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Abstract

We consider Stochastic Hybrid Systems (SHSs) for which the lengths
of times that the system stays in each mode are independent random
variables with given distributions. We propose an analysis framework
based on a set of Volterra renewal-type equations, which allows us to
compute any statistical moment of the state of the SHS. Moreover, we
provide necessary and sufficient conditions for various stability notions,
and determine the exponential decay or increase rate at which the ex-
pected value of the energy of the system converges to zero or to infinity,
respectively. The applicability of the results is illustrated in a networked
control problem considering independently distributed intervals between
data transmissions and delays.

1 Introduction

A Hybrid System is a system with both continuous dynamics and discrete logic.
Its execution is specified by the dynamic equations of the continuous state, a
set of rules governing the transitions between discrete modes, and reset maps
determining jumps of the state at transition times.

Stochastic Hybrid Systems (SHSs) introduce randomness in the execution
of the Hybrid System. As surveyed in [1], various models of SHSs have been
proposed differing on where randomness comes into play. In [2] and [3], the
continuous dynamics are driven by a Wiener process. In [3] and [4], transitions
are triggered by stochastic events, and [4] allows transitions for which the next
state is chosen according to a given distribution. See also [5], [6], [7] and the
references therein for additional work on stochastic hybrid systems.

The present work follows closely the definition of a SHS given in [5], where
randomness arises solely from the fact that the rate at which stochastically
spaced transitions occur is allowed to depend on both the continuous state and
discrete modes. However, as noted in [5] this model can capture systems where
the next state is chosen according to a given distribution, the dynamics is driven
by a Wiener process, and discrete transitions are triggered by deterministic
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conditions on the state, e.g, guards being crossed. In [5], a formula is provided
for the extended generator of the Markov process associated with the SHS,
which, as explained in [4, Ch.1], completely characterizes the Markov process.
The generator can be used to compute expectations and probabilities by using
the Dynkin’s formula, in some problems with special structure. This approach
is followed in [4] for various cases of interest. It is also the starting point of
the method proposed in [5] to compute the moments of the sending rate for an
on-off TCP flow model.

The approach based on the Dynkin’s formula is also used in [8, Ch. 2] to
compute the moments of the state of a Markov Jump Linear System (MJLS).
This class of systems can be viewed as a special case of a stochastic hybrid
system, in which the length of times that the system stays in each discrete
mode are independent exponentially distributed random variables, with a mean
that may depend on the discrete mode.

In the present work we consider stochastic hybrid system with linear dynam-
ics, linear reset maps, and for which the lengths of times that the system stays
in each mode are independent arbitrarily distributed random variables, whose
distributions may depend on the discrete mode. The process that combines the
transition times and the discrete mode is called a Markov Renewal process [9],
which motivated us to refer to these systems as stochastic hybrid systems with
renewal transitions. This class of systems can be viewed as a special case of the
SHS model in [5], or as a generalization of a MJLS.

A key challenge in the analysis of the systems considered here, lies in the
fact that the discrete component of the state is only a semi-Markov process [9],
instead of a Markov chain, which would be in the case of MJLS. This prevents
the direct use of approaches based on the Dynkyn’s formula to compute the
statistical moments of the continuous state of the system, which is possible for
exponential distributions in the durations of each mode [8, Ch. 2]. For non-
exponential distributions, an approximation is proposed in [8, Ch. 8] that relies
on the fact that a more general distribution can be approximated by the sum
of exponential distributions. However, aside from introducing approximation
errors, this approach requires a very large number of discrete modes when the
distributions needs to be approximated as the sum of several exponentials.

Inspired by our recent work on impulsive renewal systems [10], the approach
followed here to analyze SHS with renewal transitions is based on a set of
Volterra renewal-type equations. This allows us to give expressions for any
moment of the state of the SHS. Moreover, we characterize the asymptotic be-
havior of the system by providing necessary and sufficient conditions for various
stability notions in terms of LMI, algebraic and Nyquist criterium conditions.
We also determine the decay or increase rate at which the expected value of the
energy of the system converges exponentially to zero or to infinity, depending
on whether or not the system is mean exponentially stable.

The applicability of our theoretical results is illustrated in a networked con-
trol problem. We consider independently distributed intervals between data
transmissions of the control signal in a feedback-loop, which, as observed in [10],
is a reasonable assumption in networked control systems utilizing CSMA pro-
tocols. The impulsive renewal systems considered in [10] did not permit us to
consider the effect of network induced delays, which is now possible with SHSs
with renewal transitions.

The remainder of the paper is organized as follows. SHSs with renewal
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transitions are defined in Section 2 and the connection with previous models of
SHSs is addressed. In Section 3, we compute the statistical state moments of the
SHS, and in Section 4 we provide results related to the asymptotic behavior of
the SHS. Section 6 addresses the application of the results to networked control
systems. In Section 7 we draw final conclusions and address future work.
Notation and Preliminaries: For dimensionally compatible matrices A and B,
we define (A, B) := [A′ B′]′. The n × n identity and zero matrices are denoted
by In and 0n, respectively. For a given matrix A, its transpose is denoted by A′,
its spectral radius by σ(A), and an eigenvalue by λi(A). The Kronecker product
is denoted by ⊗. For a complex number z, ℜ[z] and ℑ[z] denote the real and
complex parts of z, respectively. The notation x(t−k ) indicates the limit from
the left of a function x(t) at the point tk. The probability space is denoted by
(Ω,B,P) and the expected value is denoted by E(.). The indicator function of a
set A is denoted by 1x∈A, which equals 1 if x ∈ A and 0 otherwise. A probability
distribution F (τ) with support on a given interval [0, T ], T ∈ R>0∪{+∞} takes
the form F = F c + F d, where F c is an absolutely continuous function F c(τ) =
∫ τ

0
f(r)dr, for some density function f(r) ≥ 0, ∀r≥0, and F d is a piecewise

constant increasing function that captures possible atom points {bj > 0} where
the cumulative distribution places mass {wj}. Notice that, the integral with
respect to the monotone function F , in general parametric on some variable y,
is then given by

G(y) =

∫ T

0

W (y, τ)F (dτ) = Gc(y) + Gd(y), (1)

where Gc(y) =
∫ T

0
W (y, τ)f(τ)dτ , Gd(y) =

∑

j wjW (y, bj), and W (y, τ) is
generally a matrix-valued function that depends on the integration variable τ

and generally also on some parameter y. We write G(y) < ∞ to say that G(y)
exists for a given y, i.e., the integral exists as an absolutely convergent Lebesgue
integral.

2 SHS with Renewal Transitions

A SHS with renewal transitions, is defined by a linear differential equation

ẋ(t) = Aq(t)x(t), x(0) = x0, q(0) = q0, t0 = 0, (2)

where x(t) ∈ Rn, and q(t) ∈ Q := {1, . . . , nq}; a family of nl discrete transi-
tion/reset maps

(q(tk), x(tk)) = (ξl(q(t
−
k )), Jq(t−

k
),lx(t−k )),

l ∈ L := {1, . . . , nl},
(3)

where ξl is a map ξl : Q 7→ Q and Jq(t−
k

),l belongs to the set {Ji,l ∈ R
n×n, i ∈

Q, l ∈ L}; and a family of transition distributions

Fi,l(τ), i ∈ Q, l ∈ L. (4)

Between transition times tk, the discrete mode q remains constant whereas
the continuous state x flows according to (2). At transition times, the continuous
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state and discrete mode of the SHS are reset according to (3). The intervals
between transition times are independent random variables determined by the
transition distributions (4) as follows. A transition distribution can be either
a probability distribution or identically zero. In the former case, Fi,l is the
probability distribution of the random time that transition l ∈ L takes to trigger
in the state q(t) = i ∈ Q. The next transition time is determined by the
minimum triggering times of the transitions associated with state q(t) = i ∈ Q.
When Fi,l(τ) = 0, ∀τ , the transition l does not trigger in the state i ∈ Q, i.e.,
the reset maps may be specified only for a subset of the states.

When the transition distributions have discrete parts, different transitions
may trigger at the same time with probability different than zero, leading to an
ambiguity in choosing the next state. Thus, to guarantee that with probability 1,
this does not occur, we assume the following. Suppose that the transitions
distributions Fi,l have support on a given interval [0, Ti,l], Ti,l ∈ R>0 ∪ {+∞},
and can be decomposed as Fi,l = F c

i,l+F d
i,l, where F c

i,l(τ) =
∫ τ

0
fi,l(r)dr, fi,l(r) ≥

0, ∀r, and F d
i,l captures atom points {0 < b

j
i,l ≤ Ti,l} with mass {wj

i,l}.

Assumption 1 For every i ∈ Q, the (possible) atom points of the transition
distributions verify b

j
i,l1

6= bκ
i,l2

for l1 6= l2, l1 ∈ L, l2 ∈ L, ∀j,κ.

We also assume that Fi,l(0) = 0, ∀i∈Q, l∈L.
The construction of a sample path of the SHS with renewal transitions can

be described as follows.

1. Set k = 0, t0 = 0, (q(tk), x(tk)) = (q0, x0).

2. For every j ∈ L, obtain h̄
j
k as a realization of a random variable distributed

according to Fq(tk),j, if Fq(tk),j is not identically zero, and set h̄
j
k = ∞

otherwise.

3. Take hk = min{h̄j
k, j ∈ L} and set the next transition time to tk+1 =

tk + hk. The state of the SHS in the interval t ∈ [tk, tk+1) is given by
(q(t), x(t)) = (q(tk), eAq(tk)tx(tk)).

4. In the case where tk+1 < ∞, take lk = j : hk = h̄
j
k and update the state

according to

(q(tk+1), x(tk+1)) = (ξlk(q(t−k+1)), Jq(t−
k+1),lk

x(t−k+1)).

Set k = k + 1 and repeat the construction from the step 2.

Notice that due to the Assumption 1, in step three the probability of existing
two or more indexes j for which hk = h̄

j
k is zero.

Connection with previous SHSs

In general the state (x, q) in (2), (3) is not a Markov process, but it can be made
Markov by introducing an auxiliar variable τ(t) := t − tk, which keeps track of
the time elapsed since the last transition, and augmenting the continuous state
to x := (x, τ). The resulting state can be viewed as the state of the class of SHS
considered in [5]. In [5], a SHS is defined by a differential equation

ẋ(t) = f(q(t),x(t), t), x(0) = x0, q(0) = q0, t0 = 0,
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a family of nl discrete transition/reset maps

(q(tk),x(tk)) = φl(q(t
−
k ),x(t−k ), t), l ∈ {1, . . . , nl},

and a family of nl transition intensities

λl(q(t),x(t), t), l ∈ {1, . . . , nl}.

The transition intensities determine the rate at which transitions occur. If we
consider that they depend on τ and q but not on x and t, the transition inten-
sities come down to hazard rates, i.e., they have a one-to-one correspondence
with absolutely continuous transition distributions given by

λl(i, τ) =
Ḟi,l(τ)

1 − Fi,l(τ)
, τ ∈ [0, Ti,l), Fi,l(0) = 0.

