Moreover, we will show that the jump-diffusion equationsintroduced
in SectionIII to generaterenewal processesalwayshave weaksolutionsso existenceis not a signi�cant issue. �

I I I . RENEWAL PROCESSES

Considertwo sequencesof randomvariablef t k (! ) 2 [0; 1 ) : k 2 Ng and f zk (! ) 2 Z : k 2 Ng, which we call the
sequenceof jump timesandthe sequenceof jump points, respectively, with the following threeproperties:

(i) t0 = 0 with probability one and the randomvariablesf t k+1 � tk : k 2 Ng are independentand identically
distributednonnegative randomvariableswith cumulative distribution F � andmean� � > 0. The distribution of
the incrementsf tk+1 � tk : k 2 Ng canalsobe characterizedin termsof its hazard rate, which is de�ned by

� haz (s) :=
F 0

� (s)
1 � F� (s)

; 8s 2 [0; T); (13)

whereT 2 (0; + 1 ] denotesthemaximuminter-jump time, andthereforeF � (s) < 1, 8s 2 [0; T). For simplicity,
we assumethat the hazardrate is continuouson [0; T).

(ii) The randomvariablesf zk 2 Z : k 2 Ng are independentand identically distributedwith measure� Z .
(iii) All randomvariablestk+1 � tk , z` , 8k; ` 2 N are independent.



Thesesequencesof randomvariablescanbe usedto de�ne a renewal process

r t := maxf k 2 N : tk � tg; 8t � 0;

which countsthe numberof jump times tk in the interval (0; t], anda timer process

� t := t � tk ; 8t 2 [tk ; tk+1 ); k 2 N;

which providesthe time elapsedsincethe last tk . The following theoremshows that renewal processescanbe viewed
assolutionsto appropriatelyde�ned jump-diffusion equationswith state-dependentintensities.

Theorem2: The renewal and timer processesr t and � t areweaksolution-processesto the jump-diffusion equation

dr t =
Z

Z
n(dt; dz); d� t = dt �

Z

Z
(� t � ) n(dt; dz): (14)

with jump intensity � haz (� t � )� Z (dz), andinitialization r 0 = � 0 = 0 with probability one.Moreover, the corresponding
integer-valuedrandommeasuren(! ; dt; dz) satis�es

Z

[0;t ]�Z
h(! ; t; z)n(! ; dt; dz) =

X

k :t k ( ! )2 [0;t ]

h
�
! ; tk (! ); zk (! )

�
; (15)

for every optional function h. �
The following propositionis neededto prove Theorem2. It lists well-known propertiesof renewal processes.
Proposition1: The renewal processr t satis�es the following properties

lim
t !1

E[r t ]
t

=
1

� �
(16)

and,for every t � 0,

P
�
r t + dt � r t = 0

�
� Ft

�
= 1 � � haz (� t )dt + o(dt)

P
�
r t + dt � r t = 1

�
� Ft

�
= � haz (� t )dt + o(dt)

P
�
r t + dt � r t > 1

�
� Ft

�
= o(dt)

E
�
r t + dt � r t

�
� Ft

�
� K dt;

whereFt denotesany �ltration suchthat Ft � � f r s : s � tg = � f � s : s � tg. �

Proof of Theorem2. To constructthe desiredweak solution to (14), we start with the probability space(
 ; F; P) on
which the tk (! ), zk (! ), k 2 N arede�ned andchooseany �ltration F t to which r t and � t are adapted.The next step
is to �nd an integer-valuedrandommeasuren(! ; dt; dz) with compensator� haz (� t � )� Z (dz)dt for which

r t =
Z

[0;t ]�Z
n(dt; dz); � t = t �

Z

[0;t ]�Z
(� t � ) n(dt; dz): (17)

Let Ft be any �ltration suchthat Ft � � f r s : s � tg = � f � s : s � tg. The renewal processr t is a cadlagcounting
process,Ft � � f r s : s � tg = � f � s : s � tg, and E[r t ] < 1 , 8t � 0, becauseof (16). Thereforewe can use [7,
Theorem1 andequation(3.19)] to concludethat

r t = mt + at ; at :=
Z

[0;t ]
� haz (� t � )dt;

wheremt is a (zero-mean)martingaleon Ft and at is an increasingFt -predictableprocess.This shows that at is the
compensatorfor r t [4, TheoremI.3.17i, p. 32] andthat r t is a specialsemimartingale[4, De�nition I.4.21,p. 43]. Since
D :=

��
! ; tk (! )

�
: ! 2 
 ; k 2 N

	
is a thin setand the process

pt := zk ; 8t 2 [tk ; tk+1 ); k 2 N

is optional,we cande�ne the following integer-valuedrandommeasureon [0; 1 )

n(! ; dt; dz) :=
X

k2 N

� ( t k ( ! ) ;p t k ( ! ) ) (dt; dz)
�

=
X

k :t k ( ! )2 dt;p t k ( ! ) 2 dz

1
�

where� a denotesthe Dirac measureat point a, for which (15) holds for every optional function h (cf. [4, Proposition
II.1.14, p. 68]). Note that n(! ; dt; dz) is � -�nite in the senseof [4, De�nition II.1.6, p. 66] becauser t is a locally
integrableincreasingprocess(cf. argumentusedin [4, ExampleII.1.7, p. 66]).



To verify that thecompensatorof n(! ; dt; dz) is indeedgivenby the(predictable)measure� haz (� t � )� Z (dz)dt, it suf�ces
to checkthat

E
hZ

[0;1 ) �Z
h(! ; s; z)n(! ; dt; dz)

i

= E
hZ

[0;1 ) �Z
h(! ; s; z)� haz (� t � (! )) � Z (dz)dt

i
; (18)

8t > 0 and for every function h of the form h(! ; s; z) = 1B (! )1(s1 ;s2 ](s)1C (z), for arbitrary 0 � s1 < s2, B 2 Fs1 ,
and� Z -measurablesetC � Z , where1X (x) denotesthe indicatorfunction of X . For suchh, the left-handsideof (18)
is given by

E
hZ

[0;1 ) �Z
h(! ; s; z)n(! ; ds;dz)

i

= E
h X

k :t k ( ! )2 [0;1 )

1B (! )1(s1 ;s2 ](tk (! ))1C (zk (! ))
i

= � Z (C) E
h X

k :t k ( ! )2 [0;1 )

1B (! )1(s1 ;s2 ](tk (! ))
i

= � Z (C) E
h X

k :t k ( ! )2 (s1 ;s2 ]

1B (! )
i

= � Z (C) E
h
1B (! )

�
r s2 (! ) � r s1 (! )

� i

= � Z (C) E
hZ

[0;1 ) �Z
1B (! )1(s1 ;s2 ](s)dr t (! )

i
; (19)

where,to factor out � Z (C), we usedthe fact that the randomvariables1C (zk (! )) , tk > s1 are identically distributed
and independentof 1B (! ) andof the tk (! ). On the otherhand,the right-handsideof (18) is given by

E
hZ

[0;t ]�Z
h(! ; s; z)� haz (� t � (! )) � Z (dz)dt

i

= E
hZ

[0;t ]�Z
1B (! )1(s1 ;s2 ](s)1C (z)� haz (� t � (! )) � Z (dz)dt

i

= � Z (C) E
hZ

[0;t ]�Z
1B (! )1(s1 ;s2 ](s)� haz (� t � (! ))dt

i

= � Z (C) E
hZ

[0;t ]�Z
1B (! )1(s1 ;s2 ](s)dat (! )

i
: (20)

Equality of (19) and(20) then follows from the fact that as is the compensatorfor r s [4, TheoremI.3.17iii, p. 32].

To �nish the proof, it remainsto show that the cadlagF t -adaptedprocessesr t , � t satisfy (17). This is a trivial matter
sincethe left-hand-sideandthe right-hand-sideequationsin (17) follow immediatelyfrom (15) with h(! ; s; z) = 1 and
h(! ; s; z) = � t � (! ), respectively.

IV. IMPULSIVE SYSTEMS DRIVEN BY RENEWAL PROCESSES

We arenow readyto constructa jump-diffusionequationwith state-dependentintensitythatmodelsa givenstochastic
impulsive systemdriven by a renewal process.The following result is a straightforward consequenceof Theorem2.

