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Abstract. This paperdealswith polynomialstochastidybrid systemgpSHSs),
which generallycorrespondo stochastidybrid systemswith polynomialcontin-
uousvector elds, resetmapsandtransitionintensities For pPSHSsthedynamics
of the statisticalmomentsof the continuousstatesevolve accordingto in nite-
dimensionallinear ordinary differential equationg ODESs). We shav thatthese
ODEscanbeapproximatedy nite-dimensionalnonlinearODEswith arbitrary
precision.Basedon this result,we provide a procedurego build this type of ap-
proximationdor certainclasse®f pSHSsWeapplythisprocedurdor seseralex-
amplesof pSHSsandevaluatethe accurag of theresultsobtainedthroughcom-
parisonswith Monte Carlosimulations Thesesxamplesinclude:themodelingof
TCPcongestiorcontrolbothfor long-livedandon-of o ws; state-estimatiofor
networked controlsystemsandthe stochastienodelingof chemicalreactions.

1 Intr oduction

Hybrid systemsare characterizedby a state-spacéhat canbe partitionedinto a con-
tinuousdomain(typically R") and a discreteset (typically nite). For the stochastic
hybrid systemsconsiderechere,both the continuousand the discretecomponentof
the stateare stochastiqorocessesT he evolution of the continuous-statés determined
by a stochastidifferential equationand the evolution of the discrete-statdy a tran-
sition or resetmap. The discretetransitionsare triggeredby stochasticeventsmuch
like transitionsbetweerstatesof a continuous-timeMarkov chains.However, the rate
at which thesetransitionsoccurmay dependon the continuous-statelThe modelused
herefor SHSs,whoseformal de nition canbe foundin Sec, wasintroducedin [[]
andis heavily inspiredby thePiecavise-Deterministidvlarkov Processe@DPs)in [2].
Alternative modelscanbefoundin [3/4/5].

The extendedgeneratomf a stochastichybrid systemallows oneto computethe
time-derivative of a“testfunction” of thestateof the SHSalongsolutionsto thesystem,
andcanbe viewed asa generalizatiorof the Lie derivative for deterministicsystems
[@2]. Polynomialstochastichybrid systems(pSHSs)are characterizedy extended
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generatorghat map polynomial test functionsinto polynomials.This happensg.g.,
whenthe continuousvector elds, theresetmaps,andthe transitionintensitiesareall

polynomialfunctionsof the continuousstate An importantpropertyof pSHSss thatif

onecreatesanin nite vectorcontainingthe probabilitiesof all discretemodesaswell

asall the multi-variablestatisticalmomentsof the continuousstate,the dynamicsof

thisvectoraregovernedby anin nite-dimensionallinearordinarydifferentialequation
(ODE), which we call the in nite-dimensionalmomentdynamicsandde ne formally
in Sec@

SHSscan model large classesof systemsbut their formal analysispresentssig-
ni cant challengesAlthoughit is straightforvardto write partial differentialequations
(PDEs)thatexpresgheevolution of the probabilitydistributionfunctionfor their states,
generallythesePDEsdo not admitanalyticalsolutions.The in nite-dimensionalmo-
mentdynamicsprovidesanalternatve characterizatiofior the distribution of the state
of a pSHS.Although generallystatisticalmomentsdo not provide a descriptionof a
stochastigorocessas accurateasthe probability distribution, resultssuchas Tcheby-
chef, Markoff, or Bienayneinequalities[l6, pp. 114—115]canbeusedto infer proper
tiesof thedistribution from its moments.

In generalthein nite-dimensionallinear ODEsthat describehe momentdynam-
ics for pSHSsare still not easyto solve analytically However, sometimeghey can
be accuratelyapproximatedy a nite-dimensionalnonlinear ODE, which we call the
truncatedmomentdynamics We shav in Sec 3 that, undersuitablestability assump-
tions, it is in principle possiblefor a nite-dimensionalnonlinearODE to approximate
thein nite-dimensionalmomentdynamicsup to an errorthatcanbe madearbitrarily
small. This resultis basedon a Taylor seriesexpansionthatis usedto prove thatthe
differencebetweenthe solutionsto the nite- andin nite-dimensional ODEs can be
madearbitrarily smallon acompactime interval [0; T]. Subsequentlythisis extended
to theunboundedime interval [0; ¥ ) usingan argumentsimilar to thatfoundin [[4] to
analyzetwo time scalesystems.

Aside from its theoreticalinterest,the abose mentionedresultmotivatesa proce-
dureto actuallyconstructhese nite-dimensionalapproximationgor certainclasse®f
pSHSs This procedurewhich is describedn SecH, is applicableto pSHSfor which
the(in nite) matrixthatcharacterizethemomentdynamicsexhibitsacertaindiagonal-
bandstructureandappropriatelecouplingoetweercertainmomentof distinctdiscrete
modes Thedetailsof this structurecanbefoundin Lemma[ll

To illustrate the applicability of the resultswe considerseveral systemsthat ap-
pearedn theliteratureandthatcanbe modeledby pSHSs For eachexample,we con-
structin SecH truncatedmomentdynamicsandevaluatehow they comparewith esti-
matesfor the momentsobtainedrom alarge numberof Monte Carlosimulations.The
examplesconsiderednclude:

1. Themodelingof thesendingratefor network traf c underTCP congestiorcontrol.
We considertwo distinct casesiong-livedtrafc correspondindo the transferof
les with in nite length;andon-off trafc consistingof le transferswith expo-
nentially distributedlengths,alternatedby timesof inactiity (alsoexponentially
distributed). Theseexamplesaremotivatedby [[1/g].



2. Themodelingof the state-estimatioerrorin a networked control systemthat oc-
casionallyreceves statemeasurementsver a communicatiomnetwork. The rate
at which the measurementare transmitteddepend®n the currentestimationer-
ror. This type of schemevasshavn to out-performperiodictransmissiorandcan
actuallybe usedto approximateanoptimaltransmissiorschemd9[10].

3. Gillespie's stochasticnmodelingfor chemicalreactions[11], which describeshe
evolution of the numberof particlesinvolvedin a setof reactions.The reactions
analyzedweretakenfrom [12/13 andareparticularlydif cult to simulatedueto
the existenceof two very distincttime scales.

2 Polynomial StochasticHybrid Systems

A SHSis de ned by a stochastidifferentialequation(SDE)

g:2 R" [0¥)! R"K

afamily of m discretetransition/esetmaps

(@:x) = fo(Q ;% ;1) f,:2 R [0¥)! 2 RM B
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cessesaand 2 a (typically nite) discreteset. A SHS characterizes jump process
q:[0;¥)! 2 calledthediscretestate astochastiprocess : [0;¥) ! R"with piece-
wise continuoussamplepathscalled the continuousstate and m stochasticcounters
N/ :[0;¥)! N g calledthetransitioncountes.

