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Jaao P. Hespanhand Andrew R. Teel

Abstract— Stochasticimpulsive systemsare de ned by a diffusion processwith jumps triggered by a renewal process,.e.,
the intervals betweenjumps are independentand identically distrib uted. We construct a model for such systemsbhasedon
jump-diffusion equations and provide Lyapunov-basedconditions that guarantee their mean-squase stability.

As an application, we show that stochasticimpulsive systemscan be usedto model network ed control systemswith stochastic
inter-sampling times and packet drops. Conditions for mean-squae stability of the resulting systemsare provided. For linear
dynamics, these conditions can be formulated in terms of Linear Matrix Inequalities.

We use two benchmark examplesthat previously appeared in the literatur e to illustrate the use of our results and to
investigatetheir consewativeness.
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|. INTRODUCTION

Impulsive systemscan be viewed as a continuous o w that is interruptedat the so called jump-times.In stodastic
impulsivesystemsthe continuous o w is characterizedy a stochastidifferential equationof the form

dx; = f(x¢)dt+ (x¢)dwg; t 0O x 2 R"; (1a)
wherethe driving termw; 2 R™ is a standardWiener processThe jumptimesare a sequencef timestg ;= 0< t; <
tr < , at which the systems stateis resetaccordingto a law of the form

Xy, = (k 1;xtk 1Zk); 8k 2 N; (1b)

wherex; denoteghe limit from belov of x as " t, andzx an exogenoussequencef jump pointstaking valuesin
somesetZ.

Stochastiampulsive systemsexhibit three sourcesof randomnessthe Wiener processw, the jump timesfty : k 2
Ng, and the jump pointsfz, : k 2 Ng. We are interestedin stochasticimpulsive systemsfor which the intervals
ftier  tk : kK 2 Ng betweenconsecutie jumps are independentnd identically distributed (i.i.d.). In this case,the
process

re:=maxftk 2 N:ty tg;, 8t O

thatcountsthe numberof jump timesty in theinterval (0; t] is arenaval processandwe saythatthe stochastidmpulsive
systemis driven by a renaval process.This terminologyimplicitly subsumeshatthe jump pointsfz, : k 2 Ng arei.i.d
andthat all sourcesof randomnessnentionedso far are statisticallyindependent.

In this paper we shav that a stochastiadmpulsive systemdriven by a renaval processcan be modeledby a jump-
diffusion equationwith state-dependerihtensity of the fozrm

dxy = f(xg)dt+ (xe)dwe +  ( (r¢ 5% 52) X )n(dt; dz); (2a)
Z z
dry = n(dt; dz); (2b)
z 7z
dy=dt (¢ )n(dt; dz); (2c)
z

wheren(dt; dz) is anintegervaluedrandommeasureavith jump intensitygivenby paz( + ) z (dz). Thefunction nhaz()
is the hazardrate of the renaval procesghat characterizethe jump timesty, and z () is the probability measureof the
jump-pointszy (detailscanbe foundin SectionlV). This characterizatiorf a stochastidmpulsive systemallow usto
usethe Itd formula for semimartingalesnd Lyapunw-basedargumentsto derive sufcient conditionsfor the stability
of stochastidmpulsive systemdriven by renaval processes.
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Fig. 1. Networked control system

Spatially distributed systemscontrolled over a communicationnetwork — often referredto as networled control
systems— provide our main motivationto study impulsive system.Figure 1 shavs a simple networked control system
for which a remotecontroller receves processsensorinformation and sendactuationsignalsthrougha communication
network. In this gure, the encoderblock map measurementsito streamsof “symbols” that can be transmittedacross
the network, andthe decoderblock performthe taskof mappingthe streamsof symbolsreceved from the network into
continuousactuationsignals.However, the network may drop symbols,which meansthat the stringsreceved by the
controller/decodemay be a strict subsetof the stringssentby the encoder/controller

We shav thatwhentheinterval betweenconsecutie sampletimesis i.i.d., networked control systemsanbe modeled
by stochastidmpulsive systemdriven by renaval processesThe constructionof the impulsive systemmimics the one
proposedin a deterministicsetting by Nesic and Teel [6]. We then provide sufcient conditionsfor the stability of
networked control systemsthat explore the specialstructureof the impulsive systemghat arisein this context.

This paperis organizedas follows: Sectionll reviews backgroundmaterialon jump-diffusion processesandthe 1td
formula for semimartingalesin Sectionlll we shov how a renaval processe€an be obtainedas solutionto a jump-
diffusion equation.In SectionlV, we shav how a stochasticimpulsive systemdriven by a renaval processcan be
obtainedas a solutionto a jump-diffusion equationand provide a Lyapunw-basedsufcient condition for stability of
theimpulsive system.In SectionV, we shov how a networked control systemcanbe modeledasa stochastiampulsive
systemand provide a sufcient conditionsfor its stability.

Notation: In this paper ( ;F;P) denotesa probability spaceand! anelementof . To simplify notation,we
often omit the dependencen! for randomvariables,functions,processespr measuresWhenwe needto emphasize
that a particular symbol denotesa randomvariable or function, the dependencen ! is includedbut separatedrom
the remainingargumentsby a semicolon.We recall that a stochasticprocessis called cadlag if all its realizationsare
right-continuousand admit left-limits.

I1. JUMP-DIFFUSIONS WITH STATE-DEPENDENT INTENSITIES
A jump-diffusion processx; is de ned by a stochastidifferential equationof the form

dx; = f(x¢)dt+  (X¢)dwg; t 0, x¢ 2 R"™; (3a)
and a jump equationof the form

X, = X+ (X 1Z); k2N; z22Z, (3b)

k

wherew; is a standardWiener processthe fty(!) 0 : k 2 Ng form a randomsequenceof jump times, and the
fzx(') : k 2 Ng form a randomsequencef jump pointstaking valuesin somesetZ .

In the simplestjump-diffusion processesthe intervals betweenconsecutie jump timesfty+1 (! )  tk(!) : k2 Ng
are exponentially distributed i.i.d. randomvariableswith (constantymeanl= . Moreover, theserandomvariablesare
independenbf all the z, andof the Weinerprocessw;. The constant > 0 is calledthe intensityof the jump diffusion
processandit is well known that the expectedvalue of the numberof jump timesthatfall in aninterval | := (t1;t2],
to>t;  Ois givenby .

En(;l) = dt= (t2 ta); (4)
[
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where the randomvariablen(! ;1) denotesthe numberof jump timesin the setl. Theseare called jump-difusion
processesvith constant(or Poisson)intensitiesand canessentiallybe viewed as stochastidmpulsive systemadriven by
a Poissonrenaval process.Thereare two minor differencesbetweenjump-diffusion processesvith constantintensity
and stochastidmpulsive systemsdriven by a Poissonrenaval processi(i) () in the impulsive systemequation(1b)
is equalto the value of x immediatelyafter the jump, whereas () in the jump-diffusion equation(3b) is equalto the
discontinuityin x attime ty; and (ii) in impulsive systemswe allow () to dependon the jump index k, whereas ()
doesnot.

To model stochastiampulsive systemsdriven by more generalrenaval processesye needjump-diffusion processes
with state-dependerihtensities.In theseprocesses4) is gezneralizedo
h [
En(;l;A) =E (x¢ (V);A)dt ; ()
[

wheref (x; ) : x 2 R"™ g denotesa family of measureon Z; | [0;1 ) an arbitrary Lebesgue-measurabsetin
[0;1); A Z anarbitrary (x; )-measurableset;andn(! ;I;A) the numberof jump timesty in | for which the
correspondingump pointszx belongto A. Notethatn is anintegervaluedrandommeasureon [0;1 ) Z, in thesense
of [4, De nition 11.1.13, p. 68]. In particular settingA to be the whole setZ, we concludethat the expectednumber
of jump timesthatfall in aninterval | = (t1;t2], to > tlZ 0 is now given by
h [
E n(l;l;Z) = E (x¢ (V);Z)dt :
(tastz]
Accordingto this equation,the (expected)numberof jump points per unit time will generallyvary with time because
(x¢ ;Z) varieswith x;. Moreover, jump times and jump points may not be independensince (x; ; ) may favor

distinct distributionsfor the jump points, dependingon whetherjump times are more or lesslikely to occut

The two equationg3a)-(3b) are often combinedinto a singlgjump—diifusion equation written as
dx; = f(x¢)dt + (x¢)dw; + (Xt ;z)n(dt; dz): (6)
z

The randommeasure (x; (!); ) in (5) — which determineghoth the rate at which n is incrementedand wherethe
correspondingump pointslie — is called the intensityof the jump process.

