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Abstract— This paper intr oduces appropriate concepts of
input-to-state stability (ISS) and integral-ISS for systemswith
impulsive effects.We provide a setof Lyapunov-basedsuf�cient
conditions to establish these properties. When the continu-
ous dynamics are stabilizing but the impulsive effects are
destabilizing, the impulses should not occur too fr equently,
which can be formalized in terms of an average dwell-time
condition. Conversely, when the impulses are stabilizing and
the continuous dynamics are destabilizing, there must not be
overly long intervals between impulses, which is formalized
in terms of a reverse average dwell-time condition. We also
investigate limiting cases of systems that remain stable for
arbitrarily small/large average dwell-times.

I . INTRODUCTION

Impulsivesystemscombinecontinuousevolution (typically
describedby ordinary differential equations)with impulse
effects (also referredto as statejumps or resets).Stability
propertiesof suchsystemshavebeenextensively investigated
in the literature;see,e.g., [3].

When investigatingstability of a system,it is important
to characterizethe effects of external inputs. The concepts
of input-to-statestability (ISS) and integral-input-to-state
stability (iISS), introduced by Sontag in [17] and [18],
have proved useful in this regard. Originally introduced
for continuous-timesystems,they were subsequentlyalso
studied for discrete-timesystems[9] and switched sys-
tems[14]. The possibility of impulseeffects, however, has
beenexcludedin theseworks.

In this paperwe study input-to-statestability properties
of impulsive systems,with external signals affecting both
the continuousdynamicsand the stateimpulsemap.These
systemsare formally de�ned in SectionII, where we also
de�ne notionsof ISS and iISS for suchsystems.

We provide a setof Lyapunov-basedsuf�cient conditions
to establishISS and iISS with respectto suitable classes
of impulse time sequences(see SectionsIII for ISS and
SectionVI for iISS). It is shown that when the continuous
dynamicsare ISS but the impulseeffects are destabilizing,
the impulsive systemis ISS if the impulse times do not
occur too frequently, which can be formalized in terms of
an averagedwell-time condition [7]. Conversely, when the
impulsesare stabilizing but the continuousdynamics are
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destabilizing, the impulsive systemis ISS if the impulse
timessatisfya novel “reverse”averagedwell-timecondition,
which preventsoverly long intervalsbetweenimpulsetimes.

SectionIV considersimpulsivesystemsfor which boththe
continuousdynamicsand the impulsive effects are stabiliz-
ing. Suchsystemsare ISS regardlessof how often or how
seldomimpulsesoccur. For thesesystemswe show thatthere
is no lossof generalityin searchingfor Lyapunov functions
thatdecreaseat exponentialrates.This resultis analogousto
whathappenswith ISSof purelydiscrete-or continuous-time
systems(cf. [16]).

We also investigateimpulsive systemsthat, althoughex-
hibiting destabilizingimpulsive effects,remainISS for arbi-
trarily smallaveragedwell-time.Suchsystemstypically arise
whena continuous-timeISS systemis perturbedby additive
impulses. We also consider the dual case of impulsive
systemsthat exhibit destabilizingcontinuousdynamicsbut
remainISS for arbitrarily large reverseaveragedwell-time.
Thesesystemstypically can arisewhena discrete-timeISS
systemis perturbedby a continuousdrift betweensampling
times. Lyapunov-basedstability conditionsthat cover both
casesareprovided in SectionV.

Themotivationto studytheclassof systemsconsideredin
this papercomesfrom multiple sources.Impulsive systems
with external inputs arisenaturally in control systemswith
communicationconstraints,asexplicitly discussedin [8, 13,
15, 20]. A specialcaseof oneof our resultswasusedin [13]
to analyzestability of sucha system.The resultspresented
herecan be usedto constructdeterministicversionsof the
results that appearedin [20] for stochasticdisturbances.
Impulsive systemswith inputs also describethe evolution
of multiple Lyapunov functions for switchedsystemswith
inputs (even if the latter exhibit no statejumps), which in
turn arisein the analysisof switchingcontrol algorithmsfor
uncertainsystems[6, 12].

I I . BASIC DEFINITIONS

The generalimpulsive systemwith disturbancesthat we
considertakes the form

(
_x(t) = f

�
x(t); w(t)

�
; t 6= tk ; k = 1; 2; : : :

x(t) = g
�
x � (t); w(t)

�
; t = tk ; k = 1; 2; : : :

(1)

where the statex takes values in Rn ; w is a measurable
locally bounded disturbanceinput taking values in Rm ;



f and g are functions from Rn � Rm ! Rn , with f
locally Lipschitz;andf t1; t2; t3; : : : g is asequenceof strictly
increasingimpulsetimes in [t0; 1 ), where t0 is the initial
time.By constructionthesolutionx : [t0; 1 ) ! Rn to (1) is
right-continuousand(�) � denotesthe left-limit operator, i.e.,
x � (t) = lim s% t x(s). Given a sequencef tk g and a pair of
times s; t satisfyingt � s � t0, we will let N (t; s) denote
the numberof impulse times tk in the semi-openinterval
[s; t).

Supposethat a sequencef tk g is given. We say that the
impulsive system(1) is input-to-statestable (ISS) if there
exist functions1 � 2 KL and 
 2 K1 such that for
every initial conditionandevery input w, the corresponding
solutionof (1) satis�es

jx(t)j � � (jx(t0)j; t � t0) + 

�
kwk[t 0 ;t ]

�
; 8 t � t0 (2)

wherek � kJ denotesthe supremumnorm on an interval J .
Becauseof the dual role of w as a continuousand discrete
perturbation,it is acceptableto discardits valueson a set
of measurezero,provided that this setdoesnot containany
impulsetimes.This canbe achieved by rede�ning the norm
of w as

kwk[t 0 ;t ] := max
n

esssup
s2 [t 0 ;t ]

jw(s)j; sup
t k 2 [t 0 ;t ]

jw(tk )j
o

: (3)

With this more generalde�nition, all the subsequentdevel-
opmentsremain valid. Consideringonly one function 
 in
(2) leadsto no loss of generality, comparedto a bound in
which the two terms on the right-hand-sideof (3) appear
weightedby differentclassK1 functions.