In essencebetweentransitioncounterincrementghe discretestateremainscon-
stantwhereaghe continuousstate o ws accordingto ([). At transitiontimes,the con-
tinuousanddiscretestatesareresetaccordingo ([@). EachtransitioncounterN, counts
the numberof timesthat the correspondingliscretetransition/resemap f ; is “acti-
vated:! The frequeng at which this occursis determinedoy the transitionintensities
@ . In particular the probability that the counterN, will incrementin an“elementary
interval” (t;t + dt], andthereforethatthe correspondingransitiontakesplace,is given
by I ,(q(t);x(t);t)dt. In practice,one canthink of the intensity of a transitionasthe
instantaneousate at which that transitionoccurs.The readeris referredto [ for a
mathematicallyprecisecharacterizationf this SHS.

Thefollowing resultcanbeusedto computesxpectationonthe stateof a SHS.For
briefnessye omit afew technicalassumptionghatarestraightforvardto verify for the
SHSsconsideredere:



Theorem1 ([d]). Givenafunctiony : 2 R" [0;¥)! R thatistwicecontinuously
differentiablewith respecto its secondargumentand oncecontinuouslhydifferentiable
with respecto thethird ong we havethat

TELy (q(t); x(t);1)] _

it = E[(Ly)(a(t);x(t);1)]; (4)
whee 8(g;xt) 2 2 R" [0;¥)
oy WY (@xt)y . Ty (gxt)
(Ly)(ag;xt) := Tf(q,x,t)+ T+
2 .
* puace © );lfg— Y g(qxaiaan’ +

+ A y flaxtit  y@@xt) L(gxt); (5)
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and ¥ (%’X’t), fy (%X’t), and 7Y ig’x) denotethe partial derivativeof y (g;x;t) with re-
spectto t, thegradientof y (qg;x;t) with respecto x, andthe Hessianmatrix of y with
respecto X, respectivelyTheopemtor y 7! Ly de nedby @) is calledthe extended
generatoof the SHS.

We saythata SHSis polynomial(pSHS)if its extendedgeneratolL is closedon
the setof nite-polynomialsin x, i.e., (Ly )(q;x;t) is a nite-polynomial in x for ev-
ery nite-polynomial y (g;x;t) in x. By a nite-polynomialsin x we meana function
y (g;x;t) suchthatx 7! y (qg;x;t) is a (multi-variable)polynomialof nite degreefor
eachxedq2 2,t2 [0;¥). A pSHSis obtainedge.g.,whenthevector elds f andg,
theresetmapsf ;, andthetransitionintensities! ; areall nite-polynomialsin x.

Examplesof Polynomial StochasticHybrid Systems

Examplel (Randonwalk).Letx 2 R denotetheveloct'sty of amoving particlethatis

instantaneouslincreasear decreasby a x edamount e everysooften.Theinterval

of time betweenincreasegaswell asbetweendecreasess exponentiallydistributed
with mean2e. The processx canbe generatedy B SHSwith continuousdynamics
x= ax andtwo resetmapsx 7! f1,(x) := x b e bothwith constanttransitions
intensities/ 1 2(x) := %9 The constanta 0 accountdor viscousfriction. This SHS
hasa singlediscretemodethatwe omittedfor simplicity. Thegeneratofor this SHSis

givenby

Ty, yoce 0 @+ y(x 678 2y(9.
X 2e ’

which is closedon the setof nite-polynomialsin x. It is well known thatase! 0,
X approacheshe solutionto the SDE x = ax + bn, wheren is a Brownian motion
processThis SDEis easyto solve analytically atleastwhentheinitial distribution of x
is GaussianOur (somevhatacademicloalherewould beto studywhathappensvhen
e is not necessarilloseto zeroandfor anarbitraryinitial distribution.

(Ly)(¥) = ax




Example2 (TCP long-lived[14]). The congestiorwindow sizew 2 [0;¥) of a long-
lived TCP o w canbegeneratedy a SHSwith continuousdynamicsw = % anda
resetmapw 7! ¥, with intensity/ (w) := %. Theround-trip-timeRTT andthedrop-
ratep areparameterthatwe assumeonstantThis SHShasa singlediscretemodethat
we omittedfor simplicity. The generatofor this SHSis givenby

=2
(Ly)W) = R11-r ﬂ);]\(,vw)+ pw y(wF;#r yw .

whichis closedonthesetof nite-polynomialsin w.

Example3 (TCP on-of [[14]). The congestiorwindow sizew 2 [0;¥) for a streamof
TCP o ws separatedby inactivity periodscanbe generatedy a SHSwith threedis-
cretemodes2 := f ssca offg, onecorrespondingo slow-start,anotherto congestion
avoidance andthe nal oneto o w inactuity. Its continuousdynamicsarede ned by

8

2('%9133‘” q=ss
w:>% q=ca

"0 g = off;

theresetmapsassociateavith pacletdrops,endof o ws,andstartof o wsaregivenby
(a;w) 7! fa(gsw) == cay , (q;w) 7! fa(q;w) = (off;0), and(q;w) 7! f3(q;w) =
(sswp), respectiely; andthe correspondingntensitiesare

(

I (W) = BW g2 fsscag Lqw) = T d2fsscm
(0 q:off 0 q:Of‘f
1 —
laqw) = T 97 OF
0 qg2fsscay:

The round-trip-timeRTT, the drop-ratep, the average le size k (exponentiallydis-
tributed),the averageoff-time t o (alsoexponentiallydistributed),andtheinitial win-
dow sizewp are parameterghat we assumeconstant.The generatorfor this SHSis

givenby

8
(log2)w Ty (ssw) , PW y(caw=2) y (ssw) w y (off;0) y(ssw) _
2 RTT  fw RTT + KRTT q=ss
L TW) = 1 fy(caw) , Pw y(caw=2) y(caw) w y (off;0) y(caw) _
(Ly)(aw) 3 R + RTT + T g=ca
T y(sswo) y(off;w) q= off;

toff

whichis closedonthesetof nite-polynomialsin w.