Thus, provided that the transition distributions are absolutely continuous, the
SHS with renewal transitions is a special case of the class of SHS considered
in [5], since we can consider x = (x, τ), where the dynamics of x take the
form (2) and τ̇ = 1, and the reset map take the form (3) and τ(tk) = 0. Note
that in the present paper, we do not need to restrict the transition distributions
to be absolutely continuous.

Two of the three generalizations discussed in [5] still apply to SHS with re-
newal transitions. Namely, we could generalize SHS with renewal transitions to
the case where the dynamics are driven by a Wiener process and the next state
is chosen according to a given distribution, where the last generalization further
requiring the transition distributions to be absolutely continuous. However, we
cannot model the case where discrete transitions are triggered by deterministic
conditions on the state, e.g, guards being crossed. Moreover, note that, ex-
ogenous inputs described by linear systems can be easily incorporated in both
dynamic equations and reset maps, e.g., ẋs(t) = Aixs(t) + Bir(t), where the
exogenous input is described by ẋr(t) = Arxr(t), r(t) = Crxr(t), can be written
in the form (2) considering x = (xs xr).

Another related class of systems are MJLSs (see [8]), where the continuous
dynamics depend on a discrete mode which evolves according to a continuous-
time Markov Chain with nMC states, i.e., the intervals between mode transitions
are exponentially distributed. Note that this is a special case of a SHS with
renewal transitions and can be modeled, for instance, by nq = nMC , nl = nq,

Fi,l(τ) =

{

πile
−πilτ , τ ≥ 0, if i 6= l,

0 if i = l
,

and Ji,l = In, ∀i∈Q,l∈L.

3 State Moments

Consider an m−th order uncentered moment of the state of the SHS with re-
newal transitions, i.e.,

E[xi1 (t)
m1xi2(t)

m2 . . . xir
(t)mr ], (5)
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where 1 ≤ i1, . . . , ir ≤ n,
∑r

j=1 mj = m, mj > 0 and xi(t) ∈ R denotes the ith

component of x(t). Let A(m), m ≥ 0, denote the pth fold kronecker product of
a matrix A with itself A ⊗ A · · · ⊗ A

︸ ︷︷ ︸

m

, A0 := I and recall that (cf. [11])

(A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD). (6)

Using (6), we can write (5) as

E[c′x(t)(m)], (7)

where
c = e

(m1)
i1

⊗ e
(m2)
i2

⊗ . . . e
(mr)
ir

, (8)

and ej ∈ Rn is the canonical basis vector whose components equal zero except
component j that equals 1. Furthermore, let Φj(t) denote the transition matrix
of the SHS starting at the discrete mode q0 = j, i.e., x(t) = Φq0(t)x0 where

Φj(t) = eAq(t)(t−tr) . . . Jξl0
(j),ξl1

(ξl0
(j))e

Aξl0
(j)Jj,ξl0

(j)e
Ajt,

r = max{k ∈ Z≥0 : tk ≤ t}, and let

zm
i (t) := E[(Φi(t)

′)(m)c], i ∈ Q. (9)

We can express (5), or equivalently (7), in terms of zm
i (t), i ∈ Q. In fact, for an

initial condition (x0, q0),

E[c′x(t)(m)] = E[(x(t)′)(m)c]

= (x′
0)

(m)
E[(Φq0 (t)

′)(m)c] = (x′
0)

(m)zm
q0

(t),
(10)

where we used (6).
The next theorem states that

zm(t) := (zm
1 (t), . . . , zm

nq
(t)) (11)

verifies a Volterra renewal-type equation. We define

Km(zm(t)) := (Km,1(z
m(t)), . . . , Km,nq

(zm(t))),

where Km,i is a convolution operator defined as

Km,i(z
m(t)) :=

nl∑

l=1

∫ t

0

(Ei,l(τ)′)(m)zm
ξl(i)

(t − τ)
Si(τ)

Si,l(τ)
Fi,l(dτ),

(12)

where i ∈ Q, Si(τ) := Πnl

l=1Si,l(τ), Si,l(τ) := 1 − Fi,l(τ) and Ei,l(τ) := Ji,le
Aiτ .

Theorem 2 The function (11) satisfies

zm(t) = Km(zm(t)) + hm(t), t ≥ 0 (13)

where hm(t) := (hm
1 (t), . . . , hm

nq
(t)), and

hm
i (t) =(eA′

it)(m)c Si(t), i ∈ Q. (14)
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�

As stated in the next result, we can obtain an explicit expression for zm(t),
and therefore to any mth order uncentered moment of the state of the SHS due
to (10). We denote by Kj

m the composite operator obtained by applying j times
Km, e.g., K2

m(y(t)) = Km(Km(y(t))) and say that a function defined in R≥0 is
locally integrable if its integral is finite in every compact subset of R≥0.

Theorem 3 There exists a unique locally integrable solution to (13) given by

zm(t) =

∞∑

j=1

Kj
m(hm(t)) + hm(t), t ≥ 0. (15)

�

Although (15) provides an explicit expression for zm(t), in general it is dif-
ficult to solve the series that appears in this expression. If one is interested in
plotting the solution to the Volterra equation, or the moments of the state, it is
typically easier to use a numerical method. Efficient numerical methods can be
found in [12]. However, in some cases one can obtain a manageable expression
by using Laplace transforms [13].

Proofs

Proof. (of Theorem 2) Consider an initial condition q0 = i, i ∈ Q and a given
time t and partition the probability space Ω into Ω = [t1 ≤ t]∪ [t1 > t]. We can
further partition [t1 ≤ t] into [t1 ≤ t] = ∪nl

l=1Bl(t) ∪ B0(t), where B0(t) is the
event of two transitions triggering at the same time in the interval [0, t], which
has probability zero due to Assumption 1, and Bl(t) is the event of the transition
l being the first to trigger in the interval [0, t], i.e., Bl(t) = [min{h̄j

0, j ∈ L} =

h̄l
0 = t1 ≤ t]∧ [h̄j

0 > h̄l
0, l 6= j]. Notice that, since the initial state is q0 = i, h̄

j
0 is

distributed according to Fi,j , for a given j ∈ L for which Fi,j is not identically
zero. When transition l does not trigger in state q0 = i, the event Bl(t) is empty
in which case Fi,j is identically zero. Using this partition we can write

E[(Φi(t)
′)(m)c] = E[(Φi(t)

′)(m)c1[t1>t]]

+

nl∑

l=1

E[(Φi(t)
′)(m)c1Bl(t)]

(16)

The first term on the right hand side of (16) is given by

E[(Φi(t)
′)(m)c1[t1>t]] = (eA′

it)(m)c E[1[t1>t]]

= (eA′
it)(m)c Si(t),

(17)

where we used the fact that E[1[t1>t]] = P([t1 > t]) = Πnl

j=1P[hj
0 > t] =

Πnl

j=1Si,j(t) = Si(t). To obtain an expression for the second term on the right
hand side of (16), notice first that for a function of the first jump time G(t1),

E[G(t1)1Bl(t)] =

∫ t

0

E[G(τ)1[hj
0>τ,j 6=l]|h̄l

0 = τ ]Fi,l(dτ)

=

∫ t

0

G(τ)Πnl

j=1,j 6=lSi,j(τ)Fi,l(dτ)=

∫ t

0

G(τ)
Si(τ)

Si,l(τ)
Fi,l(dτ).
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Notice also that Φi(t) = Φ̂ξl(i)(t − t1)(Ji,le
Ait1) when transition l is first trig-

gered, where Φ̂ξl(i)(t−t1) is the transition matrix of the SHS from t1 to t starting
the process at q1 = ξl(i). Each of the terms of the summation on the right hand
side of (16) can then be expressed as

E[(Φi(t)
′)(m)c1Bl(t)]

=

∫ t

0

(Ei,l(τ)′)(m)
E[(Φ̂ξl(i)(t − τ)′)(m)c]

Si(τ)

Si,l(τ)
Fi,l(dτ).

(18)

By construction of the process E[(Φ̂ξl(i)(t − τ)′)(m)] = E[(Φξl(i)(t − τ)′)(m)] =

z
(m)
ξl(i)

(t − τ). Replacing (17) and (18) in (16) and noticing that q0 = i ∈ Q is

arbitrary we obtain the desired result

z
(m)
i (t) =

nl∑

l=1

∫ t

0

(Ei,l(τ)′)(m)z
(m)
ξl(i)

(t − τ)
Si(τ)

Si,l(τ)
Fi,l(dτ)

+ (eA′
it)(m)c Si(t), i ∈ Q.

Proof. (of Theorem 3) The result is a direct application of [13, Th. 1.7,
Ch.3], which states that a Volterra equation taking the standard form (13) has a
unique locally bounded solution given by (15) provided that det(I−µm({0})) 6=
0, where µm is the kernel measure of the Volterra Equation (13). In the

present case µ(m)({0}) is a (nqn
m) × (nqn

m) matrix with blocks µ
(m)
i,j ({0}) =

∑nl

l=1 Ei,l(0)(m)1ξl(i)=j
Si(0)

Si,l(0)
Fi,l(0), i, j ∈ Q. The fact that we assumed Fi,j(0) =

0 implies that this last condition is met.

4 Asymptotic analysis

Even without explicitly computing the solution to the Volterra equation (13), it
is possible to characterize its asymptotic behavior through a frequency-domain
analysis. In this section, we restrict our attention to second-order moments
and consider the expected value of a quadratic function of the systems’ state
E[x(t)′x(t)], which is the key quantity in the stability notions that we consider
here. The proofs are omitted due to space limitations, but can be found in [14].

Let ν denote the operator that transforms a matrix into a column vector
ν(A) = ν([a1 . . . an]) = [a′

1 . . . a′
n]′, and recall that

ν(ABC) = (C′ ⊗ A)ν(B). (19)

Using (19) we can write the quadratic function of interest as

E[x(t)′x(t)] = E[x(t)′ ⊗ x(t)′]ν(In), (20)

That is, we assume m = 2 and c = ν(In), in (7).
To achieve the asymptotic analysis of this function, we introduce the follow-

ing complex function

K̂(z) :=






K̂1,1(z) . . . K̂1,nq
(z)

...
. . .

...

K̂nq,1(z) . . . K̂nq,nq
(z)




 ,
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where

K̂i,j(z) :=

nl∑

l=1

∫ Ti,l

0

(Ei,l(τ)′)(2)e−zτ1ξl(i)=jFi,l(dτ), (21)

which can be partitioned as in (1), K̂i,j(z) = K̂c
i,j(z) + K̂d

i,j(z). Likewise, we

partition K̂(z) as K̂(z) = K̂c(z) + K̂d(z), where K̂c(z) is a matrix with blocks
K̂c

i,j(z), and K̂d(z) is a matrix with blocks K̂d
i,j(z). It turns out that the asymp-

totic stability of the Volterra equation (13) is equivalent to the following condi-
tion:

det(I − K̂(z)) 6= 0, ∀z ∈ C : ℜ[z] ≥ 0, (22)

which will be instrumental in deriving the results that follow. In the sequel, we
shall also provide computationally efficient methods to test (22).

To state the main result of this section we need the following technical con-
ditions. We denote by C(R, ǫ) the region in the complex plane C(R, ǫ) := {z :
|z| > R,ℜ[z] > −ǫ}.