Sincetheabovede�nition appliesto a �x edsequencef t k g
of impulsetimes,the ISS propertydependson the choiceof
the sequence.However, it is often of interestto characterize
ISS over classesof sequencesf tk g. To this effect, we say
that the impulsive system(1) is uniformly ISSover a given
classS of admissiblesequencesof impulsetimesif the ISS
propertyexpressedby (2) holdsfor everysequencein S with
functions� and 
 that are independentof the choiceof the
sequence.

The above ISS property characterizesrobustnessto dis-
turbancesin the L 1 =l1 sense.Another possibility is to
consider“integral” variants, in the spirit of [18]. We say
that the impulsive system(1) is integral-input-to-statestable
(iISS) if there exist functions � 2 KL and �; 
 2 K1

suchthat for every initial condition and every input w, the
inequality

� (jx(t)j) � � (jx(t0)j; t � t0) +
Z t

t 0


 (jw(s)j)ds

+
X

t k 2 [t 0 ;t ]


 (jw(tk )j); 8 t � t0 (4)

1We say that a function � : [0; 1 ) ! [0; 1 ) is of classK , and write
� 2 K , when � is continuous,strictly increasing,and � (0) = 0. If � is
also unbounded,then we say it is of classK 1 and write � 2 K 1 . We
say that a function � : [0; 1 ) � [0; 1 ) ! [0; 1 ) is of class KL , and
write � 2 KL when� (�; t ) is of classK for each�x ed t � 0 and � (s; t )
decreasesto 0 as t ! 1 for each�x ed s � 0.

holds on the domain of the correspondingsolution of (1).
The notion of uniform iISS over a given classS of impulse
time sequencesis de�ned in the sameway as for ISS.

I I I . SUFFICIENT CONDITIONS FOR ISS

We say that a function V : Rn ! R is a candidateexpo-
nential ISS-Lyapunov function for (1) with rate coef�cients
c;d 2 R if V is locally Lipschitz, positive de�nite radially
unboundedand2

r V (x) � f (x; w) � � cV(x) + � (jwj) 8 x; w a.e. (5)

V (g(x; w)) � e� dV(x) + � (jwj) 8 x; w (6)

for somefunction � 2 K1 . For generality, we areassuming
that V is locally Lipschitz but not necessarilydifferen-
tiable everywhere.However, from Rademacher's Theorem
we know that the former is suf�cient to guaranteethat the
gradient r V (x) of V is well de�ned except on a set of
measurezero. For this reasonwe qualify the quanti�er in
(5) with “almost everywhere.” We do not require the rate
coef�cient c;d to be non-negative and thereforeV will not
necessarilydecrease,even when w = 0. However, when
thesecoef�cients satisfy an appropriateconstraintone can
useV to show that the impulsive systemis ISS.

Theorem 1 (uniform ISS) Let V be a candidateexponen-
tial ISS-Lyapunov functionfor (1) with ratecoef�cients c;d 2
R with d 6= 0 3. For arbitrary constants�; � > 0, let S�;�

denotethe classof impulsetime sequencesf tk g satisfying

� dN (t; s) � � + (c � � )( t � s); 8 t � s � t0: (7)

Thenthe system(1) is uniformly ISSover S�;� . �

Beforeproving Theorem1, we provide someinsight into
the signi�cance of condition (7).

When d < 0, we must necessarilyhave c � � > 0
for (7) to hold. In this case,(5) says that the continuous
dynamics _x = f (x; w) are ISS with respectto w. Indeed,
the existence of an ISS-Lyapunov function V satisfying
r V (x) � f (x; w) � � � (V (x)) + � (jwj) with �; � 2 K1

is equivalentto ISS [19], andtaking � to be linear is no loss
of generality[16].

Since d < 0, the impulsescan potentially destroy ISS,
and we must require that they not happentoo frequently.
Not surprisingly, in this casethe condition (7) enforcesan
upper boundon the numberof impulsestimes: for c = � it
only holds when the numberof impulsetimes is no larger
thanN0 := �

j dj andfor c > � it canbe re-writtenas

N (t; s) �
t � s
� � + N0; 8 t � s � t0; (8)

2Taking the samefunction � in (5) and (6) is no loss of generality,
becausewe can always considerthe maximumof two functions;however,
it is alsoeasyto treatthe caseof two different functions,which would lead
to slightly morecomplicatednotationbut lessconservative estimates.

3Whend = 0, Theorem1 canstill be appliedbecause(6) alsoholdsfor
every d < 0. This caseis closely relatedto the resultsin SectionV.



where� � := j dj
c� � , N0 := �

j dj . This correspondsto the con-
ceptof average dwell-timefor switchedsystemsintroduced
in [7]. The special caseN0 = 1 reducesto a dwell-time
condition in which consecutive impulsesmust be separated
by at least� � units of time.

When d > 0, the condition (7) only posesa constraint
when � > c. In this case,it enforcesa lower boundon the
numberof impulsetimesand it canbe re-writtenas

N (t; s) �
t � s
� � � N0; 8 t � s � t0; (9)

where� � := d
� � c , N0 := �

d . It now correspondsto a reverse
average dwell-time condition that demands,on average,at
least one impulse per interval of length � � > 0. With
d > 0, (6) says that the discretedynamicsx(k + 1) =
g
�
x(k); w(k)

�
are ISS with respectto w. When we have

c < 0, the continuous�o w can potentially destroy ISS,
so we must require �o ws to be persistentlyinterruptedby
impulsesthroughthe reverseaveragedwell-time condition.
We recall that,accordingto [1, Theorem1], thecondition(5)
with c < 0 is equivalent to forward completeness(bounded
responseto boundedinputs)of thecontinuousdynamics.The
following result follows from the discussionabove:

Corollary 2 (averagedwell-time ISS) Let V be a candi-
date exponential ISS-Lyapunov function for (1) with rate
coef�cients c;d 2 R.