We proceedto justify the useof the single equation(6) to denote(3), which requiresthe notion of stochastidantegral
againsta randommeasureHowever, if one simply regards(6) as a short-handnotationfor (3), and takes (5) as the
de nition of intensity one can skip the following paragraphsnd jump directly to the statemenif Theorem1, which
is the key resultthat will be neededn subsequensections.

In the remainderof this sectionwe assumehatthe readeris familiar with stochastidntegrationandmartingaletheory
at the level of [4, Chapterd, Il]. By a weaksolutionto the equation(6) with jumpintensity (x; (!);dz) andinitial
probability measue o on R"x, we meana probability space( ;F;P); a ltration F{; an F;-adaptedstandardwiener
processw;; anintegervaluedrandommeasuren on[0;1 ) Z with compensator

(!;dt;dz) == (x¢ (!);dz)dt; (7

and a locally bounded,cadlagFtZ-adapteoproces%t suchthat xg haszmeasure o and

Xt Xo = f(xs )ds+ (Xs )dws + (Xs ;z)n(ds;dz): 8
[0;t] [0;t] [oit]z
The processx; is called the weak solution-pocess We recall that the compensator (! ; dt; dz) of an integervalued
randommeasuren(! ; dt; %z) on[0;1) Zis apredictableran%ommeasure‘or which
h [ h [
E h(!;s;z)n(! ;ds;dz) = E h(!;s;z) (!;ds;dz) (9)
[0;1)z [0;1)z

for every nonneyative optionalfunction h [4, Theoremil.1.8, p. 66].

1The rst integral in (7) canbe understoodn the senseof [4, Equationl.3.4, p. 28] or [4, Theoreml.4.31, p. 46], the secondmustbe understood
in the senseof [4, Theoreml.4.31, p. 46], and the last onein the senseof [4, Equationsll.1.5, p. 66 or 1.1.15, p. 69]. In integration againstthe
Lebesguemeasuredt, one doesnot needto worry aboutthe integrand being left- or right- continuous.However, for consisteng we will generally
provide predictableintegrandsfor which integration againstsemimartingaless well de ned [4, Theoreml.4.31, p. 46].



To understandhe connectionbetweerthis de nition and(3), we recallthat denotingby f (tx; z«) : k 2 Ng the points
at which the randommeasurzen is incrementedwe have that

X
h(! ;s;z)n(! ;ds;dz) = h(! stie(! )i ze(!)); (10)
[oit]z kit 2 (0;t]
for every optional function h [4, Propositionll.1.14, p. 68]. In particular for h(! ;s;z) = (Xxs (!);z) we conclude
that
Y4

(Xs ;z)n(ds;dz) = X
[o;it]Z kit 2 (0;t]

(2K
This shaws that the lastterm in (8) is instantaneouslyncrementedoy X, ;z¢ at eachtime ty, which is consistent

with the jump equation(3b). Moreover, at all othertimes, the lasttermin (é) remainsconstantandthe evolution of x
is determinedby the rst two integrals,which is consistwith the stochastiadifferential equation(3a)

To verify thatthe compensatom (9) leadspreciselyto equation(5), we take an arbitrary Lebesgue-measurabset
I [0;1), anarbitrary (x; )-measurablesetA Z, andde ne h(! ;s;z) equalto oneif t 2 I, z2 A andequalto
zero otherwise .We then concludefrom (9) and (7) that

hZ i hZ i
E n(l;l;A) = E n(! ;ds;dz) = E h(! ;s;z)n(! ;ds;dz)
A hZ* i nZ i
=E h(!;s;z) (x¢ (1);dz)ds = E (x¢ (1);A)ds :
0:;1)z |

The following theoremis a consequencef the fact that ary weak solution-processo (6) is a semimartingalefor
which one can apply the 1td6 formula for semimartingalesA detailedproof of this result (with extensve references
to [4]) canbe foundin the Appendix.

Theoem1: Letx; denotea weaksolution-processo (6), V : R I R atwice continuouslydifferentiablefunction,
andde ne .

LV(X) = ryxVX f(x) + %trace[ (X)°HyV(x) (x)] + V X+ (X2 V(x) (x;dz); (11)
z

8x 2 R™, whereizpx V(x) andHxV (x) denotethe gradientvectorandthe Hessianmatrix of V (x), respectiely. Then
V(x¢) V(Xo) LV (xs )ds is a martingaleand, whenthe functionV is nonneative andE[V (xo)] < 1 ,
z h i
E V(xt) = E V(Xg) + E LV(xs) ds; 8t O: (12)
[o;t]

[0:t]

Remarkl: Conditionsfor existenceanduniquenessf solutionto (6) areoftenformulatedfor Poissornintensities(i.e.,
not statedependent)4, Sectionlll.2c]. However, theseresultscanbe usedto derive existenceanduniquenesgonditions
for state-dependeimtensitiesusinga thinning procedurg3]. An extendeddiscussioron existenceof uniquenessesults
for jump-diffusion equationds beyond the scopeof this paper However, it is worth while pointing out that Theorem1
holds whetheror not weak solutionsare unique.Moreover, we will shov that the jump-diffusion equationsintroduced
in Sectionlll to generataenaval processeslways have weak solutionsso existenceis not a signi cant issue.

I1l. RENEWAL PROCESSES

Considertwo sequencesf randomvariablefty (! ) 2 [0;1 ) : k 2 Ng andfz(! ) 2 Z : k 2 Ng, which we call the
sequencef jump timesandthe sequencef jump points respectiely, with the following three properties:

(i) to = O with probability one and the randomvariablesfty+;  tx : k 2 Ng are independentand identically
distributed nonngyative randomvariableswith cumulative distribution F andmean > 0. The distribution of
theincrementsty.;  tx : k 2 Ng canalsobe characterizedn termsof its hazad rate, which is de ned by

F%s) .
1 F (s)’
whereT 2 (0;+1 ] denoteghe maximuminterjump time, andthereforeF (s) < 1, 8s 2 [0; T). For simplicity,
we assumethat the hazardrate is continuouson [0; T).

(i) Therandomvariablesfz 2 Z : k 2 Ng areindependentind identically distributed with measure 2 .
(i) All randomvariablesty+;  tk, z-, 8k;™ 2 N areindependent.

haz(S) = 8s2 [0;T); (13)



Thesesequencesf randomvariablescanbe usedto de ne a renaval process
re:=maxtk 2 N:ty tg;, 8t O
which countsthe numberof jump timesti in the interval (0;t], anda timer process
=ttt 8t2[tkitka ) K2 N;
which providesthe time elapsedsincethe last ti. The following theoremshaws that renaval processegan be viewed

assolutionsto appropriatelyde ned jump-diffusion equationswith state-dependerimtensities.
Theoem?2: Therenaval agd timer processes; and areweaksolution-grocesse’s) the jump-diffusion equation

dry = n(dt; dz); d;=dt (¢ )n(dt; dz): (14)
z z

with jump intensity nhaz( ¢ ) z (dz), andinitializationrg = ¢ = 0 with probability one. Moreover, the corresponding
integervaluedrandommeasuren(! ; dt; dz) satis es
z

X
h(! ;t; z)n(! ;dt; dz) = htste(t ) z(t) s (15)
[Ooit]z k:tk (! )2[0:t]

for every optional function h.

The following propositionis neededo prove Theorem2. It lists well-known propertiesof reneval processes.
Proposition1: The renaval process; satis esthe following properties

. Elr 1

lim Elrd = — (16)
t11 t

and,for everyt O,

Prieae =0 F =1 naz()dt+ ofdt)
Prieat re=1 Ft = naz( ¢)dt+ o(dt)
Prieagg re>1 F = o(dt)

E reeae e Fe K dt;

whereF; denotesary ltration suchthat F; frs:s tg= f s:s tg.