(T1) K̂(−ǫ) exists for some ǫ > 0.
(T2) infz∈C(R,ǫ){| det(I−K̂d(z))|}>0 for some ǫ>0, R>0.

These conditions hold trivially when the transition distributions have bounded
support (Ti,l < ∞) and have no discrete component (F d

i,l = 0). However, we
shall see below that they hold under much less stringent assumptions.

We consider the following three stability notions for the SHS with renewal
transitions.

Definition 4 The SHS with renewal transitions is said to be

(i) Mean Square Stable (MSS) if for any (x0, q0),

lim
t→+∞

E[x(t)′x(t)] = 0,

(ii) Stochastic Stable (SS) if for any (x0, q0)

∫ +∞

0

E[x(t)′x(t)]dt < ∞, (23)

(iii) Mean Exponentially Stable (MES) if there exists constants c > 0 and
α > 0 such that for any (x0, q0)

E[x(t)′x(t)] ≤ ce−αtx′
0x0, ∀t≥0. (24)

�

The following is the main result of the section. We denote by λ̄(Ai) the
real part of the eigenvalues of Ai, i ∈ Q with largest real part and m̄(Ai) the
dimension of the largest Jordan block associated with these eigenvalues.

Theorem 5 Suppose that (T1) and (T2) hold and consider the following con-
dition

det(I − K̂(z)) 6= 0, ℜ[z] ≥ 0. (25)

The SHS with renewal transitions is
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(i) MSS if and only if (25) holds and

e2λ̄(Ai)tt2m̄(Ai)Si(t) → 0 as t → ∞, ∀i∈Q; (26)

(ii) SS if and only if (25) holds and

∫ ∞

0

e2λ̄(Ai)tt2m̄(Ai)Si(t)dt < ∞, ∀i∈Q; (27)

(iii) MES if and only if (25) holds and

e2λ̄(Ai)tt2m̄(Ai)Si(t) ≤ ce−α1t, for c > 0, α1 > 0, ∀i∈Q. (28)

�

As mentioned above, the condition (25) is a stability condition for the
Volterra equation (13) and guarantees that the process sampled at the jump
times converges to zero, whereas conditions (26), (27) and (28) pertain to the
inter-jump behavior of the SHS with renewal transitions. In spite of not be-
ing equivalent in general, when the matrices Ai, i ∈ Q and the distributions
Fi,l, i ∈ Q, l ∈ L are such that (28) holds, then (26) and (27) automatically
hold and the three notions of stability are equivalent. Note that (T1) holds
if Ti,l < ∞, ∀i∈Q, l∈L or if all Ai are Hurwitz, or, more generally, if for some
λ > λ̄i(A), ∀i∈Q, we have that

∫ Ti,l

0

e2λsFi,l(ds) < ∞, ∀i∈Q, l∈L. (29)

Moreover, whenever (T1) holds, the following proposition provides a simple
condition to verify if (T2) holds.

Proposition 6 Assuming that (T1) holds, the condition (T2) also holds pro-
vided that

σ(K̂d(0)) < 1.

�

When the SHS with renewal transitions is MES, we can characterize the
exponential decay constant α in (24) at which the expected value of the energy
of the system decreases, as shown in the next Theorem.

Theorem 7 If the SHS with renewal transitions is MES, the decay constant α

in (24) can be chosen in the interval α ∈ [0, αmax), where αmax = min{α1, α2},
α1 is such that (28) holds, and

α2 =

{

∞, if det(I − K̂(a)) 6= 0, a ∈ (−∞, 0),

max{a < 0 : det(I − K̂(a)) = 0}, otherwise.

�
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Suppose that the transition distributions have finite support, in which case
α1 in (28) can be chosen arbitrarily large. Then this theorem tells us that the
exponential decay constant of the expected value of the energy of the system
is only limited by the largest real negative zero of det(I − K̂(z)), which can be
obtained by performing a line search on the negative real axis.

Theorems 5 and 7 pertain to the asymptotic behavior of (13) when (25)
holds. The following result characterizes the asymptotic behavior of the process
when (25) does not hold. Since m = 2, we drop the index m in the expressions
for zm(t) and hm(t), i.e., ζ(t) := z2(t) and h(t) := h2(t), and denote the Laplace

transform of h(t), by ĥ(z) :=
∫ ∞

0 h(t)e−ztdt.

Theorem 8 Suppose that (T1), (T2) and (28) hold, but (25) does not hold.
Then

(i) there is a finite number nz of complex numbers zi in ℜ[z] ≥ 0 that satisfy

det(I − K̂(zi)) = 0, ∀i = 1, . . . , nz;

(ii) one number, which we label z1, is real and verifies ℜ[zi] ≤ z1, ∀i;

(iii) the following holds

ζ(t) =

nz∑

i=1

mi−1∑

j=0

ri,jt
j−1ezit + ζ̃(t) (30)

where ζ̃(t) tends to zero exponentially fast and the matrices ri,j are such
that in a neighborhood of zi,

[I − K̂(z)]−1ĥ(z) =

mi−1∑

j=0

ri,j
j!

(z − zi)j+1
+ yi(z), (31)

where the yi(z) are analytic functions. Moreover, for at least one j, r1,j 6=
0.

�

In practice, this result shows that when the SHS is not stable with respect
to the stability notions considered, the expected energy ζ(t) of the SHS grows
exponentially fast, according to a sum of exponential terms which are deter-
mined by the roots of det(I − K̂(z)) = 0 and the residues of [I − K̂(z)]−1ĥ(z) in
the neighborhood of these roots (singularities). The highest exponential rate is
determined by the most positive real part of the roots of det(I − K̂(zi)), which
turns out to be a real root, and cannot be a removable singularity.

The next result provides computationally efficient tests to verify whether or
not the condition (25) holds.

11



Theorem 9 The following are equivalent

(A) det(I − K̂(z)) 6= 0, ℜ[z] ≥ 0,

(B) σ(K̂(0)) < 1,

(C) There exists a set of matrices P := {Pi >0, i ∈ Q}
such that for every i ∈ Q

Li(P )−Pi <0,

where
Li(P ) :=
nq∑

j=1

nl∑

l=1

∫ Ti,l

0

Ei,l(s)
′PjEi,l(s)1ξl(i)=j

Si(s)

Si,l(s)
Fi,l(ds),

(D) The solution to

Li(P ) − Pi = −Qi, i ∈ Q, (32)

is unique and verifies {Pi >0, i∈Q} if {Qi >0,i ∈ Q}
and{Pi ≥ 0, i ∈ Q} if {Qi ≥ 0, i ∈ Q}.

�

The well-known Nyquist criterion can be used to check if (A) holds. When
det(I − K̂(iw)) 6= 0, ∀w ∈ R, the number of zeros of det(I − K̂(z)) in the
closed-right half complex plane counted according to their multiplicities equals
the number of times that the curve det(I − K̂(iw)),−∞ < w < +∞ circles
anticlockwise around the origin as ω goes from ∞ to −∞. If the number of
encirclements of this curve is zero then (A) holds. When det(I − K̂(z)) has
zeros over the axis one needs to use the standard Nyquist criteria tricks to
determine the number of zeros in the right-half plane [15]. The condition (B)
is an algebraic condition, and (C) is an LMI condition since the left-hand side
of (32) is an affine function of the decision variables.

5 Special Cases

In this section we consider the following system

ẋ(t) = Ax(t), t 6= tk, t ≥ 0, k ∈ Z>0

x(tk) = Jqk
x(t−k ), t0 = 0, x(t0) = x0, q0 = q̄0,

(33)

where {tk+1 − tk, k ≥ 0} are independent and identically distributed following a
distribution F , and qk ∈ Q = {1, . . . , nq} is a finite-dimensional Markov chain,
i.e., P[qk+1 = j|qk = i] = pij . The distribution F has support on an interval
[0, T ], where T ∈ R>0 ∪ {∞}. We show in this Section how one can cast (33) in
the framework of SHS with renewal transitions.

If F is absolutely continuous, one can directly model (33) in the framework of
SHS with renewal transitions by considering: (i) nq discrete modes; (ii) nl = nq

reset maps taking the form (3) with Ji,l = Jl and ξl(i) = l, ∀q∈Q, l∈L; (iii)
transition distributions given by

Fi,l(τ) = 1 − e−
∫

τ

0
pilλ(a)da,

12



where λ is the hazard rate of F , i.e., λ(τ) = Ḟ (τ)
1−F (τ) , τ ∈ [0, T ), F (0) = 0.

(iv) and dynamics taking the form (2) with Ai = A. In fact, noticing that
Fi,l(dτ) = pilF (dτ), the discrete mode sampled at transition times qk := q(tk)
is then a Markov-chain since

Prob[qk+1 = j|qk = i]

= E[1qk+1=j|qk = i] = E[1[hl
k
>hj

k
,l 6=j]|qk = i]

=

∫ T

0

E[1[hl
k
>τ, l 6=j]|qk = i]Fi,j(dτ)

=

∫ T

0

Πnl

l=1,l 6=jE[1[hl
k
>τ ]|qk = i]Fi,j(dτ)

=

∫ T

0

Πnl

l=1,l 6=jSi,l(τ)Fi,j(dτ)

=

∫ T

0

Πnl

l=1,l 6=je
−

∫
τ

0
pilλ(a)dapijλ(τ)e−

∫
τ

0
pijλ(a)dadτ

=

∫ T

0

pijλ(τ)e−
∫

τ

0
λ(a)dadτ =

∫ T

0

pijF (dτ) = pij .

The set of Volterra equations (13) particularized to this special SHS with
renewal transition take the form

zm
i (t) =

nl∑

l=1

∫ t

0

(eA′τJ ′
l )

(m)zm
l (t − τ)pilF (dτ) + (eA′t)(m)S(t) (34)

where S(t) := 1−F (t). The results of the previous sections can then be applied
to (33).

The approach followed so far, is suggested in [5] to extend the class of SHS
to the case where the next state is chosen according to a distribution, which
is the case in (33). However, it requires F to be absolutely continuous, due to
Assumption 1. One can drop this restriction by considering a more natural exe-
cution of a sample path of (33) than the one provided in Section 2 for a sample
path of a SHS with renewal transitions. Consider the following description of a
sample-path of (33).

1. Set k = 0, t0 = 0, (q(tk), x(tk)) = (q0, x0).

2. Obtain hk as a realization of a random variable distributed according to
F (τ) and set the next transition time to tk+1 = tk +hk. The state of (33)
in the interval t ∈ [tk, tk+1) is given by (q(t), x(t)) = (q(tk), eAtx(tk)).

3. Obtain qk+1 as discrete random variable distributed according to P[qk+1 =
j] = pq(t−

k
)j , j ∈ Q. Update the state according to

(q(tk+1), x(tk+1)) = (qk+1, Jqk+1
x(t−k+1)).

Set k = k + 1 and repeat the construction from the step 2.