1) LetSavg [� � ; N0] denotetheclassof averagedwell-time
impulsetime sequencesthat satisfy (8). Whend < 0,
(1) is uniformly ISSover Savg [� � ; N0], for every � � >
jdj=c and N0 > 0.

2) Let Sr � avg [� � ; N0] denotetheclassof reverseaverage
dwell-time impulse time sequencesthat satisfy (9).
Whend > 0, (1) is uniformly ISSover Sr � avg [� � ; N0],
for every � � < d=(� c) and N0 > 0. �

PROOF OF THEOREM 1. Dividing bothsidesof (7) by 1+ " >
0, we concludethat

� �dN (t; s) � �c(t � s) � �� � �� (t � s); 8 t � s � t0: (10)

where

�d :=
d

1 + "
; �c :=

c � �
2

1 + "
; �� :=

�
1 + "

; �� :=
�

2(1 + ")
:

Moreover, we canalwayschoose" 2 R suf�ciently small so
that �c < c and �d < d. We canthenrewrite (5) as

r V (x) � f (x; w) � � �cV(x) � (c � �c)V (x) + � (jwj);

andconcludethat

(c � �c)V (x) � � (jwj) ) r V (x) � f (x; w) � � �cV (x);
(11)

8 x; w a.e.. Similarly, from (6) we alsoconcludethat

(e� �d � e� d)V (x) � � (jwj) ) V (g(x; w)) � e� �dV (x);
(12)

8 x; w a.e.Let

�t1 := min
�

t � t0 : V (x(t)) � a� (kwk[t 0 ;t ])
	

� 1 ;

a := 1
min f c� �c;e� �d � e� d g

> 0. This is well de�ned because
both x(t) and kwk[t 0 ;t ] are right-continuousin t (recall the
de�nition (3) of the norm). In view of (11) and(12),

_V
�
x(t)

�
� � �cV(t); 8 t 2 [t0; �t1) a.e.

along the continuousdynamics4 and V (x) � e� �dV (x � )
during the impulses.Thuson this time interval we have the
bound

V (x(t)) � e� �dN ( t;t 0 ) � �c( t � t 0 ) V (x(t0)) ; 8 t 2 [t0; �t1) (13)

(cf. [11, Theorem1.10.2]). Combining this with (10), we
concludethat

V (x(t)) � ek � �� ( t � t 0 ) V (x(t0)) ; 8 t 2 [t0; �t1): (14)

When �t1 = + 1 , an ISS bound could alreadybe deduced
from here using standardarguments.Otherwise,let t̂1 :=
inf

�
t > �t1 : V (x(t)) > a� (kwk[t 0 ;t ])

	
� 1 : By construc-

tion, we have

V (x(t)) � a� (kwk[t 0 ;t ]); 8 t 2 [�t1; t̂1):

Next, let �t2 := min
�

t > t̂1 : V (x(t)) � a� (kwk[t 0 ;t ])
	

�
1 : Repeatingthe argumentusedto establish(14), with t̂1

in placeof t0, we obtain

V (x(t)) � e�� � �� ( t � t̂ 1 ) V (x(t̂1))

� e�� � �� ( t � t̂ 1 )
�

e� dV (x � (t̂1)) + � (jw(t̂1)j)
�

� e�� � �� ( t � t̂ 1 )
�

a e� d� (kwk[t 0 ;t ]) + � (jw(t̂1)j)
�

� e�� �
a e� �d + 1

�
� (kwk[t 0 ;t ]) 8 t 2 [t̂1; �t2):

Arguing in the sameway for all future times, we arrive at
the bound

V (x(t)) � e�� � �� ( t � t 0 ) V (x(t0))+

e�� �
a e� �d + 1

�
� (kwk[t 0 ;t ]); 8 t � t0:

The ISS estimate(2) follows from this by standardargu-
ments. Namely, since V is positive de�nite and radially
unbounded,it satis�es � 1(jxj) � V (x) � � 2(jxj) for some
� 1; � 2 2 K1 , which allows us to convert a KL estimate
for V (x) into that for jxj. Uniformity is alsoclear, sincethe
�nal bound on V and hencethe functions � and 
 in (2)
do not dependon the particularchoiceof the impulsetime
sequence.

Remark 1 We can seefrom the proof of Theorem1 that
the condition(7) on the impulserateonly needsto hold for
times t on which

V (x(t)) >
� (kwk[t 0 ;t ])

minf c � �c;e� �d � e� dg
: �

4Thefunctiont 7! V (x(t)) is absolutelycontinuousbecauseV is locally
Lipschitz and x absolutelycontinuouson [t0 ; �t1 ). ThereforeV (x(t)) has
time-derivative almosteverywherein this interval.



IV. NON-EXPONENTIAL ISS-LYAPUNOV FUNCTIONS

When the rate coef�cients of a candidateexponential
ISS-Lyapunov function are both positive, we have ISS for
arbitrary impulse time sequences,because(7) poses no
constraintson the impulse time sequences,as long as we
choose� � c. In this case,we mayaskwhethertherewould
be an advantagein allowing a non-lineardependenceon V
in theright-hand-sidesof (5)–(6). In particular, we canaskif
it would bepossibleto show thata largerclassof systemsis
ISSfor arbitraryimpulsetime sequencesby simply demand-
ing the existenceof a “non-exponential” locally Lipschitz,
positive de�nite, radially unboundedLyapunov function U
that satis�es5

r U(x) � f (x; w) � � �
�
U(x)

�
+ � (jwj) 8 x; w a.e. (15)

U(g(x; w)) � (id � � )
�
U(x)

�
+ � (jwj) 8 x; w

(16)

with �; � 2 K1 . The following resultanswersthis question
in the negative:

Theorem 3 (exponential vs. non-exponential) The
following two statementsare equivalent:

1) There exists a locally Lipschitz, positive de�nite, ra-
dially unboundedfunction U : Rn ! R that satis�es
(15)–(16).