Corollary 1: Let x t denoteany processthat satis�es (1) for sequencesof jump timesand jump pointsde�ned as in
SectionIII, and let r t and � t denotethe correspondingrenewal and timer processes,respectively. Then x t , r t , � t are
weak solution-processesto (2) with jump intensity � haz (� t � )� Z (dz) and initialization r 0 = � 0 = 0 with probability
one. �

Proof of Corollary 1. To constructthe desiredweak solution to (2), we start with the probability space(
 ; F; P) on
which thetk (! ), zk (! ), k 2 N, x t andwt arede�ned andchooseany �ltration Ft to which x t , wt , r t , and� t areadapted.
We thende�ne n(! ; dt; dz) to be the integer-valuedrandommeasurewhoseexistenceis guaranteedby Theorem2. This
randommeasurehasthe desiredcompensator� haz (� t � )� Z (dz)dt and

r t =
Z

[0;t ]�Z
n(dt; dz); � t = t �

Z

[0;t ]�Z
(� t � ) n(dt; dz): (21)



To verify that (2a) alsoholds,note that onecanconcludefrom (15) that
Z

[0;t ]�Z
(� (r t � ; x t � ; z) � x t � )n(dt; dz) =

X

k :t k 2 [0;t ]

(� (r t �
k

; x t �
k

; zk ) � x t �
k

)

=
X

k :t k 2 [0;t ]

(� (k � 1; x t �
k

; zk ) � x t �
k

) (22)

andthereforethesolution-processx t to (2a)have jumpsat thetimestk equalto � (k� 1; x t �
k

; zk )� x t �
k

, whichcorresponds
exactly to (1b). Betweenthe tk , (22) remainsconstantand thereforex t simply �o ws accordingto (1a).

The following theoremis themain resultof this section.It combinesTheorem1 andCorollary1 to obtaina suf�cient
condition for the stability of a stochasticimpulsive systemdriven by a renewal process.

Theorem3: Assumethat the following two conditionshold:
C1 Thereexists a nonnegative function W : N � Rn x ! [0; 1 ) andconstantsL 2 R, c;` � 0 for which

r x W (r; x) � f (x) +
1
2

trace[� (x)0H x W (r; x)� (x)] � L W (r; x) + c; (23a)
Z

Z
W (r + 1; � (r; x; z)) � Z (dz) � ` W (r; x); (23b)

W (r; x) � � kxk2; 8r 2 N; x 2 Rn x : (23c)

C2 Thereexists a continuouslydifferentiablefunction 
 : [0; T ) ! [0; 1 ) andconstants� > 0, 0 < a � b < 1 such
that 
 (0) = 1 and


 0(s) � (� haz (s) � L � � )
 (s) � `� haz (s); 
 (s) 2 [a; b]; 8s 2 [0; T): (24)

Thenevery weaksolution-processx t to (2) for which E[W (0; x0)] < 1 is mean-squarestableandsatis�es

E
�
kx t k2�

�
e� �t

� a
E

�
W (0; x0)

�
+

cb
� � a

; 8t � 0: (25)

�
The proof of this result can be found in SectionIV-C. In the remainingof this sectionwe discussthe two conditions
that appearin Theorem3.

A. ConditionC2

Intuitively, stability of thesolutionsto thestochasticimpulsive system(2) will eitherrely on thecontinuous�o w being
“stabilizing,” which correspondsto L < 0 in (23a); or on the jumpsbeing“stabilizing,” which correspondsto ` < 1 on
(23b). In the formercase,long intervalsbetweenjumpsaredesirableandin the latter caseshortintervalsarepreferable.
The condition C2 in Theorem3 implicitly expressesthis requirements,but it is dif�cult to verify directly. The next
Lemmaprovidesan alternative versionof this condition (possiblymore conservative) that is generallystraightforward
to verify.

Lemma1: Assumethat thereexists constantsd1 < 1 , d2 < 1 suchthat
Z s2

s1

� haz (� )d� � (L + � )(s2 � s1) � d1; (26a)

`
e� (L + � )s1

1 � F� (s1)

Z s2

s1

e(L + � ) � F 0
� (� )d� � d2; (26b)

8 0 � s1 < s2 < T. ThenconditionC2 in Theorem3 holds. �
Note that (26a) holds trivially for any inter-jump distribution with �nite support(T < 1 ) by settingd1 := (L + � )T .
With Lemma1, it becomesstraightforward to determinewhetheror not condition C2 in Theorem3 holds for given
distributionsof the inter-jump time. The following corollary, considersa few commondistributions:

Corollary 2: C2 in Theorem3 holds for any of the following distributionsof the inter-jump times:
(i) F� is any distribution with supporton [0; T) and`eLT < 1.

(ii) F� is uniformly distributedon [0; T) and` eLT � 1
LT < 1.

(iii) F� is exponentiallydistributedwith mean �T and `
1� L �T < 1. �

The condition (i) in Corollary 2 is necessarilyvery conservative becauseit applies to every distribution with �nite
support.E.g., if we compareconditions(i) and(ii) in Corollary 2, we concludethat whenLT � 1, the knowledgethat
the distribution is uniform allows ` to becomealmostLT larger.



Remark2: The inequalities(26) in Lemma1 areusedto show that thereexistsa constanta > 0 suchthat thesolution
to the nonlinearscalardifferentialequation


 (0) = 1; 
 0(s) =

(
(� haz (s) � L � � )
 (s) � `� haz (s) 
 (s) < 1
min

�
0; (� haz (s) � L � � )
 (s) � `� haz (s)

	

 (s) � 1

remainslarger than or equal to a for every s 2 [0; T). For speci�c hazardrates,one may verify that this is so by
numericallysolving the above differentialequation.However, a numericalveri�cation doesnot permit the derivation of
“clean” conditionsbetweeǹ andL suchas the onesprovided by Corollary 2. �

B. ConditionC1

For linear systemsand quadraticfunctions W , the condition C1 in Theorem3 can be veri�ed numerically in an
ef�cient manner. To this effect, we restrictour attentionto systemdynamicsof the form2

f (x) = Ax; � (x) = B ; � (r; x; z) = Rr ;z x; 8r 2 N; x 2 Rn x ;

anda function W of the form W (r; x) = x0Pr x, Pr = P 0
r , 8r 2 N, x 2 Rn x . In this case,the inequalitiesin (23) take

the form

x0(Pr A + A0Pr � LP r )x � c � trace
�
B 0Pr B ]; (27a)

x0
� Z

Z
R0

r ;z Pr +1 Rr ;z � Z (dz) � `Pr

�
x � 0; (27b)

x0(Pr � �I )x � 0; 8r 2 N; x 2 Rn x : (27c)

The existenceof the constantsc, L , ` and the matricesPr , r 2 N for which (27) holds is equivalent to the feasibility
of the following in�nite family of matrix inequalitiesin the unknowns L , `, � , Pr = P 0

r , r 2 N:

Pr A + A0Pr � LP r � 0; (28a)
Z

Z
R0

r ;z Pr +1 Rr ;z � Z (dz) � `Pr � 0; (28b)

Pr � �I � 0; 8r 2 N: (28c)

This is because(27b)–(27c) follow directly from (28b)–(28c) and then (27a) holds with c := supr 2 N trace
�
B 0Pr B ].

Conversely, if the inequalitiesin (28) do not hold, thenit is straightforward to show that the inequalitiesin (27) cannot
hold for any �nite constantc. WhentheresetmatricesRr ;z areperiodicwith respectto theintegerr , i.e.,Rr ;z = Rr + N ;z ,
8r 2 N, z 2 Z , we can restrict the searchto periodic matricesPr and (28) becomesa �nite systemof linear matrix
inequalities(LMIs) in the unknowns P1; P2; : : : ; PN .

As seenin SectionIV-A, conditionC2 implicitly imposesa constraintbetweeǹ andL , for which small valuesof `
favor stability. We canthereforeusea line searchasL rangesover [0; 1 ) to verify if C2 holdsfor the minimum value
of ` for which (28) is feasible.Finding such` is a quasi-convex generalizedeigenvalueminimizationproblem(GEVP),
which canbe solved very ef�ciently [1].