The next Theorem states that with this interpretation of a sample path
of (33), the set of Volterra equations (35) hold, even in the case where F is not
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absolutely continuous. Analogously to (9), let zm
i (t) := E[(Φi(t))

mc], i ∈ Q,
where Φi(t) is the transition matrix of (33) with initial state q0 = i, i.e.,

Φi(t) = eA(t−tr)Jq(tr) . . . eAh1Jq1e
Ah0 , P[q1 = l] = pil, l ∈ L

Theorem 10 The following holds for the system (33) with the sample-description
given in this section

zm
i (t) =

nl∑

l=1

∫ t

0

(eA′τJ ′
l )

(m)zm
l (t − τ)pilF (dτ) + (eA′t)(m)cS(t) (35)

Proof. Consider an initial condition q0 = i, i ∈ Q and a given time t and
partition the probability space Ω into Ω = [t1 ≤ t] ∪ [t1 > t]. We can further
partition [t1 ≤ t] into ∪nl

l=1[t1 ≤ t] ∧ [q1 = l]. Notice that, since the initial state
is q0 = i, P[q1 = l] = pil. Using this partition we can write

E[(Φi(t)
′)(m)c] = E[(Φi(t)

′)(m)c1[t1>t]]

+

nl∑

l=1

E[(Φi(t)
′)(m)c1[t1≤t]∧[q1=l]]

(36)

The first term on the right hand side of (36) is given by

E[(Φi(t)
′)(m)c1[t1>t]] = (eA′t)(m)c E[1[t1>t]]

= (eA′t)(m)c S(t),
(37)

To obtain an expression for the second term on the right hand side of (36), note
that Φi(t) = Φ̂l(t − t1)(Jle

At1), where Φ̂l(t − s) is the transition matrix of the
SHS from s = t1 to t starting the process at q1 = l. Each of the terms of the
summation on the right hand side of (36) can then be expressed as

E[(Φi(t)
m)′c1[t1≤t]∧[q1=l]]

=

∫ t

0

(eA′τJ ′
l )

(m)
E[(Φ̂l(t − τ)(m))′c]pilF (dτ).

(38)

By construction of the process E[Φ̂l(t− s)] = E[Φl(t− s)] = z
(m)
l (t− s). Replac-

ing (37) and (38) in (36), using the notation (9) and noticing that q0 = i ∈ Q
is arbitrary we obtain the desired result

zm
i (t) =

nl∑

l=1

∫ t

0

(eA′τJ ′
l )

(m)zm
l (t − τ)pilF (dτ) + (eA′t)(m)cS(t)

The results of the previous sections can then be specialized to the sys-
tem (33), even in the case where F is not absolutely continuous, since they
rely only on the Volterra equation (35), and not on the particular interpretation
given to a sample path of (33). In particular we state the following Theorem,
which combines Theorem 5 and 9. Let

K̂e(z) :=






K̂e1,1(z) . . . K̂e1,nq
(z)

...
. . .

...

K̂enq,1(z) . . . K̂enq,nq
(z)




 ,
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where K̂i,l(z) := pil

∫ T

0
(Jle

As)′ ⊗ (Jle
As)′e−zsF (ds) and consider the two tech-

nical conditions,

(T1e) K̂e(−ǫ) exists for some ǫ > 0.
(T2e) infz∈C(R,ǫ){| det(I − K̂ed(z))|} > 0 for some ǫ, R > 0.

where K̂ed(z)) is the discrete part of, K̂e(z) = K̂ec(z) + K̂ed(z) partitioned as
in (1). We denote by λ̄(A) the real part of the eigenvalues of A with largest real
part and m̄(A) the dimension of the largest Jordan block associated with these
eigenvalues.

Theorem 11 The following are equivalent

(A) det(I − K̂e(z)) 6= 0, ℜ[z] ≥ 0,

(B) σ(K̂e(0)) < 1,

(C) There exists a set of matrices P := {Pi >0, i ∈ Q}
such that for every i ∈ Q

Lei(P )−Pi <0, (39)

where Lei(P ) :=

nq∑

l=1

pil

∫ T

0

(Jle
As)′PjJle

AsF (ds),

(D) The solution to

Lei(P ) − Pi = −Qi, i ∈ Q,

is unique and verifies {Pi >0, i∈Q} if {Qi >0,i ∈ Q}
and{Pi ≥ 0, i ∈ Q} if {Qi ≥ 0, i ∈ Q}.

Furthermore, assuming (T1e) and (T2e), the system (33) is

(i) MSS if and only if any of (A)-(D) holds and

e2λ̄(A)tt2m̄(A)S(t) → 0 as t → ∞; (40)

(ii) SS if and only if any of (A)-(D) holds and

∫ ∞

0

e2λ̄(A)tt2m̄(A)S(t)dt < ∞; (41)

(iii) MES if and only if any of (A)-(D) holds and

e2λ̄(A)tt2m̄(A)S(t) ≤ ce−α1t for some c > 0, α1 > 0. (42)

�

A special case of (33) is the following system

ẋ(t) = Ax(t), t 6= tk, t ≥ 0, k ∈ Z>0

x(tk) = Jωk

k x(t−k ), t0 = 0, x(t0) = x0,
(43)

where {ωk ∈ {1, . . . , nJ}, k ≥ 0} are independent and identically distributed
random variables, p̄i := P [wk = i], i ∈ {1, . . . , nω}, ∀k, and the dependence
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of Jωk

k on k is nJ periodic, i.e, Jωk

k = Jωk

k+nJ
, ∀k. We can cast this system in

the framework of (33) by considering nq = nω ×nJ states of the Markov-Chain
labeled, for example, according to the correspondence (mod(k, nJ)+1 = κ, wk =
l) → qk = l + (κ − 1)nω, l ∈ {1, . . . , nω}, κ ∈ {1, . . . , nJ}, where mod(k, nJ) is
the remainder after division of k by nJ , and easily obtain pij as

[pij ] =










0 P̄ 0 . . . 0
0 0 P̄ . . . 0
...

...
...

. . .
...

0 0 . . . 0 P̄

P̄ 0 . . . 0 0










(44)

where P̄ ∈ Rnω×nω = p̄1′nω
, p̄ =

[
p̄1 p̄2 . . . p̄n

]
and 1nω

is a vector of nω

ones. We can then also state the results for the system given in the previous
sections and specialized to (33). However there is redundancy in this procedure.
We illustrate this redundancy, stating that stability of (43) is equivalent to a
lower dimension LMI, than the one we would obtain by doing this procedure.

Proposition 12 Suppose that (42) holds. Then, the system (43) is MSS, SS
and MES if and only if

∃{Pκ>0} :

nω∑

i=1

p̄i

∫ T

0

(J i
[κ+1]e

Aτ )′P[κ+1]J
i
[κ+1]e

AτF (dτ) − Pκ,

κ ∈ {1, . . . , nJ},
(45)

where [κ + 1] := 1 if κ = nJ , and [κ] := κ otherwise.

Notice that by properly relabeling the Pκ (46) is equivalent to:

∃{Pκ>0} :

nω∑

i=1

p̄i

∫ T

0

(J i
κeAτ )′P[κ+1]J

i
κeAτF (dτ) − Pκ,

κ ∈ {1, . . . , nJ},
(46)

Proof.

Taking into account the procedure given above to reduce the system (43)
to (33), we can apply Theorem 11 and conclude that (43) is MSS, SS and MES
if and only if (39) holds where the pij are given by (44). Due to the block
structure of (44), we can write (39) as

∃Xi+(κ−1)nω >0 : L̂eκ(X̂[κ+1]) − Xi+(κ−1)nω
< 0,

∀i ∈ {1, . . . , nω}, ∀κ ∈ {1, . . . , nJ}
(47)

where X̂[κ+1] := (X([κ+1]−1)nω+1, . . . , X[κ+1]nω
) and

L̂e(X̂[κ+1]) =

nω∑

i=1

p̄i

∫ T

0

(J i
[κ+1]e

Aτ )′X([κ+1]−1)nω+iJ
i
[κ+1]e

AτF (dτ)

If there exists a solution {Pκ, κ ∈ {1, . . . , nJ}} to (45) then

X̂κ = (Pκ, . . . , Pκ), κ ∈ {1, . . . , nJ}
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is a solution to (47).
If there exists a solution {Xι, 1 ≤ ι ≤ nωnJ} to (47), then

Pκ =
1

nω
(

nω∑

l=1

X([k+1]−1)nω+l)

is a solution to (45). We can conclude this by summing (47) for fixed κ and i

running from 1 to nω and dividing by nω.

6 Application to Networked Control

We consider the following simplified version of the networked control set-up we
considered in [10]. Suppose that we wish to control a linear plant

ẋP (t) = AP xP (t) + BP û(t), (48)

where the actuation is held constant û(t) = û(sκ), t ∈ [sκ, sκ+1) between actua-
tion updates, denoted by {sκ, κ ≥ 0}. We assume that the sensors provide full
state measurements that are available on demand to a digital controller. The
controller computes a state-feedback control law, as follows

uκ = KCxP (rκ),

where {rκ, κ ≥ 0} are the times at which the controller demands a sensor sample.
The controller gains are assumed to be stabilizing in the ideal case where û(t) =
KCxP (t), i.e., AP + BP KC is Hurwitz.

The controller and the actuator are connected through a network possibly
shared by other users. The network is assumed to provide the following service.
Whenever a user has data to transmit it waits a random amount of time until
it gets to transmit its message through the network. The waiting times are
independent and identically distributed. As noted in [10], this network model is
reasonable in scenarios in which nodes attempt to do periodic transmissions of
data, but these regular transmissions may be perturbed by the medium access
protocol. For example, nodes using CSMA for medium access, may be forced
to back-off for a typically random amount of time until the network becomes
available.

The digital controller proceeds as follows. It samples the sensor data, com-
putes the control law and initiates the transmission process, i.e, waits for a
random amount of time until it gains access to the network and transmits the
control law to the plant’s actuators. Hereafter we refer to the distribution of
these independent waiting times as the network distribution, and denote it by
F (τ). After transmitting the control law data, it waits a given time Ts which
would correspond to a sampling period if the delay in the transmission process
were zero, after which it samples the sensor data and repeats the process.

We consider two different cases:
Case I: After waiting to obtain network access, the controller (re)samples

the sensor, computes the control law and transmits it, i.e., the most recent data.
This case is the most reasonable when transmitting dynamic data. Assuming
that the transmission delays are negligible, the sampling of the sensors occurs at
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the same times at which data arrives to the plant’s actuators and the actuation
is updated, and therefore rk = sk := tk, ∀k. Defining x := (xP , û), we have

ẋ = Ax, A =

[
AP BP

0 0

]

,

x(tk) = Jx(t−k ), J =

[
I 0

KC 0

]

.

(49)

Since in the interval tk+1 − tk the controller waits a fixed time Ts and a random
amount of time following a distribution F (s), the intervals {tk+1 − tk, k ≥ 0}
are independent and identically distributed according to

F̃ (τ) =

{

F (τ − Ts) if τ ≥ Ts

0, t ∈ [0, Ts).

Note that the system (49) is a special case of a SHS with a single state and a
single reset map.

Case II: After waiting to obtain network access, the controller transmits the
data collected at the time it initially tried to transmit data. This case is more
realistic than the first one since the controller typically sends the sensor data to
the network adapter and does not have the option to update this data at the
transmission time. We model this by a SHS with the following two discrete-
modes (nq = 2),

• State i = 1- The controller waits the random time to gain access to the
network and transmit the actuation data.