Example4 (Networledcontrol systenfd]). Supposehatthestateof astochastiscalar
linearsystemx = ax+ bn is estimatedbasedon state-measurementsceized through
a network. For simplicity we assumehat statemeasurementare noiselessanddelay
free. The correspondingtateestimationerrore 2 R canbe generatedy a SHSwith

continuousdynamicse = ae+ bn andoneresetmape7! 0 thatis activatedwheneer
a statemeasuremeris received. It wasconjecturedn [9] andlatershowvn in [[10] that



transmittingmeasurementat a ratethat dependsn the state-estimatioerror is opti-
malif onewantsto minimizethe varianceof the estimationerror, while penalizingthe
averagerateat which messagearetransmitted This motivatesconsideringhe follow-
ing resetintensity/ (e) := €, r 2 N g. This SHShasa singlediscretemodethatwe
omittedfor simplicity andits generatois givenby

fy(e) , b* Py (9

e 2 ge T YO ye e

(Ly)(e) := ae
whichis closedonthesetof nite-polynomialsin e.
Examples (Decaying-dimerizingeactionset[[12/1J]). The numberof particlesx :=

(x1;X2;X3) of threespeciesnvolvedin the following setof decaying-dimerizingeac-
tions

s % o 25 T S s T o2s; S *Ts (6

canbegeneratedy a SHSwith continuousdynamicsx = 0 andfour resetmaps
h, i

1 2

X7 f1(x) := Xl;g X7 fa(x) = ﬁ%l
3

X1+ 2 X1

X7 f3(x) = x§(31 X7 fa(X) = 2&

with intensitied 1(x) := ¢1xX1, [ 2(X) := °—22x1(x1 1), I 3(X) := c3xg, andl 4(X) := c4Xo,

respectiely. Sincethe numbersof particlestake valuesin the discretesetof integers,
we canregardthe x; aseitherpartof thediscreteor continuousstate We chooseo re-
gardthemascontinuousrariablesbecausave areinterestedn studyingtheir statistical
momentsin this case the SHShasa singlediscretemodethatwe omit for simplicity.

Thegeneratofor this SHSis givenby

C
(LK =cea Yy Lxeixa) y0) + 5xta D)y 2x+Lx) yK

toxe y(xaut Zxe Lixg) y(9) +coey(xixe Lxs+1) y(x)

whichis closedonthesetof nite-polynomialsin x.

3 Moment Dynamics

To fully characterizehe dynamicsof a SHSonewould lik e to determinethe evolution
of the probability distribution for its state(q;x). In general this is dif cult soamore
reasonablgoalis to determineheevolution of (i) the probabilityof q(t) beingoneach
modeand (ii) the momentsof x(t) conditionedto q(t). In fact,oftenonecanevenget
away with only determininga few low-ordermomentsandthenusingresultssuchas
Tchebycheff Markoff, or Bienayne inequalities[6, pp. 114—115}to infer propertiesof
theoverall distribution.



Givenadiscretestateq2 2 andavectorof nintegersm= (my;mp;:::;my) 2 N,
we de ne thetest-functiorassociatedvith g andmto be

M g=q
Mgy = X aq=q . n
g (%)= — 892 Z;x2 R
Yq (@X) 0 q6¢ q
andthe (uncenteed)momenassociatedvith g andmto be
nP ()= E y&™ q@t);x() 8t O )

monomialx]*x;? X,
PSHSshave thepropertythatif onestacksall momentsn anin nite vectorny, its
dynamicscanbewritten as

m=Ag(t)ny 8t O (8)

for someappropriatelyde ned in nite matrix Ay (t). This is because8q 2 2;m=

fore canbewritten asa nite linearcombinationof test-functiongpossiblywith time-
varyingcoefcients). Takingexpectationn thislinearcombinationandusing), (@),

we concludethat ngm) canbewritten aslinear combinationof uncenterednomentsn
ny, leadingto . In the sequel,we referto @) asthe in nite-dimensionalmoment
dynamicsAnalyzing (andevensimulating)(@) is generallydif cult. However, asmen-
tionedabove onecanoftengetawaywith justcomputingafew low-ordermomentsOne
would thereforelik e to determinea nite-dimensionalsystemof ODEsthatdescribes
theevolution of afew low-ordermodels perhapnly approximately

Whenthe matrix Ay is lower triangular(e.g.,asin Exampldll andExampled with
r = 0), onecansimplytruncatehevectorny by droppingall butits rst k elementsand
obtaina nite-dimensionalsystenthatexactly describesheevolution of themomentH.
However, in generalAy hasnonzercelementsabove the maindiagonalandthereforeif
onede nes m2 RX to containthetop k element®f ny, oneobtainsfrom (@) that

m= I yAc(t)ny = A(tym+ B(tym  m= Cny; (9)

wherel, y denotesa matrixcomposeaf the rst k rowsof thein nite identity matrix,
m2 R containsall themomentghatappeain the rst k elementof Ay (t) ny but that
do not appearin m andC is the projectionmatrix that extracts mfrom ny. Our goal
is to approximatehein nite dimensionakystem(@) by a nite-dimensionalnonlinear
ODE of theform

n= A(t)n+ B(t)n(t); n=j (mt); (10)

wherethemapj : RK [0;¥)! R' shouldbechosersoasto keepn(t) closeto nft).
We call (I0) the truncatedmomentdynamicsandj thetruncationfunction We need
the following two stability assumptionso establishsufcient conditionsonj for the
approximatiorto bevalid.

1 Othertruncationsarepossible put it is often cornvenientto keepthe low-ordermomentsof x
asthestatef thetruncatedsystembecausehesearephysicallymeaningful.



Assumption1 (Boundedness)Thele exist setsW,;, and W, sud that all solutionsto
@ and (@0 starting at sometimety 0 in Wy, and W, respectivelyexist and are
smoothon [ty; ¥) with all derivativesof their r stk elementainiformlyboundedy the
sameconstantThesetW, is assumedo beforward invariant.

Assumption2 (Incremental Stability). Thee existsa functiol b 2 . sud that,
for everysolutionny to @) startingin Wy,atsometimet, 0, andeveryt; tg,n 2 W,
there existssomefiy (t1) 2 W whoser stk elementsnatc n; and

kn(t) Mtk b(kn(t) M)kt t); 8t ty (11

whele n{t) and i(t) denotethe r stk elementof thesolutionsto (@) startingat ny (1)
and Ay (t1), respectively

Remarkl. Assumptiorid is essentiallya requiremenbf uniform stability for (&), but
it was purposelyformulatedwithout requiring Wi, to be a subsetof a normedspace.
This avoids having to choosea norm underwhich the (in nite) vectorsof moments
arebounded. Note, e.g.,thatthe usual” p-norms,p 2 [1;¥] would not work for most
“interesting”distributions.lIt is alsoimportantto emphasizé¢hata certain“richness”of
W is implicit in this assumptionlndeed for the existenceof Ay (t1) 2 Wi whose rst
componentsnatchanarbitraryn; 2 W, oneneeds/, to becontainedn theprojection
of Wpintoits rst k components.