C. Proofsof Theorem3, Lemma1, and Corollary 2

Proof of Theorem3. Considerthejump-diffusionprocessin Corollary1. Applying thecorrespondingoperatorL de�ned
in Theorem1 to the nonnegative function V (x; r; � ) := 
 (� )W (r; x), 8x 2 Rn x , r 2 N, � 2 [0; T ) yields

LV (x; r; � ) = r � V (x; r; � ) + r x V (x; r; � ) � f (x) +
1
2

trace[� (x)0H x V (x; � )� (x)]

+
Z

Z

�
V (� (r; x; z); r + 1; 0) � V (x; r; � )

�
� haz (� )� Z (dz)

= 
 0(� )W (r; x) + 
 (� )
�

r x W (r; x) � f (x) +
1
2

trace[� (x)0H x W (r; x)� (x)]
�

+
�

� haz (� )
Z

Z
W (r + 1; � (r; x; z)) � Z (dz)

�
� 
 (� )W (r; x)� haz (� ):

Using (23a)–(23b)we concludethat

LV (x; r; � ) � L
 (� )W (r; x) + c
 (� ) + 
 0(� )W (r; x) + `W (r; x)� haz (� )

� 
 (� )W (r; x)� haz (� )

2It would be straightforward to generalizethe resultsin this sectionto functionsf (x) and � (x) that areaf�ne on x.



=
�

L
 (� ) + 
 0(� ) + `� haz (� ) � 
 (� )� haz (� )
�

W (r; x) + c
 (� );

andour choiceof 
 satisfying(24), simpli�es the above to

LV (x; r; � ) � � �V (x; r; � ) + cb; 8x 2 Rn x ; r 2 N; � 2 [0; T ): (29)

From Theorem1, we thenconcludethat

E
�
V (x t ; r t ; � t )

�
� E

�
W (0; x0)

�
+ cbt; 8t � 0;

which establishesthe �niteness of E
�
V (x t ; r t ; � t )

�
for every �nite time t � 0. Taking derivativesto both sidesof (12)

with respectto t andusing(29), we further concludethat

d E
�
V (x t ; r t ; � t )

�

dt
= E

�
LV (x t ; r t ; � t )

�
� � � E

�
V (x t ; r t ; � t )

�
+ cb; 8t � 0:

From this and the ComparisonPrinciple [5, Lemma3.4], oneobtains

E
�
V (x t ; r t ; � t )

�
� e� �t E

�
W (0; x0)

�
+ c

Z

[0;t ]
e� � ( t � s) 
 (� s)ds

� e� �t E
�
W (0; x0)

�
+

cb
�

; 8t � 0:

and the inequality (25) then follows from the observation that

E[kx t k2] �
1
�

E[W (r t ; x t )] =
1
�

E
hV (x t ; r t ; � t )


 (� t )

i
�

E
�
V (x t ; r t ; � t )

�

� a
:

Proof of Lemma1. The desiredfunction 
 canbe constructedby the following differentialequation:


 (0) = 1; 
 0(s) =

(
(� haz (s) � L � � )
 (s) � `� haz (s) 
 (s) < 1
min

�
0; (� haz (s) � L � � )
 (s) � `� haz (s)

	

 (s) � 1

8s 2 [0; T): (30)

Although the right-hand-sideof (30) is discontinuous,the solutionto this differentialequationexists globally on [0; T)
and consistsof segmentson which 
 is constantand equal to one, interlacedwith segmentson which it follows the
top branch,which is linear on 
 . By construction,
 0(s) satis�es the inequality in (24) and 
 (s) � 1, 8s 2 [0; T). To
completethe proof, it remainsto show that thereexists a constanta > 0 suchthat 
 (s) � a, 8s 2 [0; T). To this end
consideran arbitrary interval (s1; s2) on which 
 (s) < 1, 8s 2 (s1; s2) and 
 (s1) = 1. On such interval, 
 evolves
accordingto the following linear differentialequation


 (s1) = 1; 
 0(s) = (� haz (s) � � � L )
 (s) � `� haz (s); 8s 2 (s1; s2);

whosesolution is given by


 (s) = e� (L + � )( s� s1 )+
Rs

s 1
� haz ( � )d� � `

Z s

s1

e� (L + � )( s� � )+
Rs

� � haz ( � )d� � haz (� )d�;

= e� (L + � )( s� s1 )+
Rs

s 1
� haz ( � )d�

�
1 � `e� (L + � )s1

Z s

s1

e(L + � ) � +
Rs 1

� � haz ( � )d� � haz (� )d�
�

; 8s 2 [s1; s2): (31)

Using (13), we concludethat

e
Rs

� � haz ( � )d� = e
Rs

�
F 0

� ( � )
1 � F � ( � ) d� = e

RF � ( s )
F � ( � )

dF
1� F = elog 1� F � ( � )

1 � F � ( s ) =
1 � F� (� )
1 � F� (s)

; 8 0 � � � s < T; (32)

which canbe substitutedin (31) to obtain


 (s) = e� (L + � )( s� s1 )+
Rs

s 1
� haz ( � )d�

�
1 �

`e� (L + � )s1

1 � F� (s1)

Z s

s1

e(L + � ) � F 0
� (� )d�

�
; 8s 2 [s1; s2): (33)

From this and(26), we concludethat


 (s) � a := e� d1 (1 � d2) > 0; 8s 2 [s1; s2):

Proof of Corollary 2. To verify condition (i) we usedirectly the condition C2 in Theorem3. To this end,pick � > 0
suf�ciently small so that

`e(L + � )T � 1: (34)



The desiredfunction 
 canbe implicitly de�ned by the following (linear) differentialequation


 (0) = 1; 
 0(s) = � (� + L )
 (s); 8s 2 [0; T);

whosesolution is given by 
 (s) = e� ( � + L )s, 8s 2 [0; T). Using (34), we concludethat ` � 
 (s) � 1, 8s 2 [0; T) and
therefore


 0(s) � � haz (s)( 
 (s) � `) � (� + L )
 (s) = (� haz (s) � � � L )
 (s) � `� haz (s); 8s 2 [0; T):

Therefore(24) holdswith a := `, b := 1.

To verify condition (ii), it suf�ces to show that (26b) holds, becausethis distribution has �nite support.To this end,
pick � > 0 suf�ciently small so that

`
e(L + � )T � 1

(L + � )T
< 1: (35)

For the desireddistribution, F� (s) = s=T andF 0
� (s) = 1=T, 8s 2 [0; T). In this case,

`
e� (L + � )s1

1 � F� (s1)

Z s2

s1

e(L + � ) � F 0
� (� )d� = `

e(L + � )( s2 � s1 ) � 1
(L + � )(T � s1)

� `
e(L + � )( T � s1 ) � 1
(L + � )(T � s1)

� `
e(L + � )T � 1
(L + � )T

< 1; 8 0 � s1 < s2 < T;

wherewe usedthe fact that ex � 1
x is a monotoneincreasingfunction of x and(35).

To verify condition(iii), we pick � > 0 suf�ciently small so that

`
1 � (L + � ) �T

: (36)

For the desireddistribution, � haz (s) = 1=�T, F� (s) = 1 � e� s= �T and F 0
� (s) = e� s= �T =�T, 8s � 0. In this case,(26a)

holdsbecause1=�T � L � � > 0. As for (26b):

`
e� (L + � )s1

1 � F� (s1)

Z s2

s1

e(L + � ) � F 0
� (� )d� =

`
�T

Z s2

s1

e(L + � � 1
�T

)( � � s1 ) d�

=
`
�
1 � e(L + � � 1

�T
)( s2 � s1 )

�

1 � (L + � ) �T
�

`
1 � (L + � ) �T

< 1; 8s2 > s1 � 0;

wherewe used(36).

V. NETWORKED CONTROL SYSTEMS

Considera nonlinearplant andremotecontrollerwith exogenousdisturbancesof the following form:

dxP = f P (xP ; û)dt + gP (xP ; û)dw; y = gP (xP ); (37a)

dxC = f C (xC ; ŷ)dt + gC (xC ; ŷ)dw; u = gC (xC ); (37b)

where xP and xC are the statesof the plant and the controller; û and y the plant's input and output; ŷ and u the
controller's input and output; and w a standardWiener process.The plant and the controller are connectedthrougha
two-channelfeedback NCSas in Fig. 1. Ignoring network delay, betweenthe samplingtimes f t k : k 2 Ng both û and
ŷ areheld constant:

ût = ût k ; ŷt = ŷt k ; 8t 2 [tk ; tk+1 ); k 2 N; (38)

The signalsut andyt arenot necessarilyboth sampledandsentto the network at every samplingtime. Moreover, the
samplessentmay be droppedby the network with a given probability3. This is capturedby the following model

ût k =

(
ut k u sampledat time tk andnot dropped

ût �
k

u not sampledat time tk or dropped
8k 2 N; (39a)

ŷt k =

(
yt k y sampledat time tk andnot dropped
ŷt �

k
y not sampledat time tk or dropped

8k 2 N: (39b)

3This model ignoresnetwork quantization.However, it would be straightforward to include it.