Proof of Theoem 2. To constructthe desiredweak solution to (14), we start with the probability space( ;F;P) on
which thetx (! ), zc(! ), k 2 N arede ned andchooseary lItration F; to which r; and ; areadapted.The next step
isto nd aninteger—value%randommeasurm(! ; dt; dz) with compensatgr haz( ¢ ) z (dz)dt for which

re = n(dt; dz); =t (¢ )n(dt; dz): an

[oit]z [oit1z
Let F; be ary lItration suchthat F; frs:s tg= f s:s tg Thereneval processr; is a cadlagcounting
processF; frs:s tg= fgs:s tg andE[r{]< 1,8t 0, becauseof (16). Thereforewe canuse|7,

Theoreml and equation(3.19)] to concludethat .

e = me+ a; a = haz( ¢ )dt;
[0:t]
wherem; is a (zero-meanymartingaleon F; and a; is an increasingF;-predictableprocess.This shaws that a; is the
compensatofor r; [4, Theoreml.3.17i, p. 32] andthatr; is a specialsemimartingalg4, De nition 1.4.21,p. 43]. Since
D= 1;t(') :! 2 ;k2N isathinsetandthe process

Pt = zx; 8t2[tk;tk+1); K2 N

is optional, we cande ne the following integervaluedrandommeasureon [0; 1 )
X X
n(! ;dt;dz) := (te (! )ipe, 1 ) (dE d2) = 1
k2N kit (!)2dtpy, (1)2dz
where , denotegthe Dirac measureat point a, for which (15) holdsfor every optionalfunction h (cf. [4, Proposition

11.1.14, p. 68]). Note that n(! ;dt;dz) is - nite in the senseof [4, De nition 11.1.6, p. 66] because; is a locally
integrableincreasingprocesycf. agumentusedin [4, Examplell.1.7, p. 66]).



To verify thatthe compensatoof n(! ; dt; dz) is indeedgivenby the (predictablemeasure na.( ¢ ) z (dz)dt, it sufces
to checkthat
hZ i
E h(! ;s;z)n(! ;dt; dz)
[0:;1)z hZ |
=E h(! ;5;2) haz( ¢ (1)) z(dz)dt ; (18)
[0;1)z
8t > 0 andfor every function h of the form h(! ;s;z) = 1 (! )1(s,:s,1(S)1c(2), for arbitrary0 s; < s, B 2 Fg,,
and z-measurablsetC Z, wherely (x) denoteghe indicatorfunction of X . For suchh, theleft-handside of (18)

is given by
hZ i
E h(! ;s;z)n(! ;ds;dz)
[0:;1)z h X i
=E 1g (! )L(sy s (tk (! ))1c (2 (1))
h X k:tg (1)2[0;1) I h X I
= z(C)E (! )15 (tk()) = z(C)E 1s(!)
kit (1)2[051) h i kit (! )2(s13s2]
= z(C)E 1g(!) rs, (1) rs(!)
hZ i
= z(C)E 1g (! )1(s,sop(S)dre(t) 5 (19)
[0:1)z

where, to factorout 7 (C), we usedthe fact that the randomvariableslc (zc (! )), tx > s; areidentically distributed
andindependentf 1g (! ) andof thety (! ). On the otherhand,the right-handside of (18) is given by

hZ i
E h(' ;s;2) haz( ¢ (1)) z (dz)at
[oit]1Z hZ i
=E 1B(! )1(51;52](5)1(: (Z) haz( t (! )) z (dZ)dt
[0t} Zz hZ i
= z (C) E 1B(! )1(51:52](5) haz( t (! ))dt
[0it]z hZ |
= z(C)E 1g (! )1(syis p(s)dac(t) = (20)
[o;t1z

Equality of (19) and (20) thenfollows from the fact that a5 is the compensatofor rg [4, Theoreml.3.17iii, p. 32].

To nish the proof, it remainsto shav that the cadlagF;-adaptedprocesses:, . satisfy(17). This is a trivial matter
sincethe left-hand-sideand the right-hand-sideequationdn (17) follow immediatelyfrom (15) with h(! ;s;z) = 1 and
h(!;s;z)= (1), respectiely. ]
IV. IMPULSIVE SYSTEMS DRIVEN BY RENEWAL PROCESSES

We arenow readyto constructa jump-diffusionequationwith state-dependeimtensitythat modelsa given stochastic
impulsive systemdriven by a renaval processThe following resultis a straightforward consequencef Theorem2.

Corollary 1: Let x; denoteary processhat satis es (1) for sequencesf jump times andjump pointsde ned asin
Sectionlll, andlet ry and ; denotethe correspondingenaval and timer processestespectrely. Thenx;, ry,  are
weak solution-processe® (2) with jump intensity haz( ¢ ) z(dz) andinitialization ro = ¢ = 0 with probability
one.

Proof of Corollary 1. To constructthe desiredweak solutionto (2), we start with the probability space( ;F;P) on
whichthety (! ), zk(! ), k 2 N, x; andw; arede ned andchooseary lItration F; to whichx;, w;, r¢, and ; areadapted.
We thende ne n(! ;dt; dz) to betheintegervaluedrandommeasurevhoseexistenceis guaranteedby Theorem2. This
randommeasurehasthe dgsiredcompensator haz( ¢ ) z (dz)dt and

re = n(dt; dz); =t (¢ )n(dt; dz): (22)
[oit]z [oit1z



To verify that (2a) alszo holds, note that one can concludefrom (15) that
X
( (r¢ ;% ;2) X )n(dt; dz)
[O;t1z

)

((re oxg sz) X,
k:t%[o;t]

((k Lx sz %) (22)
k:tx 2[0;t]

andthereforethe solution-process; to (2a)have jumpsatthetimesty equalto (k 1, x, ;z) X;, , which corresponds
exactly to (1b). Betweenthe ty, (22) remainsconstantand thereforex; simply o ws accordingto (1a) ]

The following theoremis the mainresultof this section.lt combinesTheoreml andCorollary 1 to obtaina sufcient
conditionfor the stability of a stochastiampulsive systemdriven by a renaval process.

Theoem 3: Assumethat the following two conditionshold:
Cl1 Thereexists a nonngjative functionW : N R"= ! [0;1 ) andconstantd 2 R, ¢;” 0 for which

rZXW(r;x) f(x)+ %trace[ (X)°HyW(r;x) (x)] LW(r;x)+c; (23a)
W(r+ 1 (r;x2) z(dz) ~W(r;x); (23b)

z
W(r:x)  kxk?; 8r 2 N; x 2 R"™x: (23c)

C2 Thereexists a continuouslydifferentiablefunction :[0;T)! [0;1 ) andconstants > 0,0< a b< 1 such
that (0) = 1 and

) (naz(s) L ) (8~ nals) (s) 2 [a; b]; 8s2 [0;T): (24)
Thenevery weak solution-process; to (2) for which E[W (0; xo)] < 1 is mean-squarstableand satis es
t
E kxK2 e—aE W(0:x0) + C—ba; 8t o (25)

The proof of this result can be found in SectionlV-C. In the remainingof this sectionwe discussthe two conditions
that appearin Theorem3.

A. ConditionC2

Intuitively, stability of the solutionsto the stochastidmpulsive system(2) will eitherrely on the continuouso w being
“stabilizing,” which correspondso L < 0 in (23a) or on the jumpsbeing“stabilizing; which correspond$o ~ < 1 on
(23b). In the former case Jong intervals betweenumpsaredesirableandin the latter caseshortintervals are preferable.
The condition C2 in Theorem3 implicitly expresseshis requirementsput it is dif cult to verify directly. The next
Lemmaprovides an alternatve versionof this condition (possiblymore conserative) thatis generallystraightforward
to verify.

Lemmal: Assumethatthereexists constantd; < 1 , d» < 1 suchthat

S2

haz( )d  (L+ )(s2 s1) di; (26a)
S1
e (tr)s Z s (L+ ) =0
T F(s) o e F()d  dy (26b)

80 s1< s;< T. ThenconditionC2 in Theorem3 holds.

Note that (26a) holds trivially for ary inter-jump distribution with nite support(T < 1 ) by settingd; := (L + )T.
With Lemmal, it becomesstraightforvard to determinewhetheror not condition C2 in Theorem3 holds for given
distributions of the inter-jump time. The following corollary, considersa few commondistributions:

Corollary 2: C2in Theorem3 holdsfor any of the following distributions of the inter-jump times:
() F is ary distribution with supporton [0; T) and’e'" < 1.

eLT

(i) F is uniformly distributedon [0; T) and ™ *= 1<1.

(i) F is exponentiallydistributedwith meanT and ﬁ <1
The condition (i) in Corollary 2 is necessarilyvery conserative becauset appliesto every distribution with nite
support.E.qg., if we compareconditions(i) and(ii) in Corollary 2, we concludethatwhenLT 1, the knowledgethat

the distribution is uniform allows * to becomealmostLT larger.




Remark2: Theinequalities(26) in Lemmal areusedto show thatthereexistsa constanta > 0 suchthatthe solution
to the nonlinearscalardifferential equation

( haz(s) L ) (S) ’ haz(s) (S) <1
min 0;( haz(s) L ) () naz9) (s) 1

remainslarger than or equalto a for every s 2 [0;T). For speci c hazardrates,one may verify that this is so by
numericallysolving the abore differentialequation.However, a numericalveri cation doesnot permitthe derivation of
“clean” conditionsbetween andL suchasthe onesprovided by Corollary 2.