Theresultthat follows establisheshat the differencebetweensolutionsto (8) and
(@D corvergesto an arbitrarily small ball, provided that a sufciently large but nite
numberof derivativesof thesesignalsmatchpoint-wise.To statethis result,thefollow-
ing notationis neededWe de ne thematricesCi(t),i 2 N g recursvely by

c't) = ¢c; C*(t) = C'(t)Ax(t) + C'(t); 8 0;i2N g
andthefamily of functionsL’j : RX [0;¥)! R",i2 N qrecursiely by

w AN+ B(D)j (nit) + w

8t 0;n2RKi2N (. Thesede nitions allow usto computetime derivativesof m{t)
andn(t) alongsolutionsto @) and(I0), respectiely, because

d'mt)
Tat

(L% )(n;t) = j (m;t); (L™ )(m;t) =

di;(it)z(l—if (n(®):; 8 02N (12)

= C'(tymy (t);

Theorem 2 (cf. Appendix). For everyd > 0, there existsaninteger N sufciently large
for which thefollowing resultholds: Assuminghatfor everyt 0, nyx 2 Wy,

Ci(t)my = (L'j )(mt);  8i2f0;1:::;Ng; (13)

2 A functionb :[0;¥) [0:¥)! [0;¥)issaidtobeofclassK L if b(0;t)= 0,8t 0;b(st)
is continuousandstrictly increasingonsfor eachx edt  0; andlimy y b(s;t) = 0,8s 0.



where mdenotegdhe r stk element®f ny, then
km(t) n(t)k b(kmty) n(to)k;t to) + d; 8t ty O (14)

alongall solutionsto (@ and (@0) with initial conditionsny (tp) 2 Wipandn(to) 2 Wh,
respectivelywhere nt) denoteghe r stk elementof ny (t).

The proof of this theoremis technicalandthereforewe leave it for the appendix.
The idea behindit is that the conditions(@3 guaranteeshat when the solution ny
to the in nite-dimensionalsystem(@) startsin Wy, the N + 1 derivativesof its rst k
elementsnmatchthoseof the solutionn to thetruncatedsystem({I0). Usingastandard
argumentbasedn a Taylor seriesexpansionwe thusconcludethatthesetwo solutions
will remainclosein a boundednterval of lengthT. To extendthis to the unbounded
interval [0; ¥ ), we usethestability of thein nite-dimensional(@): After the rst interval
[0; T], we canstartanothersolution iy to (@ on Wy, whoserst k elementsinmatchn
attime T, andconcludefrom (I3 thatmandn will remaincloseon[T;2T]. Butbecause
of stability mandmwill corvergeto eachotherandthereforemandn alsoremainclose.
Thisargumentcanberepeatedo obtainthe bound(Id) ontheunboundedime interval
[0;¥). A similaragumentwasusedin the proof of [[4, Theoreml] to analyzetwo time
scalesystemsilt is importantto emphasizéhatfor this algumentto hold, Wy, neednot
beforwardinvariantbecauseve only use(3J for the solutionsimthatarealways“re-
started”in Wi, This explainswhy onemay getgoodmatchedetweerthe original and
thetruncatedsystemsevenif {3 only holdsfor fairly smallsubsetd/Aj, of theoverall
in nite-dimensionalstate-space.

4 Construction of Approximate Truncations

Givenaconstantd > 0 andsetsW,;, W, it may be very dif cult to determinethein-
teger N for which the approximationbound (@) holds. This is becausealthoughthe
proof of Theorenf? is constructve, the computationof N requiresexplicit knowledge
of thefunctionb 2 ¢ Z in AssumptiorPland,atleastfor mostof theexamplesconsid-
eredhere,this assumptiornis dif cult to verify. NeverthelessTheoreni? is still useful
becauset providesthe explicit conditions(I3J that the truncationfunctionj should
satisfyfor the solutionto the truncatedsystemto approximatethe one of the original
system.For the problemsconsiderecherewe require (I3 to hold for N = 1, which
correspondso a secondTaylor expansionsof the solution.Note thatfor N = 1, (I3
simply becomes

v ome L8 )

i (mt)

Cny = j (mt); CAg(t)m = m

8m 2 Wy t 0. Lackingknowledgeof b, we will not be ableto explicitly compute
for whichvaluesof d ([I34) will hold, but we will shov by simulationthatthetruncation
obtainedprovidesavery accurateapproximatiorto thein nite-dimensionalsystem(8),

evenfor sucha smallchoiceof N. We restrictour attentionto functionsj andsetsWp
for whichit is simpleto use(@3) to explicitly computetruncatedsystems.



Sepaabletruncationfunctions: For all theexamplesconsideredwe considerfunctions
j of theform

2 3

nfiini2 ik
n21%2 %k

j ()= Ln® :=L§l t Z; (16)

nfflng.z ndk

for appropriatelychosenconstantmatricesG := [gj] 2 R" KandL 2 R" ', with L
diagonal.n this case,

2 3
1 1 1
nilniz ndgiin, X nlzlniz N3k gion, X ”121”222 N2 g, X
. 1 2 k 1 2 k 1 2 k
i (n) _ LE’H = M Gahy = My N G2l Ny ne Qi
n . . , .

G192 Tk 1 91,92 Tk 1 G192 Gk 1
ny=n; NG = nytm, N Gan, ny-nm, ™ Gy

andtherefore(Id) becomes
Cmy =L n%; (17a)
CA¢(t)m = L diagCmx]Gdiagdm *;my ;o m i v Ax(t)m: (17b)

This particularform for j is corvenientbecausdI7g often uniquelyde nesL and
then(ZD) providesalinearsystenof equation®n G, for whichit is straightforvardto
determindf a solutionexists.

Deterministicdistributions: A setWpthatis particularlytractablecorrespondso deter
ministic distributions.%get:= fP( ; 0;X) : X2 W;q2 29, whereP( ; g;X) denoteshe
distribution of (q; x) for whichq = gandx = x with probabilityone;andW a subsebdf
the continuousstatespaceR". For a particulardistribution P( ; g;x), the (uncentered)
momentassociateavith qandm2 N" ; is givenby

z M qgq=q
n? = yP@GRPGd X = v (gx) = )(; ia
aé q;
andthereforehevectorsm in Wi, have thisform. Althoughthisfamily of distributions
may seemvery restrictve, it will provide us with truncationsthat are accurateeven
whenthe pSHSsevolve towardsvery “nondeterministic’distributions,i.e., with signif-
icantvariance For this setWp, (1) takesa particularlysimpleform andthe following
resultprovidesa simplesetof conditionsto testif atruncationis possible.