This samplingmodelwith dropscanbe written compactlyas

ût k = ut k + zk (ût �
k

� ut k ) + (1 � zk )� u
�
k � 1; et �

k

�
; (40a)

ŷt k = yt k + zk (ŷt �
k

� yt k ) + (1 � zk )� y
�
k � 1; et �

k

�
; (40b)

where zk 2 Z := f 0; 1g is equal to one if the samplesent at time t k is droppedand equal to zero otherwise,
e = [ eu

ey ] :=
h

û � u
ŷ � y

i
, and

� u (k � 1; e) :=

(
0 u sampledat time tk

eu u not sampledat time tk

� y (k � 1; e) :=

(
0 y sampledat time tk

ey y not sampledat time tk

Nesic and Teel [6], Walsh et al. [11] actually considera samplingmodel more generalthan (39), as they allow for a
subsetof the entriesof the vectorsu and y to be transmittedthroughthe network at eachsamplingtime. In practice,
this meansthat at eachsamplingtime only someentriesof � u (�) and � y (�) aresetequalto zero.Following Nesicand
Teel [6], we capturethis by generalizing(40) to

et k = zk et �
k

+ (1 � zk )� (k � 1; et �
k

); 8t 2 [tk ; tk+1 ); k 2 N; (41)

where � (k � 1; �) speci�es which entriesof u and y are sampledat the kth samplingtime. The function � (�) can be
regardedasimplementinga networkaccessprotocol thatdecideswhich input/outputchannelsshouldbesampledat each
time tk , k 2 N. When this decisionis basedon the currentmismatchesbetweenu and û and/orbetweeny and ŷ, we
have a dynamicprotocol, suchasthe try-once-discardprotocol in [6, 11]. Otherwise,we have a static protocol, suchas
the round-robinprotocol in [6, 11, 13].

We are interestedin networked control systemsfor which the samplingtimes f t k 2 [0; 1 ) : k 2 Ng and the drops
f zk 2 Z : k 2 Ng are the jump timesand the jump points, respectively, of a renewal processr t with hazardrate � haz

and measure� Z for the jump points.The measure� Z correspondsto a Bernoulli randomvariablewith probability of
drop (i.e., zk = 1) equalto p. De�ning x :=

�
x0

P x0
C

� 0
, the NCS describedby (37), (38), and(41) canbe modeledby

a stochasticimpulsive systemof the form

dxt = g(x t ; et )dt + � (x t ; et )dwt ; 8t � 0; x 2 Rn x ; w 2 Rn w ; (42a)

det = f (x t ; et )dt + � (x t ; et )dwt 8t 2 [tk ; tk+1 ); e 2 Rn e ; (42b)

et k = zk et �
k

+ (1 � zk )� (k � 1; et �
k

); 8k 2 N: (42c)

In view of the resultsin SectionIV, the stability of (42) can be deducedby analyzingthe weak solution-processesto
the following jump-diffusion equation

dxt = g(x t ; et )dt + � (x t ; et )dwt ; (43a)

det = f (x t ; et )dt + � (x t ; et )dwt +
Z

Z
(zet � + (1 � z)� (r t � ; et � ) � et � )n(dt; dz); (43b)

dr t =
Z

Z
n(dt; dz); (43c)

d� t = dt �
Z

Z
(� t � ) n(dt; dz); (43d)

with jump intensity � haz (� t � )� Z (dz) and initialization r 0 = � 0 = 0 with probability one.

Theorem4: Assumethat the following two conditionshold:
C3 There exist nonnegative functions U;Y : Rn x ! [0; 1 ), W : N � Rn e ! [0; 1 ) and constantsL x ; L 2 R,

� ; `; c1; c2; � 1; � 2 � 0 for which

r x U(x) � g(x; e) +
1
2

trace[� (x; e)0H x U(x)� (x; e)] � � � U(x) + L x W (r; e) + c1; (44a)

r x U(x) � g(x; e) +
1
2

trace[� (x; e)0H x U(x)� (x; e)]

+ r eW (r; e) � f (x; e) +
1
2

trace[� (x; e)0HeW (r; e)� (x; e)]

� � � U(x) + (L + L x )W (r; e) + c1 + c2; (44b)



(1 � p)W (r + 1; � (r; e)) + pW(r + 1; e) � ` W (r; e); (44c)

U(x) � � 1kxk2; W (r; e) � � 2kek2; 8r 2 N; e 2 Rn e ; x 2 Rn x : (44d)

C4 Thereexistsa continuouslydifferentiablefunctions
 1; 
 2 : [0; T ) ! [0; 1 ) andconstants� > 0, 0 < a � b < 1
suchthat


 0
1(s) � (� haz (s) + � � � )
 1(s) � 
 1(0)� haz (s); (45a)


 0
2(s) � (� haz (s) � L � � )
 2(s) � L x 
 1(s) � ` 
 2(0)� haz (s); (45b)

a � 
 2(s) � 
 1(s) � b; 8s 2 [0; T): (45c)

Then every weak solution-processx t , et to (43) for which E[U(x0)] < 1 and E[W (0; e0)] < 1 is mean-square
stable. �

A. ConditionC4

Intuitively, the stability of the solutionsto the stochasticimpulsive system(43) will rely on frequentjumpsthat keep
the error processet small. The condition C4 in Theorem4 implicitly expressesthis requirementsbut it is dif�cult to
verify directly. The next Lemmaprovides an alternative versionof this condition (possiblymore conservative) that is
generallystraightforward to verify.

Lemma2: Assumethat thereexists constantsd1 < 1 , d2 < 1 suchthat
Z s

s1

� haz (� )d� � (L + � )(s � s1) � d1; (46a)

e� (L + � )s1

1 � F� (s1)

Z s2

s1

e(L + � ) �
�

`F 0
� (� ) + L x

�
1 � F� (� )

� �
d� � d2; (46b)

8 0 � s1 < s2 < T. ThenconditionC4 in Theorem4 holds. �
Note that whenL x = 0 the assumptionsof Lemma2 areexactly the sameas the onesof Lemma1. This corresponds
to the (somewhat unlikely) situationof a processx t that is stableregardlessof the evolution of et [cf. (44a)].

Lemma2 allows one to determinewhetheror not condition C4 in Theorem4 holds for given distributions of the
inter-jump time. The following corollary, considersa few commondistributions:

Corollary 3: C4 in Theorem4 holds for any of the following distributionsof the inter-jump times:
(i) F� is any distribution with supporton [0; T) and

` + L x
L

1 + L x
L

eLT < 1: (47)

(ii) F� is uniformly distributedon [0; T) and

` + L x
L

1 + L x
L

eLT � 1
LT

< 1 (48)

(iii) F� is exponentiallydistributedwith mean �T and

` + L x �T
1 � L �T

< 1: (49)
The condition (47) is analogousto the onefound by NesicandTeel [6] for deterministicworst-casesamplingtimes

andno drops,but the constantsinvolveddo not have the samenumericalvaluesandit doesseemeasyto prove thatone
condition is strictly lessconservative than the other. However, for all the examplesin SectionVI, condition (47) does
leadto lessconservative resultsthanthe onefound by NesicandTeel [6]. The mostsigni�cant advantageof this result
with respectto the onesderived for deterministicworst-casesamplingtimes (e.g.,by Nesic andTeel [6], Walsh et al.
[10, 11]) is realizedwhen the inter-samplingtime distribution is available.E.g., whenLT � 1 and the distribution is
uniform, (48) allows ` to becomealmostLT larger than(47). This resultalsoappliesto Bernoulli drops,which is not
possiblein a deterministicsetting.