B. ConditionC1

For linear systemsand quadraticfunctions W, the condition C1 in Theorem3 can be veri ed numericallyin an
ef cient manner To this effect, we restrictour attentionto systemdynamicsof the form?

f(X) = Ax; (x) = B; (r;x;2) = RezX; 8r 2 N; x 2 R™;

anda function W of the form W (r;x) = x%Prx, P, = P2 8r 2 N, x 2 R"*. In this case,the inequalitiesin (23) take
the form

0=1 As) =

xO(PzA + A%, LP,)x c¢ trace B%P,B]; (27a)

x®  RY,PriiRr; z(dz) Pr x O (27b)

xO(PrZ I )x O©; 8r 2 N; x 2 R"x: (27¢)

The existenceof the constantsc, L, * andthe matricesP,, r 2 N for which (27) holdsis equialentto the feasibility
of the following in nite family of matrix inequalitiesin the unknowvnsL, >, , P, = P%r 2 N:

DA+ AP, LP, O (28a)

RY,Pr+1Rrz z(dz) P, O (28b)

PrZ I 0; 8r 2 N: (28c)

This is becausg27b)-(27¢) follow directly from (28b)-(28c) and then (27a) holds with ¢ := sup, ,trace B%P,B].
Corversely if theinequalitiesin (28) do not hold, thenit is straightforvard to shav that the inequalitiesin (27) cannot
holdfor any nite constant. WhentheresetmatricesR, ., areperiodicwith respecto theintegerr,i.e.,R;.; = R+ Nz,
8r 2 N, z2 Z, we canrestrictthe searchto periodic matricesP, and (28) becomesa nite systemof linear matrix

As seenin SectionlV-A, conditionC2 implicitly imposesa constraintbetween™ andL, for which small valuesof °
favor stability. We canthereforeusea line searchasL rangesover [0; 1 ) to verify if C2 holdsfor the minimum value
of * for which (28) is feasible.Finding such” is a quasi-comex generalizeceigervalue minimization problem(GEVP),
which canbe solved very ef ciently [1].

C. Proofsof Theoem 3, Lemmal, and Corollary 2

Proof of Theoem 3. Considerthe jump-diffusionprocessn Corollary 1. Applying the correspondingperatorL de ned
in Theoreml to the nonngyative functionV(x;r; ):= ( )W(r;x),8x 2 R"™, r 2 N, 2[0;T) yields

LV(x;r; ) rZV(x;r; YH V) f(x)+ %trace[ ()HLV (X ) (x)]

+VEXDr 50 ViGn ) () 2(@)
z

% )W(r;xz)+ () rxW(r;x) f(x)+ %trace[ (X)°HyW (r;x) (x)]

+ naz() , W(r+ 1 (r;x 2) z(d2) (W(r;x) haz( ):
Using (23a)-(23b) we concludethat

LVEGr; ) L OOW(rx)+c () + )Wrx) + W (r;X) haz( )
( )W(I’;X) haz( )

2|t would be straightforvard to generalizethe resultsin this sectionto functionsf (x) and (x) thatareafne on x.



= L O+ O+ hae() () na() W) +c ()
andour choiceof  satisfying(24), simpli es the above to
LV(x;r; ) V(x;r; )+cb; 8 2R"™;r2N; 2][0;T): (29)
From Theoreml, we then concludethat
E V(X¢;re; t) E W(0;xo) +cht; 8t O

which establisheshe nitenessof E V(x¢;r¢; ) for every nite timet 0. Taking derivativesto both sidesof (12)
with respectio t and using (29), we further concludethat
dE V(Xt;re; )
dt
From this andthe ComparisonPrinciple[5, Lemma3.4], one obtainsZ

= E LV(X¢;re; t) E V(x¢;ry; ) +cb; 8 O

E V(xi;f; 1) e 'E W(0;xo) +c e 9 (g)ds
[0:t]

e "E W(0;xo) + C—b; 8t O
andthe inequality (25) thenfollows from the obsenation that

h NN cp
Bk’ SEW(rox)) = SE YT dn B VGGG )

|
(1) a
Proof of Lemmal. The desiredfunctéon canbe constructedy the following differential equation:
(haz(s) L ) () ~ haz(9) (s)<1

=1 As) = 8s2[0;T):  (30)

min 0;( haz(S) L ) (S) ~ haz(S) (s) 1
Although the right-hand-sideof (30) is discontinuousthe solutionto this differential equationexists globally on [0; T)
and consistsof seggmentson which is constantand equalto one, interlacedwith segmentson which it follows the
top branch,which is linear on . By construction, {s) satis esthe inequalityin (24) and (s) 1,8s2 [0;T). To
completethe proof, it remainsto shav that thereexists a constanta > 0 suchthat (s) a, 8s2 [0;T). To this end
consideran arbitrary interval (s1;s2) on which (s) < 1, 8s 2 (s31;s2) and (s;) = 1. On suchintenal, evolves
accordingto the following linear differentialequation

(s1) = L, As) = ( haz(9) L) (s) = naz(S); 852 (s1;82);
whosesolutionis given by
z
(L+ )(s si)+ Rs naz ()d . (L+ )s )t Rs haz ()d
s1 € az haz( )d;

R, . Zs Rs
- e (L+ )(s s1)+ s1 naz ()d 1 ‘e (L+ )s1 e(L+ )+ 7 hee ()d haz( )d

(s)=¢e

;v 8s2[s1;82):  (31)

S1
Using (13), we concludethat

R Re FO0) 4 Re (s)

T onez ()d TF ()Y = F()lpzlogiiﬁsizil F Q). <T:
e e e e 1 F @ 80 sS<T; (32)
which can be substitutedn (31) to obtain
z
R N (L+ )s1 S
— o (LF (s s 2 he ()d e (L+) g0 : e
(s)=-e 1 T F () o e F°()d ; 8s2]si;s2): (33)
From this and (26), we concludethat
(s) a:=e (1 dy)>0; 8s2][s1;S): n

Proof of Corollary 2. To verify condition (i) we usedirectly the condition C2 in Theorem3. To this end, pick > 0
sufciently small so that

et )T g (34)



The desiredfunction canbe implicitly de ned by the following (linear) differential equation
(0) = 1; As)= ( +L) (s); 8s2 [0;T);

whosesolutionis givenby (s) = e ( *1)s 8s2 [0;T). Using (34), we concludethat (s) 1,8s2][0;T) and
therefore

A5) (B () ) (+L) (8= ( a9 L) (8) ~ haz(s); 8s2[0;T):
Therefore(24) holdswith a:= *, b:= 1.

To verify condition (ii), it sufces to shawv that (26b) holds, becausehis distribution has nite support.To this end,
pick > 0 sufciently small sothat

e(L+ )T 1
i 35
(L+ )T (35)
For the desireddistribution, F (s) = s=T andF9(s) = 1=T, 8s 2 [0; T). In this case,
Z
. e (L+ )ss S2 e('—+ ) FO( )d _ ‘e(l-*' )(s2 s1) 1
1 F(s1) s (L+ NT s1)

@b XT s) QLT g
(L+ )T s1) (L+ )T

is @ monotoneincreasingfunction of x and (35).

<1 80 s <s<T,;

1

wherewe usedthe fact that exx

To verify condition (iii), we pick > 0 sufciently small so that

T %0)

For the desireddistribution, ha,(s) = 1=T,F (s) = 1 e ST andF%s) = e S°T=T, 8s 0. In this case,(26a)
holdsbecausel=T L > 0. As for (26b}

e (L+ )Sl Z S2 S Z S2 1
> et* ) FoY)d = = gt ) sy
1 F (Sl) S1 T S1
N CRES (CREY)
= <1 8s,>5s 0;
1 (L+ )T 1 (L+ )T 2ot
wherewe used(36). ]

V. NETWORKED CONTROL SYSTEMS
Considera nonlinearplant and remotecontroller with exogenouddisturbance®f the following form:
dxp = fp(xp;0)dt + g (Xp; 0)dw; y=0r(Xp); (37a)
dxc = fc(Xc;Pdt + gc (Xc;¥)dw; u=gec(xc); (37b)
wherexp and Xc are the statesof the plant and the controller; 0 andy the plant's input and output; § and u the
controller's input and output; and w a standardWiener process.The plant and the controller are connectedhrougha

two-channelfeedbak NCSasin Fig. 1. Ignoring network delay betweenthe samplingtimesfty : k 2 Ng both 0 and
¢ are held constant;

Oc = O ; %= Y 8t 2 [ty;tk+1); K2 N; (38)

The signalsu; andy; are not necessarilyboth sampledand sentto the network at every samplingtime. Moreover, the
samplessentmay be drop(pedby the network with a given probability®. This is capturedby the following model
Uy, U sampledattime tx andnot dropped

O = u not sampledat time t or dropped Bk2Z N; (392)

g, = oy sampledattime.tk and not dropped 8k 2 N: (39b)
9tk y not sampledat time tx or dropped

3This modelignoresnetwork quantization However, it would be straightforvard to includeit.