Lemmal (cf. Appendix). Let W, be the setof deterministicdistributions.Zye; with
W containingsomeopenball in R" and considertruncationfunctionsj of the form
@{@9. ThematricesL and G mustsatisfy:

1. L mustbetheidentity matrix.



2. For everymomentn§™) in mandeverymomentrg™ in mfor which g; & g, one
musthaveg ; = 0.
3. For everymomenlnﬂ“) in m onemusthaveak_; g,;m = m.
Gi=q
Moreover, the following conditionsare necessaryor the existenceof a functionj of
theform (@) that satis es(@I3):

4. For everymomentrd™ in mthe polynomiall 8¥%_, a,;x™ mustbelongto the
linear subspacgenematedby thepolynomials -
n ¥ | _ 0
a g™ ™1 k=

=1
gi=a

5. For everymomentrg ™) in mandeverymomentrd™ in ny with g 6 ¢, wemust
havea,; = 0. Here we are denotingby a;; the jth row, ith columnentry of Ay.

Conditiond imposesa diagonal-band-lik structureon the submatrice®f Ay con-
sisting of the rows/columnsthat correspondo eachmomentthat appeardsn m This
condition holds for Exampled2, B and@, but not for Exampleld However, we will
seethat the momentdynamicsof this examplecanbe simpli ed so asto satisfythis
conditionwithout introducinga signi cant error.

ConditionHimposesaform of decouplingoetweerdifferentmodesn theequations
for m This conditionholdstrivially for all examplesthathave a singlediscretemode.
It doesnot hold for Exampleld, but also hereit is possibleto simplify the moment
dynamicgo satisfythis conditionwithout introducinga signi cant error.

5 Examplesof Truncations

We now presentruncatedsystemdor the severalexamplesconsideredeforeanddis-
cusshow the truncatedmodelscompareto estimatesof the momentsobtainedfrom
Monte Carlo simulations.All Monte Carlo simulationswere carriedout usingthe al-
gorithmdescribedn [[1]. Estimatef themomentsvereobtainedby averagingalarge
numberof Monte Carlosimulationsln mostplots,we useda sufciently largenumber
of simulationssothatthe99%con denceintervalsfor themeancannotedistinguished
from the point estimatesat the resolutionusedfor the plots. Ir is worth to emphasize
that the resultsobtainedthroughMonte Carlo simulationsrequiredcomputationakf-
forts ordersof magnitudenigherthanthoseobtainedusingthe truncatedsystems.

Exampldll (Randomwalk). For this systemy (M(x) = x™, 8m2 N ¢ andwe conclude
that

x+ P @M+ (x bo @™ 2m
2e

3 We areconsideringoolynomialswith integer (both positive andnegative) powers.

(Ly ™) = max"+



= max"+ § blez y ™M (x)
ilg/gn
Therefore
znﬂ,a 2 03 2 - 32,#1,3
m? b 0 2a 0 m?
3 0 3b 0 3a 0 md
M4 =8b%eft@ 0 6b 0O 4a 0 m4
PG 0 5% 0 10b 0 5a 0 PG

Sincemf9(t) = 1,8t 0 we excludednf® from the vector m resultingin an af ne
system(asopposedo linear).
Becauseéhe in nite-dimensionalmomentdynamicsare lower-triangular this sys-

temcanbetruncatedexactly. For example,athird ordertruncationyields

2 .3 2 32 .3 23
m? a0 o0 mb 0

4mMA5=40 2a 0 5425+ 4p5
s 3b 0 3a nfd 0

which canbe solvedexplicitly:
mMYt)=e 2nfP0); M) = %(1 e )+ e {2 (0);
3 () = g—g(e A e ¥ pfN(0)+ e A nfd(0);
fora6é 0,and
niD(t) = niD(0);  mA(t) = bt+ mA(0);  MI(t) = ot (0) + 3 (0);

for a= 0. It is interestingto notethattheseequationsdo not dependon e becausehis
parametepnly appearsn the equationfor nf%. This meansthatup to the third order
momentghis pSHSis indistinguishabldrom the SDEx = ax + bn.

Exampld (TCP long-lived). Since for this systemit is particularly meaningfulto
considermomentsof the paclet sendingrater := %=, we choosey (M(w) = R"1V.rmm,
8m2 N ¢ andconcludethat

1 m 1 m 1 m
(Ly ™)(w) = m_lzvrmm+1 2 S 1 |§-|\iv|—r:+1 _ myF(eTr)Z(W) p2 - 1y(m|— D (w):
Therefore s o ;2 ; 3,
m(l) - %r 5 0 5 0 mD
m? 0 2, 0 20 nig
nfd é 0 g 0 2% 0 2o gﬁ“)
nf? 0 0 0 & o 2o

o)
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Fig. 1. ComparisonbetweenMonte Carlo simulationsand two truncatedmodelsfor

ExampldZ, with RTT = 50msanda stepin the drop-ratep from 2% to 10% at time
t = 5sec.

Sincemf9(t) = 1,8t 0 we excludedmf® from the vector m resultingin an af ne
system(asopposedo linear).

We considera truncationwhosestatecontainsthe rst andsecondnomentsof the
sendingrate.In this cased) canbewritten asfollows:

h i h i 1 h i
mb ' 0 5 T > 0o —
W T 2, 0 + RBF tooxm (18)
wherem:= mf® evolvesaccordingto mf3 = % 7pri?

s—- In this case () hasa
uniquesolutionj , resultingin atruncatedsystemgivenby (I8 and

_ )3
m= j (m?;nf?) := ((nﬁ‘)))z—i

Figure[I{a] shavs a comparisorbetweenMonte Carlo simulationsandthis truncated
model. The dynamicsof the rst momentof the sendingrate is very accuratelypre-
dictedby thetruncatednodelandthereis roughlya 10%errorin the steady-statealue
of the standarddeviation. In the simulations,a stepin the drop probability wasintro-

ducedat time t = 5secto show that the truncatedmodelalso captureswell transient

behaior. FigurefI(b]refersto amoreaccuratéruncatednodelproposedn [[], which
correspondo

(19)

m? 3

mD

Its constructiorrelied ontheexperimentabbsenationthatthe steady-statdistribution
of thesendingateappearso beapproximately og-Normal.lt turnsoutthatthis model

m=j (mY; m?) = (20)



couldalsohave beenobtainedusingthe proceduredescribedn Sec3 by requiring(@3)
to hold only for N = 0 but for a set Wy, consistingof all Log-Normal distributions,
which is richer thanthe set.Zq¢t of deterministicdistributionsusedto construct(@9).