Remark3: The inequalities(46) in Lemma2 areusedto show that thereexistsa constanta > 0 suchthat thesolution
to the nonlinearscalardifferentialequation


 0
2(s) =

(
(� haz (s) � L � � )
 2(s) � L x � ` � haz (s) 
 2(s) < 1

min
�

0; (� haz (s) � L � � )
 2(s) � L x � ` � haz (s)
	


 2(s) � 1

with initial condition 
 2(0) = 1 remainslarger than or equalto a for every s 2 [0; T). For speci�c hazardrates,one
may verify that this is so by numericallysolving the above differentialequation.However, a numericalveri�cation does
not permit the derivation of “clean” conditionsbetweeǹ , L , andL x suchas the onesprovided by Corollary 3. �



B. ConditionC3

For linear systemsandquadraticfunctionsU, W , Y , the conditionC3 in Theorem4 canbe veri�ed numericallyin
an ef�cient manner. To this effect, we restrictour attentionto systemdynamicsof the form4

g(x; e) = Axx x + Axe e; f (x; e) = Aex x + Aeee;

� (x; e) = Bx ; � (x; e) = Be; � (r; e) = R(r; e)e; 8r 2 N; x 2 Rn x ; e 2 Rn e ;

and functionsU and W of the form U(x) = x0Qx, Q = Q0, 8x 2 Rn x and W (r; e) = e0Pr e, Pr = P 0
r , 8r 2 N,

e 2 Rn e , respectively. In this case,the inequalitiesin (44) take the form

�
x0 e0

�
�
QAxx + A0

xx Q + � Q QAxe

A0
xe Q � L x Pr

� �
x
e

�
� c1 � trace[B 0

x QB x ] (51a)

�
x0 e0

�
�
QAxx + A0

xx Q + � Q QAxe + A0
ex Pr

A0
xe Q + Pr Aex Pr Aee + A0

eePr � (L + L x )Pr

� �
x
e

�
� c1 + c2 � trace[B 0

x QB x + B 0
ePr Be] (51b)

x0(Q � � 1I )x � 0; e0(Pr � � 2I )e � 0; (51c)

e0� (1 � p)R(r; e)0Pr +1 R(r; e) + pPr +1 � ` Pr
�
e � 0; 8r 2 N; e 2 Rn e ; x 2 Rn x : (51d)

The existenceof theconstantsc1, c2, L , L x , ` , � 1, � 2 andthematricesQ = Q0, Pr = P 0
r , r 2 N for which (51a)–(51c)

hold is equivalent to the feasibility of the following family of matrix inequalitiesin the unknowns L , L x , ` , � 1, � 2,
Q = Q0, Pr = P 0

r , r 2 N:
�
QAxx + A0

xx Q + � Q QAxe

A0
xe Q � L x Pr

�
� 0 (52a)

�
QAxx + A0

xx Q + � Q QAxe + A0
ex Pr

A0
xe Q + Pr Aex Pr Aee + A0

eePr � (L + L x )Pr

�
� 0; (52b)

Q � � 1I � 0; Pr � � 2I � 0; 8r 2 N: (52c)

This is becausewhenever(52a)–(52c)hold,then(51a)–(51c)alsoholdwith c1 := trace
�
B 0

x QB x ], c2 := supr 2 N trace
�
B 0

ePr Be].
Conversely, if (52a)–(52c)do not hold, thenit is straightforwardto show that (51a)–(51c)cannothold for �nite constants
c1, c2.

For protocolssuchas the round-robin protocol in [6, 11, 13], the matricesR(r; e) are independentof e andperiodic
with respectto the integer r , i.e.,

R(r + kN ; e) = Rr ; 8r 2 f 1; 2; : : : ; N g; k 2 N; (53)

for some�nite period N 2 N. In this case,we canrestrict the searchto periodic matricesPr and (51d) also becomes
a matrix inequalityof the form5

(1 � p)R0
r Pr +1 Rr + pPr +1 � ` Pr ; 8r 2 N: (54)

Alternatively, for protocol suchas the try-once-discard protocol in [6, 11], the matricesR(r; e) do not dependon the
integer r andinsteadarechosenfrom a �nite collectionof symmetricprojectionmatrices6 Ri , i 2 f 1; 2; : : : ; N g, based
on the currentvalueof e. We recall that a matrix R is calleda projectionmatrix if R2 = R. In particular,

R(r; e) = arg min
R i :i 2f 1;::: ;n g

e0Ri e; 8r 2 N; e 2 Rn e : (55)

In this case,a suf�cient condition for (51d) to hold with Pr = P, 8r 2 N is that

e0Ri e � e0Rj e; 8j ) e0� (1 � p)R0
i PRi + pP � ` P

�
e � 0; 8i 2 f 1; 2; : : : ; N g; e 2 Rn e ;

which is further implied by the following family of matrix inequalitieson the unknowns � ij � 0

(1 � p)R0
i PRi + pP +

X

j 6= i

� ij (Rj � Ri ) � ` P: (56)

As seenin SectionV-A, condition C4 implicitly imposesa constraintbetween`, L , and L x , for which small values
of ` favor stability. We can thereforelet L and L x rangeover [0; 1 ) and verify if C4 holds for the smallestconstant
` for which (52), (54) [or (52), (56)] is feasible.Thesearequasi-convex generalizedeigenvalueminimizationproblem
(GEVP), which canbe solved very ef�ciently [1].

4It would be straightforward to generalizethe resultsin this sectionto functionsf ; q; � ; � that areaf�ne on x ande.
5Although (52), (54) exhibit a quanti�cation over r 2 N, becauseof the periodicity in r , oneonly hasto verify N inequalities.
6A matrix R is calleda projectionmatrix if R2 = R.



The inequality (44c) shouldbe viewed as a requirementon the network accessprotocol speci�ed by the function
� (�). In practice,L > 0 and to keepet boundedoneneeds̀ < 1. In this case,(44c) requiresthe protocol to de�ne an
exponentiallystableauxiliary stochasticdiscrete-timesystem

yk+1 =

(
� (k; yk ) with probability 1 � p
yk with probability p

Motivatedby NesicandTeel [6], we usethe terminologyuniformlyexponentiallystableprotocol to denoteany protocol
that satis�es (44c).

Remark4: It is worth noting that if the x t dynamicsin (43a)with et = 0 (ideal network) areasymptoticallystable
— which correspondsto Axx Hurwitz — then the matrix inequalitiesin (52) are always feasiblefor suf�ciently large
constantsL x ; L > 0. In this case,as long as the protocol can guaranteethat (51d) holds for some` < 1, any of the
inequalitiesin Corollary 3 can be madeto hold by selectingL suf�ciently large and T (or �T) suf�ciently small. This
con�rms the intuitive notion that if the closed-loopsystemis stablefor an ideal network and samplingis suf�ciently
frequent,then the NCS will remainstable. �

C. Proofsof Theorem4, Lemma2, and Corollary 3

Proof of Theorem4. Applying the operatorL de�ned in Theorem1 to the nonnegative function V (x; e;r; � ) :=

 1(� )U(x) + 
 2(� )W (r; e), 8x 2 Rn x , e 2 Rn e , r 2 N, � 2 [0; T ) yields

LV (x; e;r; � ) = r � V (x; e;r; � ) + r x V (x; e;r; � ) � g(x; e) + r eV (x; e;r; � ) � f (x; e)

+
1
2

trace[� (x; e)0H x V (x; e;r; � )� (x; e)]

+
1
2

trace[� (x; e)0HeV (x; e;r; � )� (x; e)]

+ � haz (� )
Z

Z

�
V (x; � (r; e;z); r + 1; 0) � V (x; e;r; � )

�
� Z (dz)

= 
 0
1(� )U(x) + 
 0

2(� )W (r; e)

+ 
 1(� )
�

r x U(x) � g(x; e) +
1
2

trace[� (x; e)0H x U(x)� (x; e)]
�

+ 
 2(� )
�

r eW (r; e) � f (x; e) +
1
2

trace[� (x; e)0HeW (r; e)� (x; e)]
�

+ � haz (� )
Z

Z

�

 1(0)U(x) + 
 2(0)W (r + 1; ze+ (1 � z)� (r; e))

� 
 1(� )U(x) � 
 2(� )W (r; e)
�

� Z (dz)

= 
 0
1(� )U(x) + 
 0

2(� )W (r; e)