• State i = 2- The controller waits Ts seconds, where Ts would correspond
to a sampling period if the network delay (i.e., the waiting time in state
i = 1) was zero.

Let v(t) := uκ, t ∈ [rκ, rκ+1) be a variable that holds the last computed control
value, and let x := (xP , û, v). The transitions between the two discrete modes
can be modeled by a single transition function (nl = 1) taking the form (3) which
is specified as follows. When in state 2 the SHS transits to state 1 (ξ1(2) = 1) at
sampling times rκ. The state jump models the update of the variable v(rκ) = uκ

that holds the last computed control value

x(rκ) = J2,1x(r−κ ), J2,1 =





I 0 0
0 I 0

KC 0 0



 .

When in state 1 the SHS transits to state 2 (ξ1(1) = 2) at actuation update
times sκ. The state jump models the actuation update û(sκ) = v(s−κ ) = v(rκ)

x(sκ) = J1,1x(s−κ ), J1,1 =





I 0 0
0 0 I

0 0 I



 .

Note that, the times at which transitions occur are tk := {rκ}∪{sκ} and the
following hold sκ < rκ+1 < sκ+1, rκ = sκ + Ts, ∀κ. The transition distributions
are given by
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• F1,1(τ) = F (τ) where F (τ) is the network distribution.

• F2,1(τ) = δ(τ − Ts) is a discrete distribution that places mass wi = 1 at
Ts.

In both discrete-time states, the continuous-time dynamics is described by
ẋ = Aix, i ∈ {1, 2}, A1 = A2 = A where

A =





AP BP 0
0 0 0
0 0 0



 .

6.1 Numerical Example

Suppose that the plant (48) is described by

AP =

[
0 1
1 0

]

, BP =

[
0
1

]

,

which by properly scaling the state and input can be viewed as a linearized
model of a damp-free inverted pendulum. Moreover suppose that the network
distribution F (τ) is uniform with support on the interval [0, T ], and fix Ts =
0.1s. A continuous-time state feedback controller is synthesized assuming that
controller and plant’s actuators are directly connected, i.e., network-free. It is
an LQR controller given by

û(t) = KCx(t), KC = −
[

1 +
√

2 1 +
√

2
]
,

which is the solution to the problem

min
û(t)

∫ ∞

0

[xP (t)′xP (t) + û(t)2]dt,

yielding λi(AP + BP KC) = {−1,−
√

2}. We wish to assert the lost of stability
and performance in the closed-loop when instead of the networked-free case, the
controller sends its data to the actuator through a shared network, in the two
scenarios considered above labeled as Cases I and II. To this effect we define the
quantity

y(t) = xP (t)′xP (t) + û(t)2,

which can be written as y(t) = x′Px, where in the network-free case P =
I2 + K ′

CKC , and x = xP ; in case I, P = I3 and x = (xP , û); and in case
II, P = diag(I2, 1, 0), and x = (xP , û, v). Note that, in the network-free case,
y(t) is the quantity whose integral is minimized for control synthesis and y(t)
decreases exponentially fast at a rate α = 2, since the dominant closed-loop
eigenvalue equals λi(AC + BK) = −1. Note also that in cases I and II, E[y(t)]
tends to zero is equivalent to MSS, which is equivalent to SS and MES since the
transition distributions have finite support (T and Ts are finite). The conditions
of Theorems 5, 9 can be used to assert if for a given T , the closed-loop in cases I
and II is MSS. Moreover, when the closed-loop is MSS, we can determine the
exponential decay constant of E[y(t)] by Theorem 7. The results are summarized
in Table 1.
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Table 1: Stability conditions and exponential decay rates E[y(t)] ≤ ce−αt, for
various values of the network distribution support in two networked control
scenarios

T 0.1 0.2 0.3 0.4 0.5 > 0.521
α 2.000 2.000 2.000 0.849 0.118 NOT MSS

(a) Case I

T 0.4 0.6 0.8 1.0 1.2 > 1.211
α 2.000 2.000 1.969 0.477 7.63 × 10−5 NOT MSS

(b) Case II

The fact that closed-loop stability in preserved for larger values of T in
Case I, confirms what one would expect intuitively, i.e, Case I is more appropri-
ate when transmitting dynamic data, since the most recent sampling information
is sent through the network.

Using the state moment expressions provided by Theorems 2 and 3, we can
perform a more detailed analysis by plotting the moments of y(t). These can
be expressed in terms of the moments of the state. For example the two first
moments take the form

E[y(t)] = E[x(t)′Px(t)] = E[x(t)′(2)]ν(P ),

E[y(t)2]=E[(x(t)′Px(t))2] = E[(x(t)′)(4)](ν(P ) ⊗ ν(P )).

In Figure 1, we plot E[y(t)] and E[y(t)]±2E[(y(t)−E[y(t)])2]1/2 for a network
distribution support T = 0.4. Note that from the Chebyshev inequality

P[|y(t) − E[y(t)]| > a(t)] ≤ E[(y(t) − E[y(t)])2]

a(t)2
,

one can guarantee that for a fixed t, y(t) lies between the curves E[y(t)] ±
a(t), a(t) = 2E[(y(t) − E[y(t)])2]1/2 with a probability greater than 3

4 . The
numerical method used to compute the solution of the Volterra-equation is based
on a trapezoidal integration method [12]. In case I, the expected value of the
quadratic state function y(t) tends to zero much faster, and with a much smaller
variance than in case II , confirming once again that case I is more appropriate
when transmitting dynamic data.

7 Conclusions and Future Work

We proposed an approach based on Volterra renewal-type equations to ana-
lyze SHSs for which the lengths of times that the system stays in each mode
are independent random variables with given distributions. We showed that
any statistical m−th order moment of the state can be computed using this
approach, and provided a number of results characterizing the asymptotic be-
havior of a second-order moment of the system. An interesting topic for future
work is to extend the asymptotic analysis, to any m−th order moment of the
state. The applicability of the results was shown in a networked control problem,
where SHSs allowed us to consider network delays, which was not possible in a
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Figure 1: Plot of E[y(t)], where y(t) is quadratically state dependent. For a
fixed t, E[y(t)] lies between the dashed curves with probability > 3

4 .

previous work [10]. Due to the large number of problems that fit the stochastic
hybrid systems framework, finding more applications where the results can be
applied is a topic for future work.

A Proofs

A.1 Preliminaries

Let Sn
+(R, nq) denote the space of nq positive definite n × n matrices, i.e.,

X ∈ Sn
+(R, nq) if X = (X1, . . . , Xnq

), Xi ≥ 0, i ∈ Q. We can interpret
(X1, . . . , Xnq

) as the cartesian product of nq matrices but it is useful to in-
terpret (X1, . . . , Xnq

) following our notation, i.e., (X1, . . . , Xnq
) = [X ′

1 . . . X ′
nq

]′

is a matrix in Rnq(n×n), or by other words naturally identify the two spaces.
The sum, product by a scalar, ≥ and ν(.) operations are naturally defined,
i.e, ν((X1, . . . , Xnq

)) = (ν(X1), . . . , ν(Xnq
))) and if Y = (Y1, . . . , Ynq

) and
Z = (Z1, . . . , Znq

) then Y +Z = (Y1+Z1, . . . , Ynq
+Znq

), αY = (αY1, . . . , αYnq
)

Y ≥ Z if and only if Yi ≥ Zi. We define ν−1 as ν−1(ν(Y )) = Y , for Y =
Sn

+(C, nq).
It will be useful to define Z(t) := (Z1(t), . . . , Znq

(t)), where

Zi(t) := E[Φi(t)
′Φi(t)], i ∈ Q. (50)

Note that, using (19) we have ν(Zi(t)) = E[Φi(t)
(2)ν(I)] = z2

i (t) = ζi(t).
Note also that, for the case of interest that we consider in this section particu-
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larized to m = 2, the Volterra equation (13), can be written as

ζ(t) = Kz(ζ(t)) + h(t), t ≥ 0 (51)

where Kz := K2 or in the following useful matrix form

Z(t) = K(Z(t)) + H(t), t ≥ 0 (52)

where
K(Z(t)) := (K1(Z(t)), . . . , Knq

(Z(t)), (53)

Ki(Z(t)) :=

nl∑

l=1

∫ t

0

Ei,l(τ)′Zξl(i)(t − τ)Ei,l(τ)
Si(τ)

Si,l(τ)
Fi,l(dτ), i ∈ Q,

and H(t) = (H1(t), . . . , Hnq
(t)), is such that ν(H(t)) = h(t), i.e.,

Hi(t) := eA′
iteAit, i ∈ Q. (54)

One can check that (52) holds by applying ν(.) on both sides of (52) and
using (19), which leads to (13) when m = 2. Analogously to (15) we have that
the unique solution to (52) is given by

Z(t) =

∞∑

j=1

Kj(H(t)) + H(t), t ≥ 0. (55)

We start by stating and proving three important Theorems (13, 14 and 15),
which play a fundamental role in establishing the results that we prove in this
subsection, that is, Theorems 5, 7, 8, 9 and Proposition 6. The first two estab-
lish important properties for K̂(z). Theorem 15 is used to extend an instability
result for Volterra equations [13, Th. 2.4 and 2.5, Ch. 7] to the critical case,
where the characteristic equation has zeros on the imaginary axis, exploring the
structure of the Volterra equation at hand.

A.2 Preliminary Theorems

Theorem 13 Suppose that K̂(a) exists for some a ∈ R. Then for any z :
ℜ[z] ≥ a, we have σ(K̂(z)) ≤ σ(K̂(a)).

�

Theorem 14 Suppose that K̂(a) exists for some a ∈ R and σ(K̂(a)) ≥ 1.
Then there exists a1 ≥ a with the following properties: (i) det(I − K̂(a1)) = 0,
(ii) there exists X ≥ 0 such that K̂(a1)ν(X) = ν(X), and (iii) if z verifies
det(I − K̂(z)) = 0 then ℜ[z] ≤ a1.

�

Theorem 15 Denote by K̂δ(z), Hδ(t), Zδ(t) the analogous functions to K̂(z),
H(t), Z(t), obtained by substituting Ai by Aδi = Ai + δ

2 , δ ∈ R, i ∈ Q,

in (21), (54), and (50), respectively. Then, K̂δ(z) = K̂(z−δ), Hδ(t) = H(t)eδt,
and Zδ(t) = Z(t)eδt.
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�

Proof. (of Theorem 15) The facts that K̂δ(z) = K̂(z − δ) and Hδ(t) = H(t)eδt

follow simply by replacing Ai by Aiδ, i ∈ Q in (21), (54), respectively. Let
Kδ denote the analogous operator to K, obtained by substituting Ai by Aδi,
i ∈ Q in (53). Since by Theorems 2 and 3, Zδ(t) is the unique solution to
Zδ(t) = Kδ(Zδ(t))+Hδ(t), if suffices to verify that Zδ(t) = Z(t)eδt satisfies this
equation. To this effect notice that

Kδi(Zδ(t)) =

nl∑

l=1

∫ t

0

(Ji,le
(A+ δ

2 I)s)′Zδξl(i)(t − s)Ji,le
(A+ δ

2 I)s Si(s)

Si,l(s)
Fi,l(ds),

=

nl∑

l=1

∫ t

0

(Ji,le
As)′Zξl(i)(t − s)eδ(t−s)Ji,le

Aseδs Si(s)

Si,l(s)
Fi,l(ds),

= eδtKi(Z(t)), i ∈ Q,

(56)
from which Zδ(t) = eδt(K(Z(t)) + H(t)) = eδtZ(t).