2) There exists a candidate exponential ISS-Lyapunov
functionV for (1) with positiverate coef�cients.

In either case, (1) is uniformly ISS over all impulse time
sequences.

PROOF OF THEOREM 3. The implication from 2 to 1 is
trivial. To prove the converse we explicitly construct a
candidateexponentialISS-Lyapunov functionV from a non-
exponentialone U. Let V (x) := � (U(x)) , 8 x, where � 2
K1 is chosento be continuouslydifferentiablewith � 0 is
nonnegative andnondecreasing,and

� 0(s)� (s) � 2� (s); 8 s � 0: (17)

Sucha function is constructedin [16, pp. 22–23].From(17)
and(15), we concludethat

r V (x) � f (x; w) = � 0(U(x))r U(x) � f (x; w)

� � � 0(U(x)) �
�
U(x)

�
+ � 0(U(x)) � (jwj)

� � V (x) �
� 0(U(x)) �

�
U(x)

�

2
+ � 0(U(x)) � (jwj); (18)

8 x; w a.e.When �
�
U(x)

�
� 2� (jwj), we have

� 0(U(x)) � (jwj) � � 0 � � � 1�
2� (jwj)

�
� (jwj) =: �� (jwj)

andwhen �
�
U(x)

�
> 2� (jwj),

�
� 0(U(x)) �

�
U(x)

�

2
+ � 0(U(x)) � (jwj) � 0:

5Taking the samefunctions � and � in (15) and (16) is no loss of
generality, becausewe could alwaysconsiderthe minimum of the two � 'a
andthe maximumof the two � 's.

In eithercase,we concludefrom (18) that

r V (x) � f (x; w) � � V (x) + �� (jwj); 8 x; w a.e. (19)

On theotherhand,using(17), theMeanValueTheoremand
the fact that � 0 is nondecreasing,we concludethat

2� (s) �
� 0(s)� (s)

2
+ � (s) � �

�
s +

� (s)
2

�

= � �
�

id +
�
2

�
(s); 8 s � 0:

Specializingthis inequality for6 s :=
�

id � �
2

�
(r ), r � 0

andusing the fact that
�

id �
�
2

�
(r ) �

�
id +

�
2

� � 1
(r ); 8 r � 0;

we further obtain

2� �
�

id �
�
2

�
(r ) � � (r ); 8 r � 0: (20)

From the de�nition of V and(16), we concludethat

V (g(x; w)) � �
�
(id � � )(U(x)) + � (jwj)j

�
(21)

8 x; w. When� (U(x)) � 2� (jwj), we have

�
�
(id � � )(U(x)) + � (jwj)j

�
� �

�
U(x) + � (jwj)j

�

� �
�
� � 1(2� (jwj)) + � (jwj)j

�
=: ~� (jwj)

andwhen � (U(x)) > 2� (jwj),

�
�
(id � � )(U(x)) + � (jwj)j

�

� � �
�

id �
�
2

�
(U(x)) �

V (x)
2

;

by virtue of (20). In eithercase,we concludefrom (21) that

V (g(x; w)) �
V (x)

2
+ ~� (jwj); 8 x; w: (22)

This �nishes the proof since (19) and (22) show that V
is a candidateexponential ISS-Lyapunov function V with
positive ratecoef�cients.

It should be clear from the proof of Theorem3 that if
(16) is replacedby U(g(x; w)) � U(x), 8 x; w, i.e., if the
impulsesare “neutral” rather than “helpful” for ISS, then
thereexists a candidateexponentialISS-Lyapunov function
V with rate coef�cients c = 1, d = 0, for which the �
term is absentfrom (6). In this case,it is straightforward to
prove that (1) is also uniformly ISS over all impulse time
sequences.

The dual case—whenthe continuousdynamicsare “neu-
tral” and the impulses are “helpful” for ISS—is also of
interest, but then we must require that the impulses are
persistentin the senseof (9) with � � > 0 arbitrary. Taking
into accountRemark1, hereis oneway to statethe result.

6The function id � �
2 mustbe nonnegative, otherwisewe would obtain

a contradictionbetween(16) andthe positive de�nitenessof U.



Theorem 4 (neutral continuous dynamics) Suppose that
there exist a locally Lipschitz, positive de�nite, radially
unboundedfunctionV : Rn ! R such that

r V (x) � f (x; w) � 0; 8 x; w a.e.

and classK1 functions� and � such that

V (x) � � (jwj) ) V (g(x; w)) � V (x) � � � (V (x)) (23)

and

V (x) � � (r ) and jwj � r ) V (g(x; w)) � � (r ): (24)

Fix anarbitrary positiveinteger N0 andanarbitrary positive
real number � � . Let SN 0 ;� � denote the class of impulse
time sequencesf tk g with the following property: for each
t > t0 such that V (x(�t)) � � (kwk[t 0 ; �t ]) for all �t 2 [t0; t],
the numberN (t; t0) of impulsetimes in the interval [t0; t]
satis�es the inequality (9) with s = t0. Thenthe system(1)
is uniformly ISSover SN 0 ;� � . �

PROOF OF THEOREM 4. Let

�t := min
�

t � t0 : V (x(t)) � � (kwk[t 0 ;t ])
	

� 1

(this is well de�ned in view of right-continuity).By virtue
of (23), we have V (x) � V (x � ) � � � (V (x � )) at each
impulsetime in the interval [t0; �t). Therefore,thereexists a
function �� 2 KL suchthat

V (x(t)) � ��
�
V (x(t0)) ; N (t; t0)

�
; 8 t 2 [t0; �t)

(cf. [9]). Invoking (9), we have

V (x(t)) � ��
�
V (x(t0)) ; max

�
0; t � t 0

� � � N0
	�

=: � (V (x(t0)) ; t � t0); 8 t 2 [t0; �t):

Next, (24) appliedwith r := kwk[t 0 ;t ] at eachimpulsetime
guaranteesthat V (x(t)) � � (kwk[t 0 ;t ]), 8 t � �t. Combining
the two inequalitiesgivesthe ISS estimate.