+ 
 1(� )
�

r x U(x) � g(x; e) +
1
2

trace[� (x; e)0H x U(x)� (x; e)]
�

+ 
 2(� )
�

r eW (r; e) � f (x; e) +
1
2

trace[� (x; e)0HeW (r; e)� (x; e)]
�

+ � haz (� )
�


 1(0)U(x) + 
 2(0)
Z

Z
W (r + 1; ze+ (1 � z)� (r; e)) � Z (dz)

� 
 1(� )U(x) � 
 2(� )W (r; e)
�

= 
 0
1(� )U(x) + 
 0

2(� )W (r; e)

+ 
 1(� )
�

r x U(x) � g(x; e) +
1
2

trace[� (x; e)0H x U(x)� (x; e)]
�

+ 
 2(� )
�

r eW (r; e) � f (x; e) +
1
2

trace[� (x; e)0HeW (r; e)� (x; e)]
�

+ � haz (� )
�


 1(0)U(x) + 
 2(0)(1 � p)W (r + 1; � (r; e)) + 
 2(0)pW(r + 1; e)

� 
 1(� )U(x) � 
 2(� )W (r; e)
�

= 
 0
1(� )U(x) + 
 0

2(� )W (r; e)

+
�

 1(� ) � 
 2(� )

� �
r x U(x) � g(x; e) +

1
2

trace[� (x; e)0H x U(x)� (x; e)]
�

+ 
 2(� )
�

r eW (r; e) � f (x; e) +
1
2

trace[� (x; e)0HeW (r; e)� (x; e)]



+ r x U(x) � g(x; e) +
1
2

trace[� (x; e)0H x U(x)� (x; e)]
�

+ � haz (� )
�


 1(0)U(x) + 
 2(0)(1 � p)W (r + 1; � (r; e)) + 
 2(0)pW(r + 1; e)

� 
 1(� )U(x) � 
 2(� )W (r; e)
�

:

Using (44a)–(44c)we concludethat

LV (x; e;r; � ) � 
 0
1(� )U(x) + 
 0

2(� )W (r; e)

+
�

 1(� ) � 
 2(� )

� �
� � U(x) + L x W (r; e) + c1

�

+ 
 2(� )
�

� � U(x) + (L + L x )W (r; e) + c1 + c2
�

+ � haz (� )
�
`
 1(0)W (r; e) � 
 1(� )U(x) � 
 2(� )W (r; e)

�

=
�


 0
1(� ) � � 
 1(� ) + � haz (� )

�

 1(0) � 
 1(� )

� �
U(x)

�

 0

2(� ) + L x 
 1(� ) + L
 2(� ) + � haz (� )
�
`
 2(0) � 
 2(� )

� �
W (r; e)

+ c1
 1(� ) + c2
 2(� )

Our choiceof 
 1, 
 2 satisfying(45) simpli�es the above to

LV (x; e;r; � ) � � �V (x; e;r; � ) + (c1 + c2)b;

8x 2 Rn x ; e 2 Rn e ; r 2 N; � 2 [0; T ). The result thenfollows from a reasoningcompletelyanalogousto the oneused
in the proof of Theorem3.

Proof of Lemma2. Without loss of generalitywe assumethat � � � and take 
 1(s) = 1, 8s 2 [0; T), for which (45a)
holds trivially. We thenconstruct
 2 using the following differentialequation:


 2(0) = 1; 
 0
2(s) =

(
(� haz (s) � L � � )
 2(s) � L x � ` � haz (s) 
 2(s) < 1

min
�

0; (� haz (s) � L � � )
 2(s) � L x � ` � haz (s)
	


 2(s) � 1
8s 2 [0; T): (57)

By construction,
 2(s) satis�es (45b) and 
 2(s) � 
 1(s) = 1, 8s 2 [0; T). To completethe proof, it remainsto show
that thereexists a constanta > 0 suchthat 
 2(s) � a, 8s 2 [0; T). To this end consideran arbitrary interval (s1; s2)
on which 
 2(s) < 1, 8s 2 (s1; s2) and 
 2(s1) = 1. On such interval, 
 2 evolves accordingto the following linear
differentialequation


 2(s1) = 1; 
 0
2(s) = (� haz (s) � L � � )
 2(s) � L x � ` � haz (s); 8s 2 (s1; s2);

whosesolution is given by


 2(s) = e� (L + � )( s� s1 )+
Rs

s 1
� haz ( � )d� �

Z s

s1

e� (L + � )( s� � )+
Rs

� � haz ( � )d� �
` � haz (� ) + L x

�
d�;

= e� (L + � )( s� s1 )+
Rs

s 1
� haz ( � )d�

�
1 � e� (L + � )s1

Z s

s1

e(L + � ) � +
Rs 1

� � haz ( � )d� �
` � haz (� ) + L x

�
d�

�
;

= e� (L + � )( s� s1 )+
Rs

s 1
� haz ( � )d�

�
1 �

e� (L + � )s1

1 � F� (s1)

Z s

s1

e(L + � ) �
�

` F 0
� (� ) + L x

�
1 � F� (� )

� �
d�

�
;

8s 2 [s1; s2) [cf. derivation of (33)]. From this and(46), we concludethat


 2(s) � a := e� d1 (1 � d2) > 0; 8s 2 [s1; s2):

Proof of Corollary 3. To verify condition (i) we usedirectly the condition C4 in Theorem4. To this effect, we note
that (47) is equivalent to

e� LT >
` + L x

L

1 + L x
L

,
�

1 +
L x

L

�
e� LT �

L x

L
> `

and thereforewe canpick � > 0 suf�ciently small so that

� � � ;
�

1 +
L x

L + �

�
e� (L + � )T �

L x

L + �
� `: (58)



We pick 
 1(s) = 1, 8s 2 [0; T) and 
 2 is implicitly de�ned by the following (linear) differentialequation


 2(0) = 1; 
 0
2(s) = � (L + � )
 2(s) � L x ; 8s 2 [0; T);

whosesolution is given by


 2(s) =
�

1 +
L x

L + �

�
e� (L + � )s �

L x

L + �
8s 2 [0; T):

Since
 2 is monotonedecreasing,we concludeusing(58) that

` � 
 2(T ) � 
 2(s) � 
 2(0) = 1 = 
 1(s); 8s 2 [0; T);

and therefore


 0
1(s) = 0 � � haz (s)

�

 1(s) � 
 1(0)

�
+ (� � � )
 1(s);


 0
2(s) = � (L + � )
 2(s) � L x 
 1(s) � � haz (s)

�

 2(s) � ` 
 2(0)

�
� (L + � )
 2(s) � L x 
 1(s):

Therefore(45) holdswith a := `, b := 1.

To verify condition (ii), it suf�ces to show that (46b) holds,becausethis distribution has �nite supportand therefore
(46a)holdswith d1 = (L + � )T . To this effect, we note that (48) is equivalent to

�
` +

L x

L

� eLT � 1
LT

�
L x

L
< 1:

and thereforewe canpick � > 0 suf�ciently small so that
�

` +
L x

L + �

� e(L + � )T � 1
(L + � )T

�
L x

L + �
< 1: (59)

For the desireddistribution, F� (s) = s=T andF 0
� (s) = 1=T, 8s 2 [0; T). In this case,

e� (L + � )s1

1 � F� (s1)

Z s2

s1

e(L + � ) �
�

`F 0
� (� ) + L x

�
1 � F� (� )

� �
d�

=
e� (L + � )s1

T � s1

Z s2

s1

e(L + � ) �
�

` + L x (T � � )
�

d�

=
e(L + � )( s2 � s1 ) (L x + (` + L x (T � s2))( L + � )) � (L x + (` + L x (T � s1))( L + � ))

(L + � )2(T � s1)

=
e(L + � )( s2 � s1 ) (` + L x

L + � + L x (T � s2)) � (` + L x
L + � + L x (T � s1))

(L + � )(T � s1)
; 8 0 � s1 < s2 < T:

Sincee(L + � )( s2 � s1 ) (` + L x
L + � + L x (T � s2) is a monotoneincreasingfunction of s2, we canconstructan upperbound

by settings2 = T, which yields

e� (L + � )s1

1 � F� (s1)

Z s2

s1

e(L + � ) �
�

`F 0
� (� ) + L x

�
1 � F� (� )

� �
d�

�
(` + L x

L + � )e(L + � )( T � s1 ) � (` + L x
L + � + L x (T � s1))

(L + � )(T � s1)

=
�

` +
L x

L + �

� e(L + � )( T � s1 ) � 1
(L + � )(T � s1)

�
L x

L + �
�

�
` +

L x

L + �

� e(L + � )T � 1
(L + � )T

�
L x

L + �
< 1; 8 0 � s1 < s2 < T:

wherewe usedthe fact that ex � 1
x is a monotoneincreasingfunction of x and(59).