This samplingmodelwith dropscanbe written compactlyas
O, = Ug, + zk(otk U, )+ (1 z) u k 1;etk ; (40a)
9tk = Yo t Zk(ytk ytk) + (1 Zk) y k 1;etk ; (4Ob)

wherezy 2pZ 7 f0;1g is equalto one if the samplesentat time ty, is droppedand equal to zero otherwise,
—_ ey - o u
e=[eg]i= ¢,  and

(
Wk L= 0 u sampledat time_tk
e, U notsampledat time ty
0 ledat time t
y(k Le):= y samplecattime t

ey Yy notsampledat time ty

Nesic and Teel [6], Walsh et al. [11] actually considera samplingmodel more generalthan (39), asthey allow for a
subsetof the entriesof the vectorsu andy to be transmittedthroughthe network at eachsamplingtime. In practice,
this meansthat at eachsamplingtime only someentriesof () and () aresetequalto zero.Following Nesicand
Teel [6], we capturethis by generalizing(40) to

e = zce, + (L z) (ke ) 8t 2 [tk;tk+1); K2 N; (41)

where (k 1; ) specieswhich entriesof u andy are sampledat the kth samplingtime. The function () canbe
regardedasimplementinga networkaccesgrotocol that decideswhich input/outputchannelshouldbe sampledat each
time tx, k 2 N. Whenthis decisionis basedon the currentmismatchesetweenu and @ and/orbetweeny andy, we
have a dynamicprotocol suchasthe try-once-discargrotocolin [6, 11]. Otherwise we have a static protocol, suchas
the round-robinprotocolin [6, 11, 13].

We are interestedn networked control systemsfor which the samplingtimesfty 2 [0;1 ) : k 2 Ng andthe drops
fzy 2 Z : k 2 Ng arethe jump times andthe jump points, respectiely, of a renaval process; with hazardrate sy,
and measure z for the jump points. The measure z correspondgo a Bernoulli randomvariablewith probability of
drop (i.e., z« = 1) equalto p. De ning x := x3  x2 O, the NCS describedby (37), (38), and (41) canbe modeledby
a stochastidmpulsive systemof the form

dxe = g(xe; @)dt+  (xi;e)dw; 8t 0;x2R™;w2R"™; (42a)
da = f (x;@)dt+ (x¢;e)dw 8t 2 [tx;ty+1); €2 R™e; (42b)
e =ze + (1 z) (k Le ) 8k 2 N: (42c)

In view of the resultsin SectionlV, the stability of (42) can be deducedby analyzingthe weak solution-processe®
the following jump-diffusion equation

dxi = gxie)dt+ (xee)dw; (43a)
dea = f (X¢;e)dt+  (X¢; e)dw; + (zee + (1 2) (r¢y ;& ) € )n(dtdz); (43b)
Z z
dre = n(dt; dz); (43c)
z Z
d¢=dt (¢ )n(dt;dz); (43d)
z

with jumpintensity naz( ; ) z (dz) andinitializationrg = ¢ = 0 with probability one.
Theoem4: Assumethat the following two conditionshold:

C3 Thereexist nonngyative functionsU;Y : R"™ | [0;1 ), W : N R" ! [0;1) andconstantsLy;L 2 R,
;i1 C; 1, 2 Ofor which

r yUx) g(x;e)+ %trace[ (x; ©)H, U(x) (x;€)] U(X)+ LyW(r;e) + cy; (44a)
r xyUx) g(x;e)+ %trace[ (x; ©)H, U(x) (x;€)]

+r1r W(r;e) f(x;e)+ %trace[ (x;©HW(r;e) (x;e)]
U(x) + (L + L)W(r;e) + ¢ + Cp; (44b)



@ pW(r+1; (r;e) +pW(r+21e “W(r;e); (44c)

U(x)  1kxk?; W(r;e)  ,kek?; 8r2N; e2 R"; x 2 R"x: (44d)
C4 Thereexistsa continuouslydifferentiablefunctions 1; ,:[0;T)! [0;1 ) andconstants > 0,0< a b< 1
suchthat
28 ( haz(s) + ) 1(8)  1(0) haz(S); (45a)
29 (haz(s) L ) a(s) Lxa(s) ~ 200) ha(s); (45b)
a 2(s) a(s) b; 8s2 [0;T): (45¢)

Then every weak solution-process;, e to (43) for which E[U(xg)] < 1 and E[W(0;e))] < 1 is mean-square
stable.

A. ConditionC4

Intuitively, the stability of the solutionsto the stochastiampulsive system(43) will rely on frequentjumpsthat keep
the error processe; small. The condition C4 in Theorem4 implicitly expresseghis requirementsut it is dif cult to
verify directly. The next Lemmaprovides an alternative versionof this condition (possibly more consenrative) that is
generallystraightforvard to verify.

Lemma2: Assumethatth%reexists constantsd; < 1, d, < 1 suchthat
S

haz( )d  (L+ )(s s1) d; (462)
S1
e (Lr ) Z s (L+) ~E0
m . (S F ( )+ LX 1 F ( ) d d2, (46b)

80 s;< s,< T. ThenconditionC4in Theorem4 holds.
Note thatwhenLy = 0 the assumption®f Lemma?2 are exactly the sameasthe onesof Lemmal. This corresponds
to the (somevhat unlikely) situationof a processx; thatis stableregardlessof the evolution of e; [cf. (44a).

Lemma?2 allows one to determinewhetheror not condition C4 in Theorem4 holds for given distributions of the
inter-jump time. The following corollary, considersa few commondistributions:

Corollary 3: C4in Theorem4 holdsfor ary of the following distributions of the inter-jump times:

(i) F is ary distribution with supporton [0; T) and

-

X

T+
1+

el <1 (47)

-
'l |—|

(iiy F is uniformly distributedon [0; T) and
T+ kT g
1+ LT LT

<1 (48)

(i) F is exponentiallydistributedwith meanT and
T+ LT

<L (49)

The condition (47) is analogougo the one found by Nlesic and Teel [6] for deterministicworst-casesamplingtimes
andno drops,but the constantsnvolved do not have the samenumericalvaluesandit doesseemeasyto prove thatone
conditionis strictly lessconserative than the other However, for all the examplesin SectionVI, condition (47) does
leadto lessconsenrative resultsthanthe one found by Nesicand Teel [6]. The mostsigni cant advantageof this result
with respectto the onesderived for deterministicworst-casesamplingtimes (e.g., by Nesic and Teel [6], Walsh et al.
[10, 11)) is realizedwhenthe intersamplingtime distribution is available.E.g., whenLT 1 andthe distribution is
uniform, (48) allows ~ to becomealmostLT largerthan (47). This resultalsoappliesto Bernoulli drops,which is not
possiblein a deterministicsetting.

Remark3: Theinequalities(46) in Lemma2 areusedto show thatthereexistsa constanta > 0 suchthatthe solution
to the nonlinearscalardifferenEiaI equation

(haz(s) L ) 2(s) Lx = haS) 2(s) <1
min 0;( haz(s) L ) 2(S) Lx = naz(S) 2(8) 1
with initial condition ,(0) = 1 remainslarger than or equalto a for every s 2 [0; T). For speci ¢ hazardrates,one

may verify thatthis is so by numericallysolving the above differentialequation However, a numericalveri cation does
not permit the derivation of “clean” conditionsbetween’, L, andL suchasthe onesprovided by Corollary 3.