The conditions(23) and(24) areboth satis�ed if we have

V(g(x; w)) � V (x) � � �� (V (x)) + � (jwj) (25)

for some ��; � 2 K1 . Indeed,letting � (r ) := �� � 1(2� (r )) ,
we see that (23) holds with � := �� =2. Decreasing�� if
necessary, assumewith no lossof generalitythat id � �� 2 K.
We thenhave

V (x) � �� � 1(2� (r )) ; jwj � r )

V (g(x; w)) � (id � �� )
�
�� � 1(2� (r ))

�
+ � (jwj)

< �� � 1(2� (jwj))

and so (24) holds with the same � . Moreover, (23) im-
plies (25)—and consequently(24)—if the impulse map g
is continuous.Still, it is useful to write two separatecondi-
tions(23) and(24) if we wanta lessconservative result.The
former conditioncoupledwith (9) is the main ingredientfor
obtainingISS, while the latter is automaticallyenforcedif,
for example,impulsescanonly decreaseV (x).

V. ISS FOR ARBITRARY AVERAGE DWELL-TIMES

This sectionaddressestwo classesof systemsfor which
one may not have uniform ISS over all impulsesequences,
but one still has ISS over classesof impulse sequences
with arbitrarily small averagedwell-time or arbitrarily large
reverseaveragedwell-time.

Impulsive systemsoften arise out of applying impulsive
perturbationsto anISScontinuous-timesystem.This occurs,
e.g., in [13, Section 4] in the context of control with
limited information.For suchsystems,oneshouldnot expect
uniform ISSover all impulsesequences,but onecanstill ask
“how often” cantheseperturbationsoccurwithoutdestroying
ISS.The �rst part of Corollary 2 providesan answerto this
questionin termsof a minimum averagedwell-time � � >
jdj=c. However, it promptsthequestionof whetheror not we
couldhave uniform ISS for an arbitrary small (but nonzero)
average dwell-time � � > 0. Motivatedby this observation,
we say that the impulsive system(1) is ISSfor arbitrarily
small average dwell-time (a.d.t) when it is uniformly ISS
over every classSavg [� � ; N0] of averagedwell-time impulse
time sequencesthat satisfy (8) with � � > 0, N0 < 1 .

Alternatively, impulsive systemscanariseout of applying
continuous-timeperturbationsto an ISS discrete-timesys-
tem. This occurs,e.g., in [20] in the context of networked
control systems7. In this case,onemay ask for “how long”
canthe system�o w betweenjumpswithout destroying ISS.
The secondpart of Corollary 2 provides an answerto this
questionin termsof a maximumreverseaveragedwell-time
� � := d=(� c), � > 0. However, also in this caseone may
have uniform ISS for an arbitrary large (but �nite) reverse
average dwell-time � � > 0. Motivatedby this observation,
we say that the impulsive system(1) is ISSfor arbitrarily
large reversea.d.t.whenit is uniformly ISSover everyclass
Sr � avg [� � ; N0] of reverseaveragedwell-time impulse time
sequencesthat satisfy (9) with � � ; N0 < 1 .

To addressthesequestionsit is convenient to introduce
the following terminology: We say that V : Rn ! R is
non-expansivefor the impulsemapg(x; w) when,for every
d < 0, thereexists a function � 2 K1 suchthat

V (g(x; w)) � e� dV (x) + � (jwj) 8 x; w: (26)

This terminologyis motivatedby the observation that these
functionsmust necessarilysatisfy V (g(x; 0)) � V (x), 8 x.
Alternatively, we say that a locally Lipschitz function V is
non-expansivefor the vector �eld f (x; w) when, for every
c < 0, thereexists a function � 2 K1 suchthat

r V (x) � f (x; w) � � cV(x) + � (jwj) 8 x; w a.e. (27)

Thesefunctionsmust always satisfy r V (x) � f (x; 0) � 0,
8 x a.e.Thefollowing resultfollows from theformulasgiven
above for � � :

7The analysisin [20] dealswith stochasticdisturbancesw andconsiders
moregeneralvector�elds. A deterministicversionof theframework in [20]
with marginally stableprocessesleadsto the classof systemsconsidered
here.



Corollary 5 (ISS for arbitrary a.d.t) Let V be a candi-
dateexponentialISS-Lyapunov function for (1).

1) If V is non-expansivefor the impulse map g(x; w),
then(1) is ISSfor arbitrarily small a.d.t.

2) If V is non-expansivefor the vector �eld (f ; w), then
(1) is ISSfor arbitrarily large reversea.d.t. �

The remainingof this sectionis devoted to the question
of whetheror not a given function V is non-expansive.

A. Non-expansivenessfor impulsemaps

To statethefollowing resultwesaythata functionh(x; w)
has linear growth on w uniformly over x if

9L > 0 : jh(x; w)j � L jwj; 8 x; w:

Theorem 6 (non-expansive for impulse maps) Assume
that g(x; w) � x has linear growth on w uniformly over
x. A locally Lipschitz, positivede�nite, radially unbounded
functionV : Rn ! R is non-expansivefor the impulsemap
g(x; w) if any of the following conditionsholds:

C1 8 d < 0, there existsa function �� 2 K1 such that

V (x + y) � e� dV (x) + �� (jyj); 8 x; y: (28)

C2 there existsa function � 2 K1 such that8

� (V (x)) jr V (x)j � V (x); 8 x a.e. (29)

C3 V (x )
jr V (x ) j is radially unboundeda.e.