To verify condition(iii), we pick � > 0 suf�ciently small so that

` + L x �T
1 � (L + � ) �T

< 1: (60)

For the desireddistribution, � haz (s) = 1=�T, F� (s) = 1 � e� s= �T and F 0
� (s) = e� s= �T =�T, 8s � 0. In this case,(46a)

holdsbecause1=�T � L � � > 0. As for (46b):

e� (L + � )s1

1 � F� (s1)

Z s2

s1

e(L + � ) �
�

`F 0
� (� ) + L x

�
1 � F� (� )

� �
d� =

� `
�T

+ L x

� Z s2

s1

e(L + � � 1
�T

)( � � s1 ) d�



=
` + L x �T

1 � (L + � ) �T

�
1 � e(L + � � 1

�T
)( s2 � s1 ) � �

` + L x �T
1 � (L + � ) �T

< 1; 8s2 > s1 � 0;

wherewe used(60).

VI . EXAMPLES AND DISCUSSION

We investigatetheconservativenessof thestability conditionsderivedabove in thecontext of two benchmarkproblems
that previously appearedin the literature.

A. Batch Reactor

This exampleappearedin [2, 6, 11] andconsidersthe control of the following linearizedmodel for a two-input/two-
outputunstablebatchreactor:

_xP = AP xP + BP û; y = CP xP ;

where

AP :=

2

6
6
4

1:38 � 0:2077 6:715 � 5:676
� 0:5814 � 4:29 0 0:675

1:067 4:273 � 6:654 5:893
0:048 4:273 1:343 � 2:104

3

7
7
5 ; BP :=

2

6
6
4

0 0
5:679 0
1:136 � 3:146
1:136 0

3

7
7
5 ; CP :=

�
1 0 1 � 1
0 1 0 0

�
:

This systemis controlledby the following PI controller:

_xC = AC xC + BC ŷ; u = CC xC + DC ŷ;

where

AC :=
�
0 0
0 0

�
; BC :=

�
0 1
1 0

�
; CC :=

�
� 2 0
0 8

�
; DC :=

�
0 � 2
5 0

�
:

Following NesicandTeel [6], Walshet al. [11], we assumethatonly theoutputsaretransmittedover thenetwork, which
meansthat û = u, e = ŷ � u. This leadsto the following matricesin (50):

Axx :=
�
AP + BP DC CP BP CC

BC CP AC

�
; Axe :=

�
BP DC

BC

�
;

Aex :=
�
� CP 0

�
Axx ; Aee :=

�
� CP 0

�
Axe :

In the equationsabove, we omitted the noisetermssincethesedo not affect the stability conditions(althoughthey do
affect the upperboundson the stateanderror variances).For the round-robinprotocolwe assumedthat the �rst entry
of the outputvectorwastransmittedat the odd samples,andthe secondentry at the even samples.This correspondsto

R1 :=
�
0 0
0 1

�
; R2 :=

�
1 0
0 0

�
;

in (53). The sameprojectionmatriceswereusedin (55) for the try-once-Discardprotocol,which thensendsthe entry
of the outputvectorwith largestabsolutevalue.Table I summarizesthe resultsobtained.

TABLE I

COMPARISON OF STABIL ITY CONDITIONS FOR THE BATCH REACTOR EXAMPLE

Round-robin Try-once-discard
no drops p = 50% no drops p = 50%

Maximum (deterministic)time interval betweensamplescomputedfrom
the resultsin Walshet al. [11] (valuestaken from Walshet al. [11])

� 10� 5 NA � 10� 5 NA

Maximum (deterministic)time interval betweensamplescomputedfrom
the resultsin NesicandTeel [6] (valuestaken from NesicandTeel [6])

0.0082 NA 0.01 NA

Maximum (deterministic)time interval betweensamplescomputedfrom
the resultsin Carnevale et al. [2] (valuestaken from Carnevale et al. [2])

0.009 NA 0.0108 NA

Maximum (deterministic)time interval betweensamplescomputedfrom
the resultsin Tabbaraet al. [9] (valuestaken from Tabbaraet al. [9])

0.0123 NA NA NA

Maximum supportfor an arbitrary inter-samplingtime distribution from
the condition(i) in Corollary 3

0.0279 0.010323 0.0200 0.008804

Maximumsupportfor a uniform inter-samplingtime distribution from the
condition(ii) in Corollary 3

0.0517 0.019921 0.0372 0.017032

Maximum average for an exponential inter-sampling time distribution
from the condition(iii) in Corollary 3

0.0217 0.009239 0.0158 0.007946



TABLE II

COMPARISON OF STABIL ITY CONDITIONS FOR THE CH-47 TANDEM -ROTOR HELICOPTER EXAMPLE

Round-robin Try-once-discard
no drops p = 50% no drops p = 50%

Maximum (deterministic)time interval betweensamplescomputedfrom
the resultsin Ye et al. [12] (valuestaken from Tabbaraet al. [9])

3:13 � 10� 19 NA ? NA

Maximum (deterministic)time interval betweensamplescomputedfrom
the resultsin NesicandTeel [6] (valuestaken from Tabbaraet al. [9])

1:20 � 10� 5 NA ? NA

Maximum (deterministic)time interval betweensamplescomputedfrom
the resultsin Tabbaraet al. [9] (valuestaken from Tabbaraet al. [9])

2:81 � 10� 4 NA NA NA

Maximum supportfor an arbitrary inter-samplingtime distribution from
the condition(i) in Corollary 3

8:02 � 10� 4 2:95 � 10� 4 5:38 � 10� 4 2:39 � 10� 4

Maximumsupportfor a uniform inter-samplingtime distribution from the
condition(ii) in Corollary 3

1:48 � 10� 3 5:69 � 10� 4 1:01 � 10� 3 4:63 � 10� 4

Maximum average for an exponential inter-sampling time distribution
from the condition(iii) in Corollary 3

6:21 � 10� 4 2:64 � 10� 4 4:34 � 10� 4 2:17 � 10� 4

B. CH-47 tandem-rotor helicopter

This exampleappearedin [8] and considersthe control of a CH-47 tandem-rotorhelicopterin the horizontalplane,
arounda nominalairspeedof 40knots,which canbe modeledby

_xP = AP xP + BP û; y = CP xP ;

wherethe outputy1 denotesthe vertical velocity (in knots/hour),the outputy2 the pitch altitude(in radians),the input
u1 the collective rotor thrust, the input u2 the differential rotor thrust,and

AP :=

2

6
6
4

� :02 0:005 2:4 � 32
� 0:14 0:44 � 1:3 � 30

0 0:018 � 1:6 1:2
0 0 1 0

3

7
7
5 ; BP :=

2

6
6
4

0:14 � 0:12
0:36 � 8:6
0:35 0:009

0 0

3

7
7
5 ; CP :=

�
0 1 0 0
0 0 0 57:3

�
:

This systemis controlledby the following staticcontroller from [8]

u = DC ŷ;

where

DC :=
�
� 12:7177 � 45:0824
63:5163 25:9144

�
:

Following Tabbaraet al. [8], we assumethatonly theoutputsaretransmittedover thenetwork, which meansthat û = u,
e = ŷ � u. This leadsto the following matricesin (50):

Axx := AP + BP DC CP ; Axe := BP DC ;

Aex := � CP Axx ; Aee := � CP Axe :

In the equationsabove, we omitted the noisetermssincethesedo not affect the stability conditions(althoughthey do
affect the upperboundson the stateanderror variances).For the round-robinprotocolwe assumedthat the �rst entry
of the outputvectorwastransmittedat the odd samples,andthe secondentry at the even samples.This correspondsto

R1 :=
�
0 0
0 1

�
; R2 :=

�
1 0
0 0

�
;

in (53). The sameprojectionmatriceswereusedin (55) for the try-once-Discardprotocol,which thensendsthe entry
of the outputvectorwith largestabsolutevalue.Table II summarizesthe resultsobtained.