Exampldd (TCPon-of). For thissystemwe alsoconsidemomentf thesendingate
r .= g% onthessandcamodesandthereforewe use

) (1 q= off (m ( W g=ss
Yorr (W) = ( 0 g2fcasy yes (aw) = ORTr q2 f caoffg
W q=ca
y&@w = & 32 fssoffg
whichyields
LyDaw =ty Qaw+ y@aw+ v @w

tow mlog2 1
(Ly&(gw) = 28y Digw)+ T2y D @w  (p+ Dy Gw)

) = Dy m . (mD.,. 1 Py, (mD), .
Ly ) gw) = 2y D (gw)+ W (DD oy w):
(Lyca’)(d;w) 2m)/ss (g;w) R-l_l-g)/ca (gw) (k p Zm))/ca (g;w)
Therefore

2 32 (3

nf th 00 tp oo o o)

n@ 0 0 o0 p i o ,,%g)

"%) %, oz o 1p 0 "%)

k) o 0o l, 0 o & LI o k)

d23 B a2 R o2

Nubs %go o o o Mg oo 1, o e

n%; o 00 o 2 0 o § 1P o n{%

1,

:ig) %‘"ﬁo o o o o o M o 1, o :Ei)

8 _a 0 0 o0 0 0 0 %2 0 0 Pl o né)

8 7L

Sincenéo), nég), and nég) arethe probabilitiesthatq is equalto off, ss andca, respec-
tively, thesequantitiesmustadd up to one.We could thereforeexclude one of them
fromm

We consideratruncationwhosestatecontainghezeroth, rst, andsecondnoments
of thesendingrate.In this case @) canbewritten asfollows:

2 3
2 ng°>3 tlb 0 0O & & 0 o 2 ng°>3

. tbh 0 0 Lt p 0 0O 0 . 2 3
”és 0O 0 O p :RL 0 0 ”és 0 0
ni2 . 9 5 0

W log2 —
dz=g#ro o g o {op oo gD +§ 0 0 ?,m (21)
o) oo t, o o § {9% ey Y .

a a p 1 3p
ng? Wi 5 g 0o kgt o 2 AL
néZ) RTT2 RTT néZ)

a 0 0 O # 0 0 a



wherem:= [nf? nfd°evolvesaccordingto

towe log8
9= 00, 0980 (2 pyndd, (222)
1 7
= o nf? + pné? o+ nkd: (22b)

However, (23 doesnot satisfyconditionH in Lemmalll becausehe differentdiscrete

modesdo not appeardecoupledng’) dependon ?f), and n*g) dependon ng). For
thepurposeof determining , weignorethe crosscouplingtermsandapproximatef22)

by

3 log8 3 1 4. 3) 2 1. 7p, (4.
) 20 Cepndd n o (o Pynfd (3)
The validity of theseapproximationggenerallydependson the network parameters.
When 23 is used,it is straightforvard to verify that (I hasa uniquesolutionj ,
resultingin atruncatedsystemgivenby 1) and

m=j(m= el né‘”)?(néz))? 0; (24)

S e

Sincenéo), nég), and nég) correspondo the probabilitiesthatq is equalto off, ss,and
ca, respectiely, thesequantitiesmustaddup to oneandwe canexcludeone of them
from the state.

Figurel shavs a comparisorbetweenMonte Carlo simulationsandthe truncated
model @1), 9). The dynamicsof the rst andsecondordermomentsareaccurately
predictedby thetruncatednodel. Thereis somesteady-staterrorin the probabilities
of eachmode,especiallyafter the drop-ratep droppedto 2%. This correspondso a
situationin which the sendingrate in the ss mode exceedsthat of the ca mode and

thereforethe nﬁ) term droppedfrom &3 in the nﬁ) equationmay actually have a
signi cant effect. Somevhat surprisingly evenin this casethe rst andsecondorder
momentsarevery well approximatedln preparingthis paper several simulationwere
executedor differentnetwork parameterandinitial conditions Figure@ shavstypical
best-casébeforet = 1) andworst-casdaftert = 1) results.

Theaveragele sizeusedo producerig.Blis consistentvith theoneobsenredin the
UNIX le systenreportedn [[15]. It shouldbe emphasizethatthe overall distribution
of the UNIX le systemandmoreimportantlyof les transmittedover the Internetis
notwell approximatedby anexponentialdistribution. More reasonabldistributionsare
Paretoor mixturesof exponentialsBoth couldbemodeledby pSHSsput for simplicity
herewe focusedour attentionon the simplestcaseof a singleexponentialdistribution.

Exampldd (Networled contol system)For this systemy (M (e) = €",8m2 N o and

m(m 1)b?
2

(Ly M)(e) = ame™+ gn 2 gm2r



Fig. 2. (left) ComparisorbetweenMonte Carlo simulations(solid lines) andthe trun-
catedmodel (ZI), 9 (dashedines)for Exampleld with RTT = 50ms,tq = 1sec,
k = 20:39 paclets (correspondingo 30.58KB les broken into 1500bytespaclets,
which is consisteniith the le-size distribution of the UNIX le systemreportedin
[15]), anda stepin thedrop-ratep from 10%to 2% att = 1sec.
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Fig. 3. (right) ComparisorbetweerMonte Carlo simulationg(solid lines) andthe trun-
catedmodel @9), (29 (dashedines)for Exampled, with a= 1, g= 1, andastepin
theparameteb from 10to 2 attimet = 0:5sec.

2
= amy(m)(e)+ My(m 2)(8) y(m+2r)(8):
Therefore
n{1)3 2 am)  pii+2r) 3
m2 b2 + 2an42) mi2+2r)
md 3p2mD + 3amd  nfd+2r)
w4 6b2m2 + dam®  nf4+2r)

n{S) (b2n,{3) + 53[7“5) n{5+ 2r)

In particular for r = O we get

2nf1) 2 0 a 1 0 32 n41)3
2 b? o 2a 1 0 el
m3 0 b2 0 3a 1 0 gn@
m4 0 o 6b2 0 4a 1 O nf9
o 0 0O 1002 0 5a 10 nf)



andfor r = 1weget

2m1,3 2 0 3 2 4 0 Lo 32m1)3
m? b? 0 2a O 10 m?2
3 0 3 0 3a 0 10 m3
mMd2=89 04+t 0 602 0 4a0 10 4
5 0 0O O 1?05 0 10 Q)

Sincemf9(t) = 1,8t 0 we excludedmf® from the vector m resultingin an af ne
system(asopposedo linear).