C4 V is quadratic or, more generally, takes the form

V (x) =
mX

i =1

(xT Pi x) i ; Pi � 0; i 2 f 1; : : : ; mg

where m is a positiveinteger. �

Remark 2 Theorem6 indicatesthat there is a broadclass
of positive de�nite functions V that are non-expansive for
impulsemapsfor which g(x; w) � x haslinear growth. In-
deed,C3 simply requiresthatthegradientof V bedominated
by V itself, which happensfor large classesof polynomial
functionsas well as for every homogeneousfunction. One
may then wonderif thereare interestingsystemswith such
impulse mapsthat are ISS for a given averagedwell-time
� � > 0 but arenot ISSfor arbitrarily smalla.d.t.Theanswer
is af�rmati ve anda simpleexampleis given by

(
_x = � sat(x); t 6= tk ; k = 1; 2; : : :

x = x � + sat(w); t = tk ; k = 1; 2; : : : ;

where sat(�) denotesthe saturationfunction limited at � 1
andwith unit slopeon [� 1; 1]. This systemis uniformly ISS

8SinceV is positive de�nite, onecould replace� (V (x)) by � (kxk) in
(29).

over theclassof averagedwell-time impulsetime sequences
that satisfy (8) for any � � > 1 because

V (x) :=

(
x2 jxj � 1
e2( jx j� 1) jxj > 1

(30)

is a candidateexponentialISS-Lyapunov function with rate
coef�cients c = 2 and d = � 2. However, it is not ISS for
arbitrarily small a.d.t. since x can explode with bounded
disturbances,provided that the impulse times are closely
spaced.As expected,the function (30) doesnot satisfy(29).

�

Corollary 7 (GES vs. ISS for arbitrarily small a.d.t.)
Impulsivesystemsof the following form are alwaysISSfor
arbitrarily small a.d.t.:

(
_x = f 1(x) + f 2(w); t 6= tk ; k = 1; 2; : : :
x = g(x � ; w); t = tk ; k = 1; 2; : : : ;

where _x = f 1(x) is globally exponentially stable, f 1 is
globally Lipschitz, f 2(0) = 0, and g(x; w) � x has linear
growth on w uniformly over x. This includes the caseof
linear continuousdynamics. �

PROOF OF COROLLARY 7 [10, Theorem4.14] guarantees
the existenceof a locally Lipschitz function V satisfying
a1jxj2 � V (x) � a2jxj2, r V (x) � f 1(x) � � a3jxj2, and
jr V (x)j � a4jxj a.e., where ai > 0, i = 1; 2; 3; 4. This
implies that

r V (x) �
�
f 1(x) + f 2(w)

�
� � a3jxj2 + a4jxjf 2(w);

from which (5) follows by squarecompletion.On the other
hand,V is non-expansivefor theimpulsemapg(x; w) dueto
conditionC3 andthe result follows from Corollary 5.

PROOF OF THEOREM 6. C1. Consideran arbitrary d < 0.
Using (28) and the fact that g(x; w) � x haslinear growth,
we canwrite

V (g(x; w)) � e� dV (x) = V (x + g(x; w) � x) � e� dV (x)

� �� (jg(x; w) � xj) � �� (L jwj) =: � (jwj);

from which (26) follows.

C2. Without loss of generalitywe assumethat � is locally
Lipschitz,asif this werenot thecasewe could replace� by
a smaller locally Lipschitz function in K1 . We show that
C2 implies C1. To this effect, for an arbitrary d < 0, let
�� 2 K1 be suchthat

jxj � �� (jyj) ) � (V (x)) � �j yj=d: (31)

Sucha function exists because,sinceV is positive de�nite
and radially unbounded,there exists a function � 1 2 K1

suchthat � 1(jxj) � V (x). It is thenstraightforwardto verify
that onepossible�� is given by

�� (s) := � � 1
1

�
� � 1(� s=d)

�
; 8 s � 0:

We startby taking somex; y 2 Rn n f 0g suchthat

jxj � �� (jyj); V (x + y) > V (x):



Without lossof generalitywe assumethat �� (jyj) � 2jyj and
thereforejxj � 2jyj. This guaranteesthat x + y 6= 0 because
g(x; w) � x haslinear growth. SinceV is positive de�nite,
it mustbe true that

� := inf
s2 [0;1]

V (x + sy) > 0:

De�ning v(s) := V (x + sy), 8 s 2 [0; 1], we concludethat
v(0) = V (x) > 0 and

v0(s) � r V (x + sy) � y; 8 s 2 [0; 1] a.e.

We thenconcludefrom (29) that

v(0) = V (x) > 0; v0(s) �
v(s)jyj
� (v(s))

; 8 s 2 [0; 1] a.e.

Supposenow that we de�ne u : [0; 1] ! [�; 1 ) as the
solution to

u(0) = V (x) > 0; u0(s) =
u(s)jyj
� (u(s))

; 8 s 2 [0; 1]: (32)

Since u
� (u) jyj is locally Lipschitz on [�; 1 ) we conclude

from [11, Theorem1.10.2] that

v(s) � u(s); 8 s 2 [0; s� ); (33)

where[0; s� ] denotesany interval for which the solution to
(32) exists. From (32), we alsoconcludethat

� (u(s))
u(s)

u0(s) = jyj; 8 s 2 [0; s� ];

Integrating this expressionover s, and making the (mono-
tone)changeof integrationvariables� = u(s), we obtain

Z u( � )

V (x )

� (� )
�

d� = � jyj; 8 � 2 [0; s� ): (34)

In cases� < 1, thenlim � ! s� u(� ) = + 1 > V (x + sy) and
we concludethat

Z V (x + sy )

V (x )

� (� )
�

d� �
Z 1

V (x )

� (� )
�

d� = s� jyj � jyj:

Otherwise,using(33) and(34) with � = 1, we alsoconclude
than

Z V (x + sy )