2(s) =



B. ConditionC3
For linear systemsand quadraticfunctionsU, W, Y, the conditionC3 in Theorem4 canbe veri ed numericallyin
an ef cient manner To this effect, we restrict our attentionto systemdynamicsof the form?*
g(x;e) = Ay X + Aye®; f(X;€) = AexX + Age€;
(x; €) = By; (X; €) = Be; (r;e) = R(r; e)e; 8r2N; x2R"™; e2R";
and functionsU and W of the form U(x) = x%Qx, Q = Q% 8x 2 R"x andW(r;e) = e®P;e, P, = PP, 8r 2 N,
e 2 R"¢, respectiely. In this case the inequalitiesin (44) take the form

A + A% Q+ A X
x0 & QhAx onéQ Q QLXX;r . O trace[B QBy] (51a)
xe
0 o QAx+ALQ+ Q QAse + AP 0 0
€ AgeQ + PrAex PrAce + AgePr (L + Ly)P; Gt Gz trace[B,QBx + BePrBe] (51D)
xX(Q  1)x 0 &P al)e O (51c)
€1 pR(r;eP .1 R(r;e)+pPs1 "Pre 0, 8 2N;e2R"; x2R"™: (51d)

The existenceof the constants;, ¢, L, Ly, *, 1, 2 andthematricesQ = Q° P, = Pro, r 2 N for which (51a)-(51c)
hold is equialentto the feasibility of the following family of matrix inequalitiesin the unknavnsL, Ly, *, 1, 2,
Q=Q%P, =P%r2N:

QAx + AL Q+ Q QA
0 52a
A%Q LxPr (52a)
QAx + AL Q+ Q QAxe + AL P, o (52b)
ASeQ + Py Aex Py Age + AgePr (L + Ly)Py !
Q 4 0 P 2 O 8r 2 N: (52¢)

Thisis becausevheneer (52a)-(52c)hold, then(51a)-(51c)alsoholdwith ¢; := trace B2QBy], ¢, := sup,,ytrace BIP,Be].
Corverselyif (52a)-(52c)do not hold, thenit is straightforvardto showv that (51a)-(51c)cannothold for nite constants
C1, Co.

For protocolssuchasthe round-obin protocolin [6, 11, 13], the matricesR(r; €) areindependenbf e and periodic
with respecto the integerr, i.e.,

R(r+ kN;e)= R;; 8r2f1,2;:::;Ng; k2 N; (53)
for some nite periodN 2 N. In this case,we canrestrictthe searchto periodic matricesP, and (51d) also becomes
a matrix inequality of the form®

(1 PRIP R +pPey Py 8r2N: (54)

Alternatively, for protocol suchasthe try-once-discad protocol in [6, 11], the matricesR(r;€) do not dependon the
integerr andinsteadarechosenfrom a nite collectionof symmetricprojectionmatrice§ R;, i 2 1;2;:::;Ng, based
on the currentvalue of e. We recall that a matrix R is called a projection matrix if R? = R. In particular
R(r;e)=arg  min eRje; 8r2N; e2R": (55)
Ri:i2f 1;::;ng
In this case,a sufcient conditionfor (51d)to hold with P, = P, 8r 2 N is that
eRie eRje; 8 ) € (1 pRPR +pP "Pe 0 8i2fl2:::;Ng e2R";
which is furtherimplied by the following family of matrix inequalitieson the unknavns j; 0
X

(1 pRPR;+ pP+ i(Rj Ry) P (56)
isi
As seenin SectionV-A, condition C4 implicitly imposesa constraintbetween’, L, and Ly, for which small values
of *~ favor stability. We canthereforelet L andL, rangeover [0; 1 ) and verify if C4 holdsfor the smallestconstant
* for which (52), (54) [or (52), (56)] is feasible.Theseare quasi-conex generalizeceigervalue minimization problem
(GEVP), which canbe solved very efciently [1].

41t would be straightforvard to generalizethe resultsin this sectionto functionsf;q; ; thatareafne onx ande.
5Although (52), (54) exhibit a quanti cation overr 2 N, becausef the periodicity in r, oneonly hasto verify N inequalities.
6A matrix R is calleda projection matrix if R2 = R.



The inequality (44c) should be viewed as a requirementon the network accessprotocol speci ed by the function
(). In practice,L > 0 andto keepe; boundedoneneeds < 1. In this case,(44c) requiresthe protocolto de ne an
exponentiallystableauxiliary stochastiadiscrete-timesystem

(k;yk) with probabilityl p

Yo =y, with probability p

Motivatedby Nesicand Teel [6], we usethe terminologyuniformly exponentiallystableprotocol to denoteary protocol
that satis es (44c)

Remark4: It is worth noting that if the x; dynamicsin (43a)with e, = O (ideal network) are asymptoticallystable
— which corresponddo Ay, Hurwitz — thenthe matrix inequalitiesin (52) are always feasiblefor sufciently large
constantsL ;L > 0. In this case,aslong as the protocol can guaranteethat (51d) holdsfor some™ < 1, ary of the
inequalitiesin Corollary 3 canbe madeto hold by selectingL sufciently largeandT (or T) sufciently small. This
con rms the intuitive notion that if the closed-loopsystemis stablefor an ideal network and samplingis sufciently
frequent,thenthe NCS will remainstable.

C. Proofsof Theoem4, Lemma2, and Corollary 3

Proof of Theoem4. Applying the operatorL de ned in Theorem1 to the nonneative function V(x;e;r; ) :=
1(JUX)+ 2( )W(r;e),8x 2 R",e2 R",r2 N, 2]0;T) yields

LV(x;eir; ) =1 V(xer )+rxVxer ) gxe+reVixer ) f(xe)
+ %trace[ (X OHNV (X er; ) (X €)]
+ Liracel (x @MV eir: ) (x )
2 z
+ haz( ) V(X (rez)r+ 1,0 Vxer; ) z(dz)
z
= fOHUX) + F()W(r;e)
+ 1() rxU®X) o(x; e+ %trace[ (x; e)OHXU(x) (x; e)]
+ 2() rZeW(r;e) f(x;e)+ %trace[ (x; e)OHeW(r;e) (x; e)]
+ haz( ) 10 U(X) + 2000W(r + 1;ze+ (1 z) (r;e)
z
1()UX) 20 )W(r;e) z(d2)
= 20U+ 3 )W(r;e)
+ 1() rxU®X) o(x; e+ %trace[ (x; e)OHXU(x) (x; e)]
+ 2() rW(r;e) f(x;e) +Z%trace[ (x;e)HW (r;e) (x;e)]
+ haz( ) 1(0U(x) + 2(0) ZW(r+ Lze+ (1 2z) (r;e) z(d2)
1()HUX)  20)W(r;e)
= 20U+ 3()W(r;e)
#10) UM g0 e) + 3 tacel ( HU() (x;e)]
+ 2() rW(r;e) f(xe)+ %trace[ (x;e)HW (r;e) (x;e)]
+ ohaz( ) 1(QUX)+ 200)(1 pW(r+ 1 (r;e) + 20)pW(r + 1;€)

JOUK) oW (e
= 20U+ YW (e
#a0) o) UK gboe)+ 3 tracel (5 HU(K) (x; €]

+ 2() rW(r;e) f(xe)+ %trace[ (x;e)HW(r;e) (x;e)]



+r ,UX) g(x;e)+ %trace[ (x; ©H,U(X) (x; )]
t onaz() 1QUX)+ 20001 p)W(r+ 1 (r;€)) + 2(0)pW(r + 1e)
1)U 2()W(r;e) -
Using (44a)-(44c)we concludethat
LV(x;eir; ) 20U+ 2()W(rie)
+ 1()  2() U(x) + LxW(r;e) + ¢
+ 2() UX)+ (L+ Ly)W(r;e)+ a1+ ¢
+ ohaz( ) T aOW(rie)  1()U(X)  2( )W(rie)
= 20) 1( )+ naz() 12000 () UX)
S()+ L 2( )+ L 20)+ na() 2000 2() W(r;e)
+co1( )+ e 2()
Our choiceof 1, » satisfying(45) simpli es the above to
LV(x;e;r; ) V(x;er; )+ (c1+ c)b;

8x 2 R";e2 R";r2N; 2][0;T). Theresultthenfollows from a reasoningcompletelyanalogouso the one used

in the proof of Theorem3. ]
Proof of Lemma2. Without loss of generalitywe assumethat andtake 1(s) = 1, 8s2 [0;T), for which (45a)
holdstrivially. We thenconstruct , usingthe following differential equation:

min 0;( haz(s) L ) 2(s) Lx ° naz(S) 2(s) 1

By construction, »(s) satis es (45b) and (s) 1(s) = 1, 8s 2 [0; T). To completethe proof, it remainsto shav
that thereexists a constanta > 0 suchthat ,(s) a, 8s 2 [0;T). To this end consideran arbitrary interval (s1;s2)
on which ,(s) < 1, 8s 2 (s1;s2) and 2(s;) = 1. On suchinternval, » evolves accordingto the following linear
differential equation