To prove Theorems 13 and 14 we need some preliminary results. The fol-
lowing Theorem is taken from [16, Th. 9.1].

Theorem 16 Suppose that a linear operator A acts in the finite-dimensional
space RN and leaves a cone K ⊆ RN invariant, i.e, AK ⊆ K. Then σ(A) is an
eigenvalue of A and there is an eigenvector which corresponds to the eigenvalue
σ(A) and belongs to K.

�

The operator described in this last theorem is denoted by positive operator.
For a given real number a, K̂(a) is a positive operator since for X ∈ Sn

+(R, nq),

ν(Y ) = K̂(a)ν(X), Y = (Y1, . . . , Ynq
) ∈ Sn

+(R, nq), where each Yi, i ∈ Q is
positive definite since it can be written as

ν(Yi) =

nq∑

j=1

K̂i,j(a)ν(Xj), (57)

K̂i,j(a)ν(Xj) = ν(

nl∑

l=1

∫ Ti,l

0

Ei,l(s)
′XjEi,l(s)e

−as1ξl(i)=jFi,l(ds)) (58)

where we used (19) in obtaining (58). Note that Sn
+(R, nq) can be embedded in

RN , N = nqn
2 and forms a cone in RN , in the sense that if X, Y ∈ Sn

+(R, nq),
then α1X + α2Y ∈ Sn

+(R, nq), ∀α1,α2≥0.
Therefore, from Theorem 16 we conclude the following.

Corollary 17 For a given a ∈ R such that K̂(a) exists,

∃X∈Sn
+(R,nq) : K̂(a)ν(X) = σ(K̂(a))ν(X). (59)

�
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The following result summarizes standard results of Laplace transforms of
functions (cf. [13, Ch. 2,Th. 2.8]) and measures (cf. [13, Ch. 3,Th. 8.2])

Theorem 18 For a matrix-valued function W (t) defined in R≥0 if W (z) :=
∫ T

0 W (t)e−ztF (dt) exists for a given real a, then it exists in ℜ[z] ≥ a and it
is continuous in this region and analytic in ℜ[z] > a. The same is true if we
replace F (dt) by dt.

�

The following proposition establishes important properties of the function
σ(K̂(y)).

Proposition 19 Suppose that a ∈ R is such that K̂(a) exists. Then σ(K̂(y))
is a continuous functions in y ≥ a, and σ(K̂(y)) → 0 as y → +∞.

�

Proof. The fact that K̂(y) is a continuous function of y ≥ a follows from
Theorem 18. The spectral radius of K̂(y) is continuous, since the function
σ(K̂(y)) = max{|λi(K̂(y))|} is a composite of continuous functions. In fact,
the eigenvalues of a continuously parameter dependent matrix function are con-
tinuous functions of the parameter (cf. [11]). To prove the second part of the
statement, notice that each block component of K̂(y) takes the form

K̂i,j(y) =

nl∑

l=1

[

∫ Ti,l

0

(Ei,l(s)
′)(2)e−ys1ξl(i)=jfi,l(s)ds+

∑

i

wi(Ei,l(bi)
′)(2)e−ybi1ξl(i)=j ]

(60)

Each second term inside the summation clearly tends to zero as y → +∞, and
the fact that each first term tends to zero as y → +∞ is a general fact of Laplace
transforms (cf., [13, Ch. 2, Th. 2.7]). Thus, σ(K̂(y)) tends to zero as y tends to
infinite.

The following proposition can be derived from [17, Prop. 1].

Proposition 20 For B∈Cnqn2×n2

the following are equivalent

(a) σ(B) < 1,

(b) limk→+∞ Bkν(X) = 0, for every X ∈ Sn
+(C, nq).

�

We are ready to prove Theorems 13 and 14. For two elements of the space of
nq complex matrices X = (X1, . . . , Xnq

), Xi ∈ Cn×n, Y = (Y1, . . . , Ynq
), Yi ∈

Cn×n, i ∈ Q, we consider the following inner product 〈X, Y 〉 =
∑nq

i=1 tr(X ′
iYi).

We
Proof. (of Theorem 13) From (57) we have that if Y : ν(Y ) = K̂(a)ν(X)

for X ∈ Sn
+(C, nq) then Y ∈ Sn

+(C, nq), and therefore by induction we conclude

that if Y : ν(Y ) = K̂k(a)ν(X) for X ∈ Sn
+(C) then Y ∈ Sn

+(C, nq) and k ∈ Z>0.

Note that such Y = (Y1, . . . , Ynq
) : ν(Y ) = K̂k(a)ν(X) can be written as a sum

of terms taking the form
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Yi =
∑

i1, . . . ik,

l1, . . . , lk, j ∈ Q

∫ Tiklk

0

. . .

∫ Ti1l1

0

Eik,lk(hk)′ . . . Ei1,l1(h1)
′XjEi1,l1(k1) . . .

. . . Eik ,lk(hk)e−ah1 . . . e−ahkFi1l1(dh1) . . . Fiklk(dhk),

where i ∈ Q and the indexes i1, . . . , ik and l1, . . . , lk, are determined by the
maps ξl. Thus, for W = (W1, . . . , Wnq

) ∈ Sn
+(C, nq), 〈W, Y 〉 can be written as

a sum of terms taking the form

〈W, Y 〉 =
∑

i1, . . . ik, r ∈ Q

l1, . . . , lk, j ∈ Q

∫ Tiklk

0

. . .

∫ Ti1l1

0

gi1,...ik,l1,...,lk,r,j(h1, . . . , hk)

e−ah1 . . . e−ahkFi1l1(dh1) . . . Fiklk(dhk),

where

gi1,...ik,l1,...,lk,r,j(h1, . . . , hk)

= tr(W ′
rEik,lk(hk)′ . . . Ei1,l1(h1)

′XjEi1,l1(h1) . . . Eik,lk(hk)),

is a non-negative function since it can be written as the inner product of two
(complex) positive semi-definite matrices.

Let ν−1 be such that ν−1(ν(Y )) = Y , for Y = Sn
+(C, nq). For z : ℜ[z] ≥ a,

and W, X ∈ Sn
+(C, nq), we have

|〈W, ν−1(K̂k(z)ν(X))〉| (61)

= |
∑

i1, . . . ik, r ∈ Q

l1, . . . , lk, j ∈ Q

∫ Tiklk

0

. . .

∫ Ti1l1

0

gi1,...ik,l1,...,lk,r,j(h1, . . . , hk) (62)

e−zh1 . . . e−zhkF (dh1) . . . F (dhk)|

≤
∑

i1, . . . ik, r ∈ Q

l1, . . . , lk, j ∈ Q

∫ Tiklk

0

. . .

∫ Ti1l1

0

|gi1,...ik,l1,...,lk,r,j(h1, . . . , hk)| (63)

e−ah1 . . . e−ahkF (dh1) . . . F (dhk)

= 〈W, ν−1(K̂k(a)ν(X))〉 (64)

where the integral interchanges from (61) to (62) and from (63) to (64) can
be justified by the Fubini’s Theorem and the equality between (63) and (64)
is justified by the fact that we can remove the absolute value in (63) because
gi1,...ik,l1,...,lk,r,j(h1, . . . , hk) is a positive function.

If σ(K̂(a)) < 1, by Proposition 20, K̂k(a)ν(X) tends to zero as k tends to
infinity and by the inequality (61)-(64) this implies that |〈W, ν−1(K̂k(z)ν(X))〉|
tends to zero as k tends to infinity, for any matrix W ∈ Sn

+(C, nq). Given an
arbitrary matrix Z = (Z1, . . . , Znq

), Z1 ∈ Cn×nnq we can write Z = Z1 + Z2 +

i(Z3+Z4), where Zi ∈ Sn
+(C, nq) (cf. [17]), and therefore |〈Z, ν−1(K̂k(z)ν(X))〉|
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also tends to zero as k tends to infinity, and this implies that K̂k(z)ν(X) tends
to zero as k tends to infinity. By Proposition 20, we conclude that σ(K̂(z)) < 1.

To conclude the proof notice that for α > 0, if σ(K̂(a)) < α then σ( 1
αK̂(a)) <

1. Using the above arguments this implies that σ( 1
αK̂(z)) < 1, for z : ℜ[z] ≥ a,

or equivalently that σ(K̂(z)) < α. Since α is arbitrary, σ(K̂(z)) ≤ σ(K̂(a)).
Proof. (of Theorem 14) We start by proving (i). If σ(K̂(a)) = 1, from Corol-

lary 17, we have that 1 is an eigenvalue of K̂(a) and therefore det(I−K̂(a1)) = 0,
for a1 = a. Suppose now that σ(K̂(a)) > 1. By Proposition 19, σ(K̂(y)) is con-
tinuous along y ≥ a and tends to zero as y → +∞. Therefore, by the intermedi-
ate value theorem, ∃a1>0 : σ(K̂(a1)) = 1. Since, by Corollary 17, σ(K̂(a1)) = 1
is an eigenvalue, this implies that det(I−K̂(a1)) = 0. Moreover a1 is the unique
real number that verifies σ(K̂(a1)) = 1. To see this, suppose that there exists
another real number a2 for which K̂(a2) exists and σ(K̂(a2)) = 1. In this case,
due to the monotonicity of σ(K̂(y)) for real y established in Theorem 13, we
must have σ(K̂(y)) = 1 in y ∈ [min{a1, a2}, max{a1, a2}]. Since, by Corol-
lary 17, σ(K̂(a1)) = 1 is an eigenvalue, this implies that det(I − K̂(y)) = 0,
in y ∈ [min{a1, a2}, max{a1, a2}]. But det(I − K̂(z)) = 0 is analytic and
the zeros of analytic zeros are isolated (cf. [18]), which leads to a contradic-
tion.To prove (ii) note that, also by Corollary 17, there exists X ≥ 0 such
that K̂(a1)ν(X) = ν(X) which is (ii). Finally, we argue by contradiction to
prove (iii). If there exists z̄ verifying ℜ[z̄] > a1 and det(I − K̂(z̄)) = 0 then
K̂(z̄) has an eigenvalue at 1 and therefore σ(K̂(z̄)) ≥ 1. From Theorem 13,
σ(K̂(z̄)) ≤ σ(K̂(ℜ[z̄])) which implies that σ(K̂(ℜ[z̄])) ≥ 1. Now, σ(K̂(ℜ[z̄]))
cannot be equal to one since a1 is the unique real number which verifies this
property and ℜ[z̄] > a1. This leads to a contradiction since, again by Theo-
rem 13, σ(K̂(ℜ[z̄])) ≤ σ(K̂(a1)) = 1.

A.3 Proofs of the main results

Having proved Theorems 13, 14 and 15, we turn to the proof of Theo-
rem 5. This requires the following theorem which can be concluded from [13,
Thm. 4.9, Ch.4].