Several conclusionscanbe drawn from thesetwo examples:

(i) Theorem4 appearsto be lessconservative thanits previously publisheddeterministiccounterparts.In particular,
in theabsenceof drops,thedistribution-independentcondition(i) in Corollary3 allows for supportsfor the inter-
samplingtime distribution larger thanthe maximumtime betweensamplescomputedfrom previously published
results.

(ii) Informationabouttheinter-samplingtimedistributionpermitslessconservativeresults.E.g.,whenthedistribution
is known to be uniform, its support can almost double with respectto the distribution-independentresult.



Moreover, even inter-samplingtime distributionswith in�nite-support (suchasthe exponentialdistribution) can
result in stableNCSs.

(iii) Achieving stability in the presenceof drops,generallyrequires“shorter” inter-samplingtimes.E.g., with 50%
drop probability, the inter-samplingtime mustgenerallydecreaseto smallerthanonehalf.

APPENDIX

Proof of Theorem1. From (8), we concludethat x t is the sumof four factors:

(i) A �nite-v aluedandF0-measurableprocessx0.
(ii) A continuouslocal martingale

xc
t :=

Z

[0;t ]
� (xs� )dws : (61)

First, notethat this integral is well de�ned in thesenseof [4, TheoremI.4.31,p. 46] becausewt is a semimartin-
gale[4, PropositionI.4.10,p. 40] and� (x � ) is locally bounded(becausex t is locally bounded)andpredictable
[4, PropositionI.2.6, p. 17]. Since wt is actually a continuousmartingale[4, PropositionI.4.10, p. 40], we
concludethat xc

t is alsoa continuouslocal martingale[4, Corollary I.4.55d,p. 55].
(iii) A purely discontinuouslocal martingale

Z

[0;t ]�Z
� (xs� ; z)n(ds;dz) �

Z

[0;t ]�Z
� (xs� ; z)� (xs� ; dz)ds (62)

Since� (xs ; z) is cadlag,� (xs� ; z) is predictable[4, PropositionI.2.6,p. 17] andweconcludefrom [4, Proposition
II.1.28, p. 72] that (62) is equalto

Z

[0;t ]�Z
� (xs� ; z)

�
n(ds;dz) � � (xs� ; dz)

�
ds;

with the integral de�ned as in [4, De�nition II.1.27, p. 72], which automaticallyguaranteesthat this term is a
purely discontinuouslocal martingale.

(iv) A �nite-v ariationpredictableprocess
Z

[0;t ]
f (xs� )ds +

Z

[0;t ]�Z
� (xs� ; z)� (xs� ; dz)ds

=
Z

[0;t ]

�
f (xs� ) +

Z

Z
� (xs� ; z)� (xs� ; dz)

�
ds

Sincef (xs) +
R

Z � (xs ; z)� (xs ; dz) is cadlag,f (xs� ) +
R

Z � (xs� ; z)� (xs� ; dz) is optional [4, Corollary I.1.25,
p. 7] and predictable[4, PropositionI.2.6, p. 17]. We thereforeconcludethat the integral on the right can be
de�ned in the senseof [4, EquationI.3.4, p. 28], which meansthat it has�nite-v ariationand is predictable.

This shows that x t is a specialsemimartingale[4, De�nition I.4.21,p. 43] andthat xc
t is the continuousmartingalepart

of x t [4, De�nition I.4.27, p. 45].

From Itô's formula [4, TheoremI.4.57, p. 57], we concludethat V (x t ) is alsoa semimartingaleand

V (x t ) = V (x0) +
Z

[0;t ]
r V (xs� ) � dxs +

1
2

Z

[0;t ]

X

i;j � d

@2V (xs� )
@x i @x j dqi;j

s

+
X

s� t

�
V (xs� + � xs) � V (xs� ) � r V (xs� ) � � xs

�
; (63)

where� xs := xs � xs� and qi;j := hx i;c ; x j;c i . First note that becauseof (61), [4, TheoremI.4.40d,p. 48], and [4,
De�nition I.4.9b, p. 39], we have that

qi;j
t := hx i;c ; x j;c i t =

X

k ;` � m

Z

[0;t ]
� i;k (xs� )� j;` (xs� )dhwk ; w` i t

=
X

k � m

Z

[0;t ]
� i;k (xs� )� j;k (xs� )dt;



andtherefore
Z

[0;t ]

X

i;j � d

@2V (xs� )
@x i @x j dqi;j

s =
Z

[0;t ]

X

k � m

X

i;j � d

@2V (xs� )
@x i @x j � i;k (xs� )� j;k (xs� )ds: (64)

Second,sincethe jump � xs of xs at time s is equalto � (xs� ; z), we canre-write the summationin(63) as
Z

[0;t ]�Z

�
V

�
xs� + � (xs� ; z)

�
� V (xs� ) � r V (xs� ) � � (xs� ; z)

�
n(ds;dz);

which canbe re-writtenas
Z

[0;t ]�Z

�
V

�
xs� + � (xs� ; z)

�
� V (xs� )

�
n(ds;dz)

�
Z

[0;t ]�Z
r V (xs� ) � � (xs� ; z)n(ds;dz)

=
Z

[0;t ]�Z

�
V

�
xs� + � (xs� ; z)

�
� V (xs� )

�
� (xs� ; dz)ds

�
Z

[0;t ]�Z
r V (xs� ) � � (xs� ; z)n(ds;dz) + mt ; (65)

for somemartingalemt . Therefore,replacing(64) and(65) in (63) andusing(11), we concludethat

V (x t ) � V (x0) =
Z

[0;t ]
r V (xs� ) � dxs

+
1
2

Z

[0;t ]

X

i;j � d

X

k � m

@2V(xs� )
@x i @x j � i;k (xs� )� j;k (xs� )ds

+
Z

[0;t ]�Z

�
V

�
xs� + � (xs� ; z)

�
� V (xs� )

�
� (xs� ; dz)ds

�
Z

[0;t ]�Z
r V (xs� ) � � (xs� ; z)n(ds;dz) + mt

=
Z

[0;t ]
r V (xs� ) � dxs +

Z

[0;t ]

�
LV (xs� ) � r V (xs� ) � f (xs� )

�
ds

�
Z

[0;t ]�Z
r V (xs� ) � � (xs� ; z)n(ds;dz) + mt ;

wherewe usedthe fact that
X

k � m

X

i;j � d

@2V (y)
@yi @yj � i;k (y)� j;k (y) = trace[� (y)0H V (y)� (y)]; 8y 2 Rn x :

We thusconcludethat

V (x t ) � V (x0) �
Z

[0;t ]
LV (xs� )ds =

=
Z

[0;t ]
r V (xs� ) � dxs �

Z

[0;t ]
r V (xs� ) � f (xs� )ds

�
Z

[0;t ]
r V (xs� ) �

Z

Z
� (xs� ; z)n(ds;dz) + mt

=
Z

[0;t ]
r V (xs� ) �

�
dxs � f (xs� )ds �

Z

Z
� (xs� ; z)n(ds;dz)

�
+ mt

=
Z

[0;t ]
r V (xs� ) � dxc

t + mt ;

which is a martingalebecausexc
t is a continuouslocal martingaleand r V (xs� ) is locally bounded(becausex t is

locally bounded)andpredictable[4, Corollary I.4.55d,p. 55]. Finally, from the martingaleproperty, we concludethat

E
h
V (x t ) � V (x0) �

Z

[0;t ]
LV (xs� )ds

i



= E
h

E
�
V (x t ) � V (x0) �

Z

[0;t ]
LV (xs� )ds

�
� F0

� i
= 0;

from which we obtain

E
h
V(x t ) �

Z

[0;t ]
LV (xs� )ds

i
= E

�
V (x0)

�
< 1 :

WhenV is uniformly upper-bounded,this mustnecessarilyimply that

E[V (x t )] = E
�
V (x0)

�
+ E

hZ

[0;t ]
LV (xs� )ds

i
;

whetheror not the left-most and the right-mostexpectationsare �nite. SinceLV (xs) is cadlag,LV (xs� ) is optional
[4, Corollary I.1.25, p. 7] and thereforethe integral in the right-handside can be de�ned in the senseof [4, Equation
I.3.4, p. 28]. The �nal result then follows from Fubini's Theorem.
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