2(s1) = 1, 28)=(naz(s) L ) 2(s) Lx  naS); 852 (s1;%2);

whosesolutionis given by
z

R s R
o(s) = e (L7 s s0F S e () e (LF s T e O)d vy d;
RS ) S1 Z s Rsl
=g (b)) s g e ()d g (Lt sy gL+ )+ e ()4 () + L d
Z
R (L+ )s1 S
— o (L )(s st 8 ha ()d e (L+) ~po0 :
=e s1 —— € F +Ly1 F d ;
1 F (S]_) s ( ) X ( )
8s 2 [s1;s2) [cf. derivation of (33)]. From this and (46), we concludethat
2(s) a=e ®@ dy)>0 8s52][s1;Sy): n

Proof of Corollary 3. To verify condition (i) we usedirectly the condition C4 in Theorem4. To this effect, we note
that (47) is equivalentto

T+ b L L
LT L X LT X
e > . 1+ — e = >
1+ b L L
andthereforewe canpick > 0 sufciently small so that
L L .
: 1+ —L+X e (L+)T —Lf ; (58)



We pick 1(s) = 1,8s2 [0;T) and , is implicitly de ned by the following (linear) differentialequation
2(0) = L; 29)= (L+ ) 29) Ly 852 [0;T);
whosesolutionis given by

Lx

_ Lx
28) = 1+ = =

L+
Since , is monotonedecreasingwe concludeusing (58) that

2(T) 2(8) 200)=1= 4(s); 8s2][0;T);

e (L+ s 8s2 [0;T):

andtherefore

2 =0 ha(s) 1(s) 1(0) +( ) a(s);
3()= (L+ ) 2(5) Lx a(s) naz(s) 2(s) ~ 200) (L+ ) 2s) Ly 1(9):
Therefore(45) holdswith a:= *, b:= 1.

To verify condition (i), it sufces to shav that (46b) holds, becausehis distribution has nite supportand therefore
(46a)holdswith d; = (L + )T. To this effect, we note that (48) is equivalentto

N Ly €7 1 Ly

L LT L
andthereforewe canpick > 0 sufciently small so that

Ly €T 1 L,

L+ (L+ )T L+

For the desireddistribution, F (s) = s=T andF9(s) = 1=T, 8s 2 [0; T). In this case,

z

< 1

<1 (59)

S2

(L+ )sa
© ett) CEO )+ L, 1 F () d

1 F(s1) s ;
- e (L+)s: S2 e(L+ ) 4 L (T ) d
T S1 s1 X
et s s+ C+ L(T sp))(L+ ) (Lt C+ LT s))(L+ )
- L+ )2(T s1)

ell+ )s2 s+ Lx 4y L (T s v b b L (T s
- ( L+ x 2)) L+ x 1)); 80 s;<s,<T:
(L+ XNT s1)

Sincee(t* XSz s+ L+ (T s;) is a monotoneincreasingfunction of s,, we can constructan upperbound
by settings, = T, which yields

L+ )s1 ZSz
C+ Bt T s Cr Lo v | (T s1))
(L+ )T s1)
= Ly ebr)T =) 1 L cp b v T 1 L <1, 80 s <s<T:
L+ (L+ XT s1) L+ L+ (L+ )T L+ ' '

wherewe usedthe fact that exx_1 is @ monotoneincreasingfunction of x and (59).
To verify condition (iii), we pick > 0 sufciently small so that

T+ LT

m <1 (60)

For the desireddistribution, haz(s) = 1=T, F (s) = 1 e ST andF%s) = e SST=T, 8s 0. In this case,(46a)
holdsbecausel=T L > 0. As for (46b}

Z So N Z So .

et CFY )+ Lyl F() d = =+ Lx gt P sig

S1

e (Lt )ss
1 F (Sl) S1



B e R =1 TV
1 (L+ )T Sl | |

wherewe used(60). ]

VI. EXAMPLES AND DISCUSSION
We investigatehe conserativenesf the stability conditionsderivedabove in the contet of two benchmarkproblems
that previously appearedn the literature.
A. Batdch Reactor

This exampleappearedn [2, 6, 11] and considerghe control of the following linearizedmodelfor a two-input/two-
outputunstablebatchreactor:

Xp = ApXp + Bp O y = CpXp;
where 3 5 3
1:38 0:2077 6:715 5.676 0 0
A, = £ 05814 4:29 0 0:6752_ B, .= 85679 0 é c,- 101 1.
P4 1.067 4273 6654 58935° P 41136 31460 P~ 010 0°
0:048 4:273 1:343 2:104 1:136 0
This systemis controlledby the following PI controller:
Xc = AcXc + Be¥s u= Ccxc + Dc¥,
where
_ 0 0 . _ 0 1 _ 2 0 _ 0 2
Ac = 00" Bc = 1 0" Cec = 0 8° Dc = 5 0

Following NesicandTeel[6], Walshet al. [11], we assuméhatonly the outputsaretransmittedover the network, which
meansthatd = u, e= ¢ u. This leadsto the following matricesin (50):

A = Ap + BpDcCp BpCc . A= BpDc .
XX - BCCP AC 3 xXe -— BC 3
Aex = CP O Axx; Aee = CP O Axe:

In the equationsabove, we omitted the noisetermsssincethesedo not affect the stability conditions(althoughthey do
affect the upperboundson the stateand error variances) For the round-robinprotocolwe assumedhat the rst entry
of the outputvectorwastransmittedat the odd samplesandthe secondentry at the even samplesThis correspondso

_ 0 0 . _ 1 0.
Ri= g 1 R2:= g o

in (53). The sameprojectionmatriceswere usedin (55) for the try-once-Discardorotocol, which then sendsthe entry
of the outputvectorwith largestabsolutevalue. Table | summarizeghe resultsobtained.

TABLE |
COMPARISON OF STABILITY CONDITIONS FOR THE BATCH REACTOR EXAMPLE

Round-robin Try-once-discard
nodrops [ p= 50% || nodrops| p= 50%

Maximum (deterministic)time intenal betweensamplescomputedfrom 10 ° NA 10 ° NA
the resultsin Walshet al. [11] (valuestaken from Walshet al. [11])

Maximum (deterministic)time intenal betweensamplescomputedfrom 0.0082 NA 0.01 NA
the resultsin Nesicand Teel [6] (valuestaken from Nesic and Teel [6])

Maximum (deterministic)time intenal betweensamplescomputedfrom 0.009 NA 0.0108 NA
theresultsin Carneale et al. [2] (valuestaken from Carneale et al. [2])

Maximum (deterministic)time intenal betweensamplescomputedfrom 0.0123 NA NA NA

the resultsin Tabbaraet al. [9] (valuestaken from Tabbaraet al. [9])
Maximum supportfor an arbitrary intersamplingtime distribution from 0.0279 | 0.010323 0.0200 | 0.008804
the condition (i) in Corollary 3
Maximum supportfor a uniform intersamplingtime distribution from the 0.0517 | 0.019921 0.0372 | 0.017032
condition (i) in Corollary 3
Maximum average for an exponential intersampling time distribution 0.0217 | 0.009239 0.0158 | 0.007946
from the condition (iii) in Corollary 3




TABLE I
COMPARISON OF STABILITY CONDITIONS FOR THE CH-47 TANDEM-ROTOR HELICOPTER EXAMPLE

Round-robin Try-once-discard
no drops p = 50% no drops p = 50%
Maximum (deterministic)time intenal betweensamplescomputedfrom || 3:13 10 T° NA ? NA
theresultsin Ye et al. [12] (valuestaken from Tabbaraet al. [9])
Maximum (deterministic)time intenal betweensamplescomputedfrom || 1:20 10 ° NA ? NA
the resultsin Nesicand Teel [6] (valuestaken from Tabbaraet al. [9])
Maximum (deterministic)time intenal betweensamplescomputedfrom || 2:81 10 # NA NA NA

the resultsin Tabbaraet al. [9] (valuestaken from Tabbaraet al. [9])
Maximum supportfor an arbitrary inte~samplingtime distribution from || 8:02 10 % 295 10 # || 538 10 # | 239 10 *
the condition (i) in Corollary 3
Maximum supportfor a uniformintersamplingtime distribution fromthe || 1:48 10 3 569 10 # || 1:.01 10 3 | 463 10 *
condition (i) in Corollary 3
Maximum averagefor an exponentialintersampling time distribution || 6:21 10 # 264 10 * || 434 10 *# | 2217 10 *
from the condition (iii) in Corollary 3