For r = 0, thein nite-dimensionaldynamicshave alower-triangularstructureand
thereforeanexacttruncationis possible However, this cases lessinterestingoecausd
correspond$o areset-ratehatdoesnotdependn the continuousstateandis therefore
fartherfrom the optimal[[9/10]. We considetherer = 1. In this casetheoddandeven
momentsaredecoupledndcanbestudiedindependentlyit is straightforwardto check
thatif the initial distribution of e is symmetricaroundzero,it will remainso for all
timesandthereforeall odd momentsareconstanandequalto zero.Regardingtheeven
momentsthe smallesttruncationfor which conditiond] in Lemmalll holdsis a third
orderone,for which @ canbewritten asfollows:

W e 1o T h,i o hoi

b? 0" —
MY = e?2 4 1 n® + 0 + 0 M (25)
m 0 1502 6a 9 0 1

wherem:= m® evolvesaccordingo m® =  2802mf9 + 8ant® {19 It is straight-
forwardto verify that (T hasauniquesolutionj , resultingin atruncatedsystengiven
by @3 and

6 3
[

Figurddshovs acomparisorbetweerMonteCarlosimulationsandthetruncatednodel
&9, 9. The dynamicsof the all the momentsare accuratelypredictedby the trun-
catedmodel.The nonlinearityof theunderlyingmodelis apparenby thefactthathalv-
ing b attimet = 0:5sec,which correspondso dividing the varianceof the noiseby 4,
only resultsin approximatelydividing the varianceof the estimatiorerrorby 2.

m=j (m?;m?; nf®) = nf? (26)

Exampldd (Decaying-dimerizingeactionset).For this systenthetestfunctionsareof
theform y (M-MM2) (x) = xMx02x5°, 8my;mp;mg 2 N o andwe concludethat
(Ly MMM () = ey (a D™ G xGEg
+ C—szl(xl ) (xa M+ D™ xMx0? xg®
+ogxo (at+ 2™ DT X2 xgE+ Caxo (o D)™(xg+ D™ xgPxg° X*

m 1 S
=aa T lyrimmyg
i=0



Co MMy

v A T Can yEme y R
1]=
(i;1)86( my;mp)
mym, i PG
+c; A ™ ”;z 2m i )M Iy (B Lms) ()
i;j=0
(i;])8( mg;mp)
+c o a Mo T M Ty MLy (27)
i;j=0
(i;])8( mp;mg)

wherethe summationsesultfrom the power expansionof theterms(x; c¢)™. There-
fore

2 m1;0;0) 3 2
o0 citc; 2c3 O C2 0
,-,{0'0‘1) =2 c3 ¢4 0 =2 0
0 ¢, O 0 0
nf20.0) c 2, 4cg 0 2+4c, 0 4cs
moz0 7 _ =2 c3+tcy 0 =2 2c3 2¢4 C2
muLo 4 [ 2c3 0 3c=2 2c3 C+Cy C3 C4
300 c+4c, 8cz 0 3c; 10c, 0 12c3
{210 2c, 4c3 O 4c; 4c3 C 2c; 4cs
2 m1;0;0) 3
mo;l;o)
3 mo;o;l)
n‘Z;O;O)
2 0 iz
0 & 0 mLL0)
=2 C2 0 nf3:0.0)
3c1+9c, 6C3 0 3c; 0 f21:0)
5c,=2 0 2ci;+4c, C3 C4 4cz =2 2c3 0 120
n‘4;0;0)
m3;1;0)

For this examplewe considera truncationwhosestatecontainsall the rst andsecond
ordermomentgor the numberof particlesof the rst andsecondspeciesTo keepthe

formulassmall, we omit from the truncationthe secondmomentsof the third species,
which doesnotappeaiasareactanin ary reactionandthereforeits higherorderstatis-
ticsdo notaffectthe rst two. In this case ) canbewritten asfollows:

2 3 2 3
nfL0:0) 2 gt 2c3 O C2 0 0 3 nfL0:0) 2 3
n{0:1:0) %2 C3 €4 0 %2 0 0 nf0:1,0) 8 8
oo 4 0 ¢ 0 0 0 0 nfo:0:L) 0 07—
200) cy C2c2 4c3 o4cZC 20 0 4c3 200) + 2 (2)62 f gm
{0:2:0) —22— c3tcy O —22— 2c3 2c4 Co nf0:2;0) [ (2:
n{l;l;O) Co 2c3 O 3% 2c3 Cp C C3 Ca n{l;l;O) K 2

(28)



wherem:= [nf300 pf210 ]Oevolvesaccordingo
300 = ( ¢; + 4cp) MO0 + 8c3m L0 + (3¢, 100,) M09 + 1205110

+( 3c1+ 9c) M390) + 6cg 210 3¢, nf400) (29a)
n{2;1;0) - 2C2,ﬁ1;0;0) 4C3Iﬁ0;1;0) + 402n{2;0;0) + 403n{0;2;0) + (Cl 2c, 4C3)n{1;1;0)
3;0,0) 4,0,0)
7502”2 +(4c, 2c1 c3 Cy) m2L0 4 403n4152?°) + 702!'!{2 ZCZH{S;:L;O)Z
(29b)

This systemdoesnot satisfyconditiondin Lemmallbecaus¢he 09 n{010) terms
in the right-handsidesof (29) leadto monomialsin x; andx in &%, a,; xX™ thatdo
not exist in ary of the polynomials &, a;;xX(M ™*™ :1 j 6 . Theseterms
canbe easilytracedbackto the lowest-ordertermsin power expansionsn (27 and
disappeaif we only keepthe threehighestpowers of x; in the expansionof (x;
1)™ that correspondso the rst reactionandthe two highestpowersof x; andx; in
the expansionsof (x; 2)™ and(x, 1)™ that correspondo the secondandthird
reactions.In practice this leadsto thefollowing simpli ed versionof ([Z8)

2 3 2 3
n{lioio) c+c; 23 0 o 0 0 3 n{liofo) o 03
m0:1,0) %2 3 ¢4 0 %2 0 0 mf0:1,0) 0 0
moon 4 0 ¢ 0 0 0 0 000 +2 0 0 g—
200 [ 1 0 04c; 2 0 4c3 n{2:0.0) (2)(:2 C0 m
n{O;Z;O) 0 Ca 0 gc 2c3 2cq4 Co n{O;Z;O) ) (2:
fLL0) C2 23 0 32 2c3 cpC C3 Cy fLL0) z 2
(30)
wherenow m:= [ {300 n{2:1:0>]Oevolvesaccordingo
300 = 36,1200 4+ ( 3c, + 3c2) 390 + 61O 3c,nf400
. o 10y 5Conf300)
M0 = 2¢,nf200 + (c1 403),741,1,0) 2 .
. oy 400 N
+( 2c1+2c; c3 Cy) n42,1,0) + 4C3IT{1’2’0) + - 202!743’1’0);

for which conditionl in Lemmalll doeshold, allowing usto nd auniquesolution;
to (I3, resultingin atruncatedsystemgiven (@8 and

[ 0
- . _ mM200 3 {2,000 HL10 2 ¥,
m=j(m= AT00  OL0) L0 : (31)

Ignoring the lowest-ordempowersof x; andx; in the power expansionss valid when
the populationsof thesespeciesarehigh. In practice the approximationstill seemgo
yield goodresultseven whenthe populationsarefairly smallasshovn by the Monte
Carlosimulations.