V (x )

� (� )
�

d� =
Z v(1)

V (x )

� (� )
�

d�

�
Z u(1)

V (x )

� (� )
�

d� � jyj:

SinceV(x + y) � V (x) and � is monotone,we have that

� (� ) � � (V (x)) ; 8 � 2 [V (x); V (x + y)]:

Moreover, since jxj � �� (jyj), we concludefrom this and
(31) that

� (� ) � � (V (x)) � � L jyj=d; 8 � 2 [V (x); V (x + y)]:

and therefore

jyj �
Z V (x + y)

V (x )

� (� )
�

d� � �
jyj
d

Z V (x + y)

V (x )

1
�

d�

= �
jyj
d

log
V (x + y)

V (x)
;

from which oneconcludesthat

V (x + y) � e� dV (x):

Sinced < 0, this is alsotruewhenV(x + y) < V (x). So far
we have shown that, for every d < 0, thereexists a function
�� 2 K1 suchthat

jxj � �� (jyj) ) V (x + y) � e� dV (x); 8 x; y 2 Rn :

Supposenow that jxj < �� (jyj). SinceV is continuousand
zeroat zero,thereexists a function � 2 2 K1 suchthat

V (x + y) � � 2(jx + yj) � � 2(jxj + jyj)

� � 2( �� (jyj) + jyj) =: � (jyj);

with � 2 K1 . Therefore,no matterwhat is the valueof x,
we alwayshave V (x + y) � e� dV(x) + � (jyj), from which
C1 follows.

C3. We show that this condition implies C2. De�ning

� (s) := esssup
V (x ) � s;r V (x )6=0

V (x)
jr V (x)j

we concludethat � is monotonenondecreasingandthat (29)
holds.Moreover, sinceV (x) is positive de�nite and V (x )

jr V (x ) j
is radially unboundedwe alwaysconcludethat � is radially
unbounded.Theaboveconstructionfor � doesnot guarantee
that this function is continuous.However, it is alsopossible
to choosea continuousfunction in K1 smallerthan � .

C4. This is a straightforward consequenceof C3.

B. Non-expansivenessfor vector �elds

The following results addressISS for arbitrarily large
reversea.d.t.

Theorem 8 (non-expansive for vector �elds) Assumethat
f (x; w) haslinear growth on w uniformly over x. A locally
Lipschitz, positivede�nite, radially unboundedfunctionV :
Rn ! R is non-expansivefor the vector�eld f (x; w) if any
of the following conditionsholds:

C5 8 c < 0, there existsa function �� 2 K1 such that

jr V (x)j � jyj � � cV(x) + �� (jyj); 8 x; y a.e. (35)

C6 there existsa function � 2 K1 such that9

� (V (x)) jr V (x)j � V (x); 8 x a.e. (36)

C7 V (x )
jr V (x ) j is radially unboundeda.e.

9SinceV is positive de�nite, onecould replace� (V (x)) by � (kxk) in
(36).



C8 V is quadratic or, more generally, takes the form

V (x) =
mX

i =1

(xT Pi x) i ; Pi � 0; i 2 f 1; : : : ; mg

where m is a positiveinteger. �

Corollary 9 (GES vs. slow-switching ISS) Impulsive sys-
temsof the following form are alwaysslow-switching ISS:

(
_x = f (x; w); t 6= tk ; k = 1; 2; : : :

x = g1(x � ) + g2(w); t = tk ; k = 1; 2; : : : ;

where x(k + 1) = g1(x(k)) is globally exponentiallystable,
g1 is globally Lipschitz, g2(0) = 0, and f (x; w) has linear
growth on w uniformly over x. �

PROOF OF COROLLARY 9 Under the assumptionsof the
theorem,it is not dif�cult to verify that, for someinteger
k > 0 suf�ciently large there exists a1 > 0 such that the
function V (x) :=

P k
i =0 j� (i; x)j is globally Lipschitz and

satis�es
jxj � V (x) � a1jxj (37)

and
V (g1(x)) � V (x) � �

1
2

jxj; (38)

where� (k; x0) denotesthe solutionto x(k + 1) = g1(x(k))
at timek startingatx(0) = x0. SinceV is globallyLipschitz,
thereexists a constanta2 > 0, suchthat jr V (x)j � a2 a.e.
We thusconcludefrom conditionC7 thatV is non-expansive
for the vector �eld f (x; w). On the other hand,we saw in
Theorem6 that condition C7 implies that (28) holds with
arbitrarily small d > 0. This meansthat for any �d > 0, we
can �nd an appropriate�� 2 K1 , so that

V
�
g1(x) + g2(w)

�
� e� �dV

�
g1(x)

�
+ �� (jwj)

� e� �d �
V (x) �

1
2

jxj
�

+ �� (jwj)

� e� �d �
1 �

1
2a1

�
V (x) + �� (jwj);

from which (6) follows provided that we choose �d suf�-
ciently small so that e� �d

�
1 � 1

2a1

�
< 1.

PROOF OF THEOREM 8. C5. Consideran arbitrary c < 0.
Using the fact that f (x; w) haslinear growth and (35), we
canwrite

r V (x) � f (x; w) + cV(x) � L jr V (x)j � jwj + cV(x)

� �� (L jwj) =: � (jwj);

from which (27) follows.

C6. We show that this condition implies C5. To this effect,
for an arbitraryc < 0, let � 2 K1 be suchthat

jxj � � (jyj) ) � (V (x)) � �j yj=c: (39)

Take somex; y 2 Rn for which jxj � � (jyj). Since V is
locally Lipschitz there exists a function � 2 2 K1 and a
constantk � 0 suchthat

jr V (x)j � k + � 2(jxj); 8 x a.e.