Theorem 21 Consider a Volterra equation taking the form (51) and suppose
that K̂(0) exists. If

inf
ℜ[z]≥0

| det(I − K̂(z))| > 0 (65)

then:

(i) ζ(t) is bounded, continuous and tends to zero if
h(t) is bounded, continuous and tends to zero,

(ii)
∫ ∞

0
ζ(t)dt exists if

∫ ∞

0
h(t)dt exists.

�
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Theorem 5 is established next assuming Theorems 8 and 9.
Proof. (of Theorem 5)
Firstly, we prove that inf | det(I − K̂(z))| > 0 for z in the closed complex

right half plane is equivalent to det(I − K̂(z)) 6= 0 in the same complex re-
gion. Necessity is obvious. To prove sufficiency we start by noticing that by
Theorem 9, det(I − K̂(z)) ≥ 0 in the mentioned complex region is equiva-
lent to σ(M) < 1, where M := K̂(0). If σ(M) < 1, then by Theorem 13,
σ(K̂(z)) < 1 in the closed right half plane. This implies that | det(I − K̂(z))| =

Πn2

i=1|1 − λi(K̂(z))| ≥ (1 − σ(M))n2

. Therefore inf(| det(I − K̂(z))|) > 0 holds
in the closed right half plane.

Secondly, we prove that (26) is equivalent to h(t) tends to zero, (27) is

equivalent to
∫ T

0
h(t)dt < ∞ and (28) is equivalent to h(t) converges to zero

exponentially fast. To see this, for a given i ∈ Q, consider the following Jordan
normal form decomposition of Ai = V diag([Dλ̄(Ai) D2])W

′, where Dλ̄(Ai) is
any of the (possibly more than one) largest Jordan blocks associated with the
eigenvalues with largest real part λ̄(Ai),

V = [v1 . . . vm̄(Ai) vm̄(Ai)+1 . . . vn],

and
W = (V −1)′ = [w1 . . . wm̄(Ai) wm̄(Ai)+1 . . . wn].

Then eAit = v1w
′
m̄(Ai)

eλ̄(Ai)ttm̄(Ai) + Ui(t) for a known function Ui(t), and

hi(t) = ν(Hi(t), Hi(t) = H̄ie
2λ̄(Ai)tt2m̄(Ai)Si(t)+H̃i(t), where H̄i = (v′1v1)wm̄(Ai)w

′
m̄(Ai)

and the function H̃i(t) tends to zero, is integrable or tends to zero exponentially
fast if the respective condition holds for e2λ̄(Ai)tt2m̄(Ai)Si(t). Since H̄i 6= 0 for
every i ∈ Q, the desired conclusion follows.

Thirdly, note that since E[x(t)′x(t)] = x′
0Z(t)x0, MSS is equivalent to Z(t) →

0, SS is equivalent to
∫ ∞

0
Z(t)dt exists, and MES is equivalent to Z(t) tends to

zero exponentially fast. Sufficiency is obvious, and necessity follows from the
fact that each Zi(t), i ∈ Q is a positive semi-definite non-zero matrix since
from (55) we conclude that it is the sum of positive semi-definite matrices, and
one of these matrices H(t) is non-zero.

Sufficiency of conditions (25) and (26) for MSS and of conditions (25) and
(27) for SS follows then directly from Theorem 21. In fact, (25) is equivalent
to (65), and (i) since H(t) is bounded and continuous and by (26) tends to zero,
the same is true by Theorem 21 for Z(t) (MSS), (ii) since H(t) is integrable
by (27), the same is true by Theorem 21 for Z(t) (SS).

To prove sufficiency of (25) and (28) for MES, we start by proving that (28)
implies (T1). From the observation right before (29), it suffices to prove that (29)

holds or equivalently that
∫ Ti,l

0
(e2λs − 1)Fi,l(ds) < ∞ for λ > λ̄i(A), ∀i∈Q,l∈L.

Integrating by parts, yields

∫ Ti,l

0

(e2λs − 1)F (ds) = (e2λs − 1)S(t)|s=
Ti,l

s=0 −
∫ Ti,l

0

2λe2λsS(t)dt. (66)

Choosing λ = max{λ̄(Ai)} + α1

4 , from (28) we have that e2λtS(t) ≤ ce−
α1
2 t

which implies that (66) is finite. Next, we consider a perturbation in the ma-
trices Ai, i ∈ Q as in Theorem 15, i.e., Aδi = Ai + δ

2I, and prove that for

sufficiently small δ, (25) and (28) still hold when we replace K̂(z) and H(t)
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by K̂δ(z) and Hδ(t), respectively. From part (i) proved in the previous para-
graph, this means that Zδ(t) → 0, since (28) implies (26). Therefore, from
Theorem 15, we conclude that Z(t) = Zδ(t)e

−δt, which means that Z(t) tends
to zero exponentially fast. To see that det(I − K̂δ(z)) 6= 0, in ℜ[z] ≥ 0, if
det(I − K̂(z)) 6= 0, in ℜ[z] ≥ 0, notice that this latter condition is equivalent to
σ(K̂(0)) < 1 by Theorem 9. Using the continuity of σ(K̂(y)) (Proposition 19)
and using the fact that (T1) holds we conclude that for sufficiently small δ,
σ(K̂(−δ)) < 1. Using Theorem 15, we have σ(K̂δ(0)) = σ(K̂(−δ)) < 1 which is
equivalent to det(I − K̂δ(z)) 6= 0, in ℜ[z] ≥ 0. Finally, since (28) is equivalent
to H(t) ≤ H̄e−α1t for some matrix H̄ , we have that Hδ(t) = H(t)eδt tends to
zero exponentially fast for δ < α1.

Necessity of (26), (27), and (28), is proved by noticing that each Zi(t), i ∈ Q,
described by (55), is a sum of positive semi-definite matrices, and therefore
Z(t) ≥ H(t). Hence, Z(t) → 0 (MSS), Z(t) is integrable (SS), and Z(t) tends to
zero exponentially fast (MES), imply that the respectively condition must hold
for H(t) and therefore that (26), (27), and (28) must hold, respectively.

Necessity of (25) for MSS, SS and MES, assuming that (T1), (T2) and (28)
hold, follows directly from Theorem 8. In fact, if (25) does not hold, by Theo-
rem 8, Z(t) tends to infinity exponentially fast, since R1,j ≥ 0 for some j.

If (28) does not hold, we can argue that Z(t) does not tend to zero and is not
integrable by considering a modified Volterra equation Z1(t) = K(Z1(t))+H1(t),
where H1(t) := H(t)e−ct decreases exponentially fast for sufficiently large c > 0.
Therefore we can argue as in the last paragraph that Z1(t) does not verify
(26), (27), or (28), and neither does Z(t) since Z(t) ≥ Z1(t). In fact, defining
O(t) := Z(t) − Z1(t), we have that O(t) verifies the Volterra equation O(t) =
K(O(t)) + H(t) − H1(t), which has a positive semi-definite solution, similarly
to (55), since H(t) − H1(t) ≥ 0.

We prove next Theorem 7.
Proof. (of Theorem 7)
We consider a perturbation in the matrices Ai, i ∈ Q as in Theorem 15, i.e.,

Aδi = Ai + δ
2I, and prove that for δ < α = min{α1, α2}, (25) and (28) still

hold when we replace K̂(z) and H(t) by K̂δ(z) and Hδ(t), respectively. From
Theorem 5 this means that Zδ(t) tends to zero exponentially fast, and from
Theorem 15, Z(t) = Zδ(t)e

−δt tends to zero exponentially fast with the desired
decay constant (and so does E[x′(t)x(t)] = x′

0Z(t)x0).
To see that (28) still holds for Hδ(t), notice that since (28) is equivalent to

H(t) ≤ H̄eα1t for some matrix H̄ (second paragraph of the proof of Theorem 5),
we have that Hδ(t) = H(t)eδt is exponentially bounded for δ < α1.

To see that (25) still holds for K̂δ(z), we distinguish two cases: the case
where there exists ā < 0 such that det(I − K̂(ā)) = 0 and when such ā < 0
does not exist. In the first case, K̂(ā) has an eigenvalue equal to 1 and therefore
σ(K̂(ā)) ≥ 1. From Theorem 14, there exists a ≥ ā such that det(I−K̂(a)) = 0,
and if z is such that det(I − K̂(z)) = 0 then ℜ[z] ≤ a. Thus, det(I − K̂δ(z)) =
det(I − K̂(z − δ)) 6= 0 in ℜ[z] ≥ 0 for δ < ā = α2. In the second case, we
prove that det(I − K̂(z)) 6= 0 in ℜ[z] < 0, and therefore this condition is met
in the whole complex plane since the SHS is MES, which means by Theorem 5
that (25) must hold. Arguing by contradiction, if there is a z̄ < 0 such that
det(I−K̂(z̄)) = 0, K̂(z̄) has an eigenvalue equal to 1 and therefore σ(K̂(z̄)) ≥ 1.
By Theorem 13, σ(K̂(ℜ[z])) ≥ σ(K̂(z)) ≥ 1 and by Theorem 14 there exists
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a > ℜ[z] such that det(I − K̂(a)) = 0 which leads to a contradiction since a

cannot be strictly negative by hypothesis and cannot be positive because the
SHS is MES. In this case, we can choose δ arbitrarily large, since for any δ,
det(I − K̂δ(z)) = det(I − K̂(z − δ)) 6= 0 in ℜ[z] ≥ 0.

To prove Theorem 8 we need the following Theorem which can be derived
from [13, Th. 2.4 and 2.5, Ch. 7]. We say that a matrix-valued measure
ρ(dt) is finite (in R≥0) if

∫ ∞

0
ρ(dt) < ∞, and denote its Laplace transform by

ρ̂(z) :=
∫ ∞

0
e−ztρ(dt).

Theorem 22 Consider the Volterra equation (51) and suppose that K̂(0) exists,
and

inf
z:ℜ[z]=0

| det(I − K̂(z))| > 0, (67)

lim
|z|→∞,ℜ[z]≥0

inf | det(I − K̂(z))| > 0. (68)

Then there exists a finite number of zi such that det(I − K̂(zi)) = 0 and the
solution to (51) takes the form

ζ(t) = h(t) +

∫ t

0

ρ(ds)h(t − s) (69)

where

ρ(ds) =

nz∑

i=1

mi−1∑

j=0

Si,js
jezisds + ξ(ds), (70)

and ξ(ds) is a finite measure. Moreover, ρ̂(z) = K̂(z)[I − K̂(z)]−1 and the
matrices Si,j are such that in a neighborhood of zi we have

ρ̂(z) =

mi−1∑

j=0

Si,j
j!

(z − zi)j+1
+ ζi(z), (71)

where ζi(z) are analytic matrix-valued functions.

Proof. (of Theorem 8)
Due to (T1) and Theorem 18, K̂(z) is analytic in ℜ[z] > −ǫ for some ǫ > 0.