B. CH-47 tandem-otor helicopter

This exampleappearedn [8] and considersthe control of a CH-47 tandem-rotothelicopterin the horizontal plane,
arounda nominal airspeedof 40knots,which canbe modeledby

Xp = ApXxp + Bp U y = CpXp;

wherethe outputy; denoteghe vertical velocity (in knots/hour) the outputy, the pitch altitude (in radians),the input
u; the collective rotor thrust,the input u, the differential rotor thrust,and

3 2 3
:02 0.005 24 32 0:14 012
Ao = 0:14 044 1.3 304 Bo = 0:36 864 . Co = 010 0 .
P~4 0 0018 16 125’ P~ 40:35 0:009°° P~ 00 0 573"
0 0 1 0 0 0
This systemis controlledby the following static controller from [8]
u= Dc¥;

where
127177 450824
635163 259144 -

Following Tabbaraet al. [8], we assumehatonly the outputsaretransmittedover the network, which meanghatt = u,
e= ¥ u. This leadsto the following matricesin (50):

Axx = Ap + BpDcCp; Axe = BpDc;
Aex = CpAx; Ace = CpAye:

D¢ =

In the equationsabove, we omitted the noisetermssincethesedo not affect the stability conditions(althoughthey do
affect the upperboundson the stateand error variances) For the round-robinprotocol we assumedhat the rst entry
of the outputvectorwastransmittedat the odd samplesandthe secondentry at the even samplesThis correspondso
_ 0 0, _ 1 0.
Ri= g 1 R2:= g o
in (53). The sameprojectionmatriceswere usedin (55) for the try-once-Discardorotocol, which then sendsthe entry
of the outputvectorwith largestabsolutevalue. Table Il summarizeghe resultsobtained.

Several conclusionscan be drawvn from thesetwo examples:

() Theorem4 appeardo be lessconsenative thanits previously publisheddeterministiccounterpartsln particular
in the absencef drops,the distribution-independentondition(i) in Corollary 3 allows for supportsor theinter-
samplingtime distribution larger thanthe maximumtime betweensamplescomputedfrom previously published
results.

(iiy Informationabouttheinter-samplingtime distribution permitslessconserative results E.g.,whenthedistribution
is known to be uniform, its supportcan almost double with respectto the distribution-independentesult.



Moreover, even inter-samplingtime distributions with in nite-support (suchasthe exponentialdistribution) can
resultin stableNCSs.

(i) Achieving stability in the presenceof drops,generallyrequires“shorter” inter-samplingtimes. E.g., with 50%
drop probability;, the inter-samplingtime mustgenerallydecreasao smallerthanone half.

APPENDIX
Proof of Theoem 1. From (8), we concludethat x; is the sum of four factors:

(i) A nite-valuedand Fo-measurablerocessxg.

(i) A continuouslocal martingale .

X¢ = (Xs )dws: (61)
[0;t]
First, notethatthis integral is well de ned in the senseof [4, Theoreml.4.31, p. 46] becausev; is a semimartin-
gale[4, Propositionl.4.10,p. 40] and (x ) is locally boundedbecause; is locally bounded)andpredictable
[4, Propositionl.2.6, p. 17]. Sincew; is actually a continuousmartingale[4, Propositionl.4.10, p. 40], we
concludethat x{ is alsoa continuouslocal martingale[4, Corollary 1.4.55d,p. 55].

@iy A purelydiscontinuoud%cal martingale 5

(Xs ;2)n(ds;dz) (Xs ;2) (x5 ;dz)ds (62)
[oit]z [oit1z

Since (Xs;z) iscadlag, (xs ;z) ispredictablg4, Proposition.2.6,p. 17] andwe concludefrom [4, Proposition
11.1.28, p. 72] that (62) is equaltzo

(Xs ;z) n(ds;dz) (xs ;dz) ds;
[0;t]Z
with the integral de ned asin [4, De nition 11.1.27, p. 72], which automaticallyguaranteeshat this termis a
purely discontinuoudocal martingale.
(iv) A nite-v ariation predictableprocess
z z
f(xs )ds+ (Xs ;2) (Xs ;dz)ds
[0;t] [0;t]Z 7 7
= f(xs )+ (Xs :2) (g ;dz) ds
R [05t] z
Sincef (xs) + , (Xs;2) (Xs;dz) iscadlagf(xs )+ , (Xs ;2) (Xs ;dz) is optional[4, Corollary|.1.25,
p. 7] and predictable[4, Propositionl.2.6, p. 17]. We thereforeconcludethat the integral on the right can be
de ned in the senseof [4, Equationl.3.4, p. 28], which meansthat it has nite-v ariationandis predictable.

This shavs thatx; is a specialsemimartingald4, De nition 1.4.21,p. 43] andthatx?{ is the continuousmartingalepart
of x; [4, De nition 1.4.27,p. 45].

From Itd's formula [4, Theoreml.4.57, p. 57], we concludethat V (x;) is alsoa semimartingaleand
z z

1 X @V(xs )
V(x¢) = V(Xo) + rvVixs ) dxs+ = ———dg!
t ° [0:t] ° T2 Oitlij o @XI @ CfS
+ V(Xs + Xs) V(Xs ) rVxs ) Xs ; (63)
s t
where xs:= Xs Xs andg? := hxi¢:xiCi. First notethat becauseof (61), [4, Theoreml.4.40d, p. 48], and [4,
De nition 1.4.9b, p. 39], we have that .
ql;l = h(I;C;X];Cit - ik (Xs ) i (Xs )thk;W it
k; [O;t]
X z ) )
= M (xs ) (xs )dt;
[0:t]

k m



andtherefore 5
X @V‘(Xs' )dds;j -
[O:t] @@

d

X X @vix )
@@

Secondsincethejump X of Xg attime s is equalto (x5 ;z), we canre-write the summationin(63) as
z

T (xs ) T (xs )ds:
Otly mij d

V xg + (Xg ;2) V(Xs ) rV(xs ) (Xs ;z) n(ds;dz);

[O;t1z
which canbe re-writtenas
z
V Xs + (Xs ;2) V(X5 ) n(ds;dz)
[O;t1z Z
rvixs ) (Xs ;z)n(ds;dz)
Z [o;t]1z
= V xg + (Xs ;2) V(X5 ) (Xs ;dz)ds
[O;t1z Z

rvVixs ) (Xs ;z)n(ds;dz)+ m;

[O;t1z
for somemartingalem;. Therefore,&eplacing(64) and (65) in (63) andusing (11), we concludethat

V(xt) V(xo) = rV(xs ) dxs

Z x X @V (xs )

1 itk ik
= — X (X ds
22 Ol dk m @@ ) )

+ V Xs + (Xs ;Z)  V(Xs ) (Xs ;dz)ds
Z[O;t]Z
rvixs ) (Xs ;z)n(ds;dz)+ my
Z [O;t]Z Z
= rv(xs ) dxs+ LV(xs ) rV(xg ) f(xg ) ds
[O:t]Z [0;t]

rvixs ) (Xs ;z)n(ds;dz) + my;
[O;t1z

wherewe usedthe fact that

X X
GV x4y i (y) = trace] ()HV(y) ()] By 2 R™:

k mij d Q'@
We thus concludethat 7
V(xt) V(xo) LV(xs )ds=
Z [05t] Z
= rvixs ) dxs rvixs ) f(xs )ds
Otz z [oit]
rvixs ) (Xs ;z)n(ds;dz) + m;
7 [0;t] z 7

rvi(xs ) dxs f(xs )ds (Xs ;z)n(ds;dz) + mq
Z[O;t] z

rV(xs ) dx;+ my;
[0;t]

(64)

(65)

which is a martingalebecausexf is a continuouslocal martingaleandr V(xs ) is locally bounded(becausex; is
locally bounded)and predictable[4, Corollary .4.55d, p. 55]. Finally, from the martingaleproperty we concludethat

h z i
E V(xy) V(Xo) LV(xs )ds
[0:t]



h Z i
=E E V(&) V(Xo) LV(xs )ds Fo =0
[0:t]
from which we obtain
h z i
E V(xy) LV(xs )ds = E V(xg) <1:
[0;t]
WhenV is uniformly upperboundedthis mustnecessarilympl\é that
h [
E[V(x()]= E V(xo) + E LV(xs )ds ;
[0;t]
whetheror not the left-most and the right-mostexpectationsare nite. SincelLV (xs) is cadlag,LV (xg ) is optional
[4, Corollary 1.1.25, p. 7] andthereforethe integral in the right-handside canbe de ned in the senseof [4, Equation
1.3.4, p. 28]. The nal resultthenfollows from Fubini's Theorem. ]
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