[5]. Therefore

jr V (x)j � jyj � kjyj + � 2(jxj)jyj

� kjyj + � 2(� (jyj)) jyj =: �� (jyj);

with �� 2 K1 and we concludethat the inequality in (35)
holds a.e. for thesevaluesof x and y. Supposenow that
jxj > � (jyj). From (39) and(36), we concludethat

jr V (x)j � jyj � � c � (V (x)) jr V (x)j � � cV(x); 8 x a.e.;

whichshowsthat(35)alsoholdsa.e.for theremainingvalues
of x andy.

C7, C8. Like in the proof of Theorem6, onecanshow that
both C7 andC8 imply C6.

VI . SUFFICIENT CONDITIONS FOR INTEGRAL ISS

We now provide iISS counterpartsto Theorems1 and 3.
The �rst result establishesiISS for suitably constrained
impulsetime sequencesunderthehypothesesof Theorem1,
and the secondone establishesiISS for arbitrary impulse
time sequencesunderhypothesesweaker than(15)–(16).

Theorem 10 (uniformly iISS) Let all hypothesesof Theo-
rem 1 hold and de�ne the classof impulsetime sequences
S�;� , �; � > 0 also as in Theorem1. Thenthe system(1) is
uniformly iISSover S�;� . �

PROOF OF THEOREM 10. From (5) and (6) we see that
V (x(t)) is upperboundedby the(nonnegative)solutionv(t)
of the impulsive system

(
_v = � cv + � (jwj); t 6= tk ; k = 1; 2; : : :
v = e� dv� + � (jwj); t = tk ; k = 1; 2; : : :

with the initial conditionv(t0) = V (x(t0)) . Let z(t) be the
(nonnegative) solution to

(
_z = � (jwj); t 6= tk ; k = 1; 2; : : :

z = z� + � (jwj); t = tk ; k = 1; 2; : : :

with the initial conditionz(t0) = 0. De�ne y := v � z. Then
y satis�es y(t0) = V (x(t0)) and

(
_y = � cv = � cy � cz; t 6= tk

y = e� dv� � z� = e� dy� � (1 � e� d)z� ; t = tk :

Applying the proof of Theorem1, with y andz playing the
rolesof V and� (jwj), respectively, weseethatthis impulsive
systemis ISS with respectto z with linear gain:

y(t) � � (y(t0); t � t0) + 
 z(t)

for somefunction � 2 KL and constant
 > 0. Collecting
the above formulas,we obtain

V (x(t)) � v(t) = y(t)+ z(t) � � (y(t0); t � t0)+ (
 + 1)z

= � (V (x(t0)) ; t � t0) +
Z t

t 0

(
 + 1)� (jw(s)j)ds

+
X

t k 2 [t 0 ;t ]

(
 + 1)� (jw(tk )j)



from which the iISS estimate(4) follows.

The following result is a relatively straightforward exten-
sion of the proof of the correspondingresult for continuous
systemsgiven in [2].

Theorem 11 Supposethat there exists a positive de�nite,
radially unbounded,locally Lipschitz functionV : Rn ! R,
a positive de�nite function � , and a class K1 function �
satisfying

r V (x) � f (x; w) � � � (V (x)) + � (jwj); 8 x; w a.e.; (40)

and
V (g(x; w)) � V (x) + � (jwj); 8 x; w: (41)

Thenthe system(1) is uniformly iISS over all impulsetime
sequencesf tk g. �

PROOF OF THEOREM 11. From (40) and (41) we seethat
V (x(t)) is upperboundedby the(nonnegative)solutionv(t)
of the impulsive system

(
_v = � � (v) + � (jwj); t 6= tk ; k = 1; 2; : : :

v(t) = v� (t) + � (jw(t)j); t = tk ; k = 1; 2; : : :

with the initial conditionv(t0) = V (x(t0)) . Let z(t) be the
(nonnegative andnondecreasing)solutionof

(
_z = � (jwj); t 6= tk ; k = 1; 2; : : :

z(t) = z� (t) + � (jw(t)j); t = tk ; k = 1; 2; : : :

with the initial condition z(t0) = 0. De�ne y(t) := v(t) �
z(t). Theny is continuouseverywhere,non-increasing,and

_y = � � (v) = � � (y + z); y(t0) = V (x(t0)) : (42)

Let
�t := minf t � t0 : y(t) � z(t)g � 1

(this is well de�ned becausez is right-continuous).Sincey
is non-increasingandz is nondecreasing,we have

y(t) � z(t); 8 t � �t (43)

and
y(t) > z(t); 8 t 2 [t0; �t)

the latter of which implies that

0 � y(t) � y(t) + z(t) � 2y(t); 8 t 2 [t0; �t): (44)

By [2, Lemma IV.2], there exist functions � 1 2 K1 and
� 2 2 L suchthat� (r ) � � 1(r )� 1(r ) for all r � 0. Using(42)
and(44), we have

_y � � � 1(y + z)� 2(y + z) � � � 1(y)� 2(2y); 8 t 2 [t0; �t):

Thus thereexists a � 2 KL (which doesnot dependon our
choice of trajectory) such that y(t) � � (y(t0); t � t0) for
t 2 [t0; �t). Combiningthis with (43), we have

y(t) � � (y(t0); t � t0) + z(t); 8 t � t0 (45)

and this yields (recalling the de�nition of z)

V (x(t)) � v(t) = y(t) + z(t) � � (y(t0); t � t0) + 2z(t)

= � (V (x(t0)) ; t � t0)+
Z t

t 0

2� (jw(s)j)ds+
X

t k 2 [t 0 ;t ]

2� (jw(tk )j)

from which iISS follows.

VI I . CONCLUSIONS

We introducedconceptsof ISS and integral-ISS to sys-
tems with impulsive effects and provided Lyapunov-based
suf�cient conditionsto establishtheseproperties.Converse
Lyapunov resultsfor systemswith impulsive effectswill be
reportedin a forthcomingpaper. Theseresultsarebasedon
the converseLyapunov theoremsfor hybrid systemsin [4].
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