To prove (i) we argue (as in [13, pp.192]) that the existence of an infinite number
of zeros of the analytic function det(I − K̂(z)) in ℜ[z] > −ǫ would imply that
there exists a sequence of zeros of det(I − K̂(z)) which either converges to a
finite zero z0 of det(I − K̂(z)), or tends to infinity. The first cannot happen
for z0 in the interior of ℜ[z] > −ǫ because det(I − K̂(z)) is analytic in this
region and the zeros of analytic functions are isolated (cf. [18]). If z0 is in the
boundary, i.e.,ℜ[z0] = −ǫ we can reduce ǫ, i.e., consider ǭ < ǫ for which there
is a finite number of zeros in ℜ[z] > −ǭ. The second cannot happen due to
(T2)(cf. [13, pp.195]).

To prove (ii) notice that from the equivalence between (A) and (B) of The-
orem 9 we must have σ(K̂(0)) ≥ 1. Thus, from Theorem 14 there exists
a1 = z1 > 0 with the desired properties.

The first part of the statement (iii) follows from Theorem 22 provided that
we can bypass conditions (68) and (67). Notice that (T2) implies (68). Since
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we assume (T2), the condition (67) can be simply stated as the characteristic
equation det(I − K̂(z)) = 0 has no zeros on the imaginary axis (non-critical
case). In this non-critical case, from (69) and (70) we can conclude that

ζ(t) =

nz∑

i=1

mi−1∑

j=0

ri,jt
jezitdt + y(t) (72)

(cf. [13, Th. 2.5, Ch.7]) where

ri,j =

mi−j−1
∑

k=0

(j+k
j )Si,j+kĤ(k)(zl), (73)

Ĥ(k)(zl) denotes the kth derivative, and y(t) :=
∫ t

0
ξ(ds)h(t − s) + h(t) tends

to zero as t → ∞ if Hν(t) tends to zero as t → ∞. This is the case since we
assume (28). We will prove shortly that y(t) tends to zero exponentially fast.
The matrices ri,j are also determined by (30) since applying Laplace transforms
on both sides of (69), we obtain

Ẑ(z) = Ĥ(z) + ρ̂(z)Ĥ(z) = [I − K̂(z)]−1Ĥ(z) (74)

where Ẑ(z) :=
∫ ∞

0
ζ(t)e−ztdt and Ĥ(z) :=

∫ ∞

0
h(t)e−ztdt, and applying Laplace

transforms on both sides of (72) we obtain

Ẑ(z) =

nz∑

i=1

mi−1∑

j=0

ri,j
j!

(z − zi)j+1
+ Ŷ (z), (75)

where Ŷ (z) :=
∫ ∞

0
y(t)e−ztdt. By uniqueness of the Laplace transform (74)

and (75) must be equal. Notice that ŷ(z) is analytic because y(t) is integrable
(since it tends to zero exponentially fast) and the Laplace transform of an inte-
grable function is analytic in its region of convergence.

If det(I − K̂(z)) has zeros on the imaginary axis (critical case), i.e., (67)
does not hold, we consider a perturbation on the matrices Ai, i ∈ Q as in
Theorem 15, taking the form Aδi = Ai + δ

2I. The argument is that there exists
δ < ǫ, where ǫ is the constant in (T1), such that the characteristic equation of the
perturbed Volterra equation does not have zeros on the imaginary axis. In fact,
let {z̃i, i ∈ {1, . . . , ñz}} be the possible zeros of det(I − K̂(z)) in −ǫ < ℜ[z] < 0,
which exist in a finite number due to part (i) of the present Theorem. Since
by Theorem 15, K̂δ(z) = K̂(z − δ), choosing δ < ǫ such that δ 6= ℜ[z̃i] for
1 ≤ i ≤ ñz, we have det(I − K̂δ(z)) = det(I − K̂(z − δ)) 6= 0 in ℜ[z] = 0. Thus,
the δ−perturbed Volterra equation satisfies the conditions of Theorem 22. We
can then apply Theorem 22 and obtain that

zδ(t) =

nz∑

i=1

mi−1∑

j=0

rδi,jt
je(zi+δ)t +

n̄z∑

i=1

m̄i∑

j=1

r̃δijt
jez̄it + yδ(t),

where z̄i are the (possible) zeros of det(I − K̂δ(z)) in 0 < ℜ[z̄i] < δ, and rδi,j

are determined by the residues of [I − K̂δ(z)]−1Ĥδ(z) at zi + δ. Since Ĥδ(z) =
∫ ∞

0 Hν(t)eδte−ztdt = Ĥ(z − δ) and, from Theorem 15, K̂δ(z) = K̂(z − δ), we

conclude that the residues of [I − K̂δ(z)]−1Ĥδ(z) = [I − K̂(z − δ)]−1Ĥ(z − δ) at
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zi + δ equal the residues of [I − K̂(z)]−1Ĥ(z) at zi. Thus, rδi,j = ri,j . Since the
solution to the original Volterra equation is ζ(t) = ζδ(t)e

−δt, it takes the form

ζ(t) =

nz∑

i=1

mi−1∑

j=0

ri,jt
jezit + ζ̃(t),

where ζ̃(t) tends to zero exponentially fast.
Notice that also in the non-critical case we can choose δ < ǫ, where ǫ is the

constant in (T1), and applying the same argument as in the critical case show
that y(t) tends to zero exponentially fast.

Finally, we prove that r1,j cannot be zero for all j. If this was the case,

z1 would be a removable singularity of the function R̂(z)Ĥ(z) where R̂(z) :=
(I−K̂(z))−1 and therefore limz→z1 R̂(z)Ĥ(z) would be finite (cf. [18]). We prove
that this leads to a contradiction. We establish first that σ(K̂(a)) < σ(K̂(z1)) =
1, for real a > z1. To see this, notice that by Theorem 13, σ(K̂(a)) ≤ σ(K̂(z1)).
If equality would hold, i.e., σ(K̂(a)) = 1, due to the monotonicity of σ(K̂(y))
for real y, we would have σ(K̂(y)) = 1 in y ∈ [z1, a]. Since, by Corollary 17,
σ(K̂(y)) = 1 is an eigenvalue, this would imply that det(I − K̂(y)) = 0, in
y ∈ [min{a1, a2}, max{a1, a2}]. But det(I − K̂(z)) = 0 is analytic and the
zeros of analytic zeros are isolated (cf. [18]), which leads to a contradiction.
Since σ(K̂(a)) < σ(K̂(z1)) = 1, we can expand R̂(a) as a von Neumann series
and obtain R̂(a)Ĥ(a) =

∑∞
k=0 K̂k(a)Ĥ(a). From the characterization of z1 in

Theorem 14 we have that there exists X ∈ Sn
+(C, nq) such that K̂(z1)(ν(X)) =

ν(X). Since

ν−1(Ĥ(y)) =

(

∫ ∞

0

eA′
1seA1sS1(t)e

−ysds, . . . ,

∫ ∞

0

e
A′

nq
s
eAnq sSnq

(t)e−ysds) ∈ Sn
+(C, nq),

(76)
there exists α such that ν−1(Ĥ(y)) ≥ αX . Notice that since K̂(a) is a positive
operator, in the sense explicit in (57), by induction K̂k(a) is also a positive oper-
ator. Thus, ν−1(K̂k(a)(Ĥ(a)−αν(X))) ≥ 0 or equivalently ν−1(K̂k(a)Ĥ(a)) ≥
αν−1(K̃k(a)ν(X)) which implies that ν−1(R̂(a)Ĥ(a)) ≥ αν−1(R̂(a)(ν(X))).
But R̂(a)(ν(X)) tends to infinite as x tends to z1 for values x > z1 since
limx→z1,x>z1 R̂(a)ν(X) = lima→z1,a>z1

∑∞
k=0 K̂(a)ν(X) =

∑∞
k=1 K̂(z1)ν(X) =

∑∞
k=1 ν(X). Thus, R̂(a)Ĥ(a) → ∞ as a → z1, a > z1. This means that z1 is

not a removable singularity, because if this was the case this limit would have
to be finite.

Proof. (of Theorem 9)
(B)⇒(A) From Theorem 13, σ(K̂(z)) ≤ σ(K̂(0)) for any z : ℜ[z] ≥ 0. This
implies that if (B) holds, all the eigenvalues of K̂(z) have a modulus strictly less
than one, and therefore det(I − K̂(z)) cannot be zero in ℜ[z] ≥ 0, which is (A).
(A)⇒(B) If σ(K̂(0)) ≥ 1, from Theorem 14 we have that there exists a1 ≥ 0
such that det(I − K̂(a1)) = 0, and therefore condition (A) does not hold at
z = a1.
(B)⇒(D) The linear system of equations (32) can be written in the vector form
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as

K̂(0)






ν(P1)
...

ν(Pnq
)




 =






ν(Q1)
...

ν(Qnq
)




 (77)

If σ(K̂(0)) < 1 this system of equations has a unique solution given by P =
∑+∞

k=0 Lk(Q), where P = (P1, . . . , Pnq
), Q = (Q1, . . . , Qnq

), and L(Q) :=
(L1(Q), . . . , Lnq

(Q)). The solution of this system of equation verifies P ≥ 0
if Q ≥ 0 due to the fact that L is a positive operator (i.e., Q ≥ 0 implies
L(Q) ≥ 0). If Q > 0, P = Q +

∑+∞
k=1 Lk(Q) ≥ Q > 0.

(D)⇒(C) For any Q := (Q1, . . . , Qnq
) > 0, the matrix P := (P1, . . . , Pnq

) > 0
which verifies (D) also verifies (C).
(C)⇒(B) If (C) holds, then L(P )−P = −S < 0 for some S = (S1, . . . , Snq

) > 0.
Rewriting this expression as P = S + L(P ) we conclude that for any positive k

we have P = Lk(P ) +
∑k−1

j=0 Lj(S). Letting k tend to infinity we conclude that
∑∞

j=0 Lj(S) must be bounded, which implies that Lk(S) → 0 as k → ∞. Given
any X ∈ Sn

+(C, nq) there exists α > 0 such that S−αX ∈ Sn
+(C, nq). Using the

fact that Lk(S) − αLk(X) = Lk(S − αX) ∈ Sn
+(C, nq) (because L is a positive

operator), we conclude that Lk(X) = ν−1(K̂(0)kν(X)) → 0 as k → ∞ since
Lk(S) → 0 as k → ∞. Thus, σ(K̂(0)) < 1 by Theorem 16.

Finally, we prove the Proposition 6.
Proof. (of Proposition 6) The condition (T1) assures that K̂d(y) exists for

y ≥ −ǫ. In this region, σ(K̂d(y)) is continuous as established in Proposition 19.
Therefore, σ(K̂d(0)) < 1 implies that σ(K̂d(−ǫ1)) < 1 for some ǫ1 ∈ (0, ǫ).
Applying Theorem 13 in the case where the distribution F = Fd is purely
discrete, we conclude that σ(K̂d(−ǫ1)) < 1 implies that σ(K̂d(z)) < 1 in ℜ[z] ≥
−ǫ1, which encompasses C(ǫ1, R) for any R > 0. Therefore, the modulus of the
eigenvalues of K̂d(z) in C(ǫ1, R) is strictly less than one in ℜ[z] ≥ −ǫ1, which
implies that inf | det(I − K̂d(z))| > 0 in C(ǫ1, R).
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