Figured shavs a comparisorbetweenMonte Carlo simulationsandthe truncated
model@28), @1). Thecoefcients usedweretakenfrom [[I3 Examplel]: ¢; = 1,¢c; =
10, c3 = 1000,¢4 = 10 1. In Fig.[{@) we usedthe sameinitial conditionsasin [13
Examplel]:

x1(0) = 400, x2(0) = 798 x3(0) = O: (32)



Table 1. Comparisorbetweenestimatesbtainedfrom Monte Carlo simulationsand
the truncatedmodelfor Exampled The Monte Carlo simulationdatawastaken from
3.

Sourcefor theestimates E[x1(0:2)] E[x2(0:2)] StdDey[x1(0:2)] StdDes[x2(0:2)]
10,000MC. simul. 387.3 749.5 18.42 10.49
model@9), 1) 387.2 749.6 18.54 10.60

The matchis very accurateascanbe con rmed from Table[ll The valuesof the pa-

rametershoserresultin a pSHSwith two distincttime scaleswhich makesthispSHS
computationallydif cult to simulate(“stiff” in theterminologyof [[L3]). Theinitial con-

ditions 2 startin the “slow manifold” x, = %oxl(xl 1) andFig. (@] essentially
shawvstheevolutionof the systemon this manifold.Figured(b]zoomsin ontheinterval

[0;5 10 4 andshawvstheevolution of the systemtowardsthe manifoldwhenit starts
away from it at

x1(0) = 800, x2(0) = 100, x3(0) = 200 (33)

Figured4(cH4(d) shovs anothersimulationof the samereactionsbut for muchsmaller
initial populations:

x1(0) = 10; x2(0) = 10; x3(0) = 5: (34)

The truncatedmodelstill providesan extremelygoodapproximationwith signi cant
erroronly in thecovariancebetweerx; andx, whentheaveragegndstandardieviation
of thesevariablesgetbelor one. This happensn spiteof having used(@0) insteadof
&9 to computej .

6 Conclusionsand Future Work

In this paper we shaved that the in nite-dimensionallinear momentdynamicsof a
pSHScanbe approximatedy a nite-dimensionalnonlinearODE with arbitrarypre-
cision. Moreover, we provided a procedureto build this type of approximation.The
methodologywasillustratedusinga varied pool of examples,demonstratingts wide
applicability. Severalobsenationsarisefrom theseexampleswhich pointto directions
for futureresearch:

1. Surprisingly in all the examplesconsideredhe truncationfunctionj doesnot
dependon the parametersf the vector elds or the transitionintensities Clearly,
this cannotbe a generabpropertyof pSHSsandapparentlywve weresimply “lucky”
in theexamplesfor whichwe appliedour procedureHowever, theremaybedeeper
reasongor this independencthatrequirefurtherinvestigation.

2. The computatiorof thetruncationfunction doesnot directly take into accounthe
steady-statdistribution of the pSHS.Thisis desirablebecausdor all theexamples
presentedt is dif cult to computethe steady-state@aluesof the momentsHow-
ever, when steady-statealistributions are available, they canimprove the steady-
stateaccuray of the truncatedsystem. This wasdonein Examplel, for which
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Fig. 4. ComparisorbetweenMonte Carlo simulations(solid lines) and the truncated
model@8), @1 (dashedines)for Exampldd

experimentalobsenationsindicatethatthe steady-statdistribution of the sending
rateappearso be approximatelyLog-Normal. However, it would be desirableto
devise constructionghatimprove the steady-stataccurag evenwhenthis type of
insightis not readilyavailable.

3. In all theexamplespresentedwe restrictedour attentionto truncationfunctionsj
of theform ([@I8) andwe only useddeterministiadistributionsto computej . Mostly
likely, betterresultscould be obtainedby consideringmore generaldistributions,
which mayrequiremoregeneraformsfor j .



4. Thetruncationof pSHSghatmodelchemicalreactiongprovedespeciallyaccurate.
This motivatesthe searchfor systematigprocedurego automaticallyconstructa
truncatedsystemfrom chemicalequationsuchas(@). Anotherdirectionfor future
researcltonsistof comparinghetruncatednodelsobtainsherewith thosein [[1g].

An additionaldirectionfor futureresearcltonsistof establishinggomputabldounds
ontheerrorbetweersolutionsto thein nite-dimensionalmomentslynamicsandto its
nite-dimensionaltruncations.

Appendix

Proof (TheoemP). For agivend > 0, let T > 0 andN > 0 be sufciently large so
thatfor every solutionny andn to (@ and(@J) startingatsomety 0 in Wy, and W,
respectiely, we havel]

bknt) nkit) 5 8 Tt 1 (35)
!

(ZT)N+2 dN+2n(t) dN+2n(t) d_

(N+ 2)! tsut(E) dtN+2 +tsutop dtN+2 2" (36)

Theexistenceof T is guaranteethy thefactthatb 2 .# ¥ andby theboundednessf n
andm asperAssumptiorfll For thechoser, the existenceof N is guaranteedby As-
sumptiorfll andthefactthatlimy: y % = 0. Thejusti cation for thesede nitions
will becomeclearshortly.

Let ny andn besolutionsto @) and(@0) startingin W, and W, respectiely, at some
timety 0. Foragivent; tp, sinceW, is forwardinvariant,n; := n(t1) 2 W, and
therefore becausef Assumptiord, thereexists someny (t1) 2 Wy, whose rst k ele-
mentsmatchn, andfor which ) holds.Therefore

km(t) n(hk kmt) A(k+ kAtt)  n(tk
b(km(ty) ntkit t)+kA(t) nMk 8 t:  (37)

We now shaw by inductiononi that
difty) _ dn(ty).
gi =~ ati

The baseof induction(i = 0) holdstrivially by the way fi{t;) was selectedSuppose
now thatthestatemenholdfor somei  N. Takingi+ 1 derivativesof Ai{t) n(t) with
respectot, oneobtains

d* i(t) n@t) _ d

T - g M n)

d R d R —
=g AO M nM  + o BO Ci () n()

4 Theleft-hand-sidesf 33 and (@8 needto addupto d but otheroptionsarepossible.

8i2f0;1;:::;N+ 1g: (38)



L d A d At) nt) 4 i d IB(t)dl Chv(t) n(t)

=3 b : +3 N : 39
di Aty n(t) . .
All theterms—dtj— in the rst summatiorareequalto zeroatt = t; becausef
theinductionhypothesisMoreover, from (I2) and (3 we concludethat
diChy(t o v - din(t
TEMM) = it = (L) )ittt = (L Xn()it) = T2

di Chy(t) n()

This meansthat all the terms 5

which nishes the proof of (38).

Expandingiqt) andn(t) asanNth-orderTaylor seriesaroundthepointt; 0 andusing
B9 and(@9), concludethatki(t) n(t)k %, 8t 2 [ty;ty + 2T]. Fromthis and (33),
we obtain

in B9 arealsoequalto zeroatt = ty,

kmt) n(t)k b(kmty)) n(t)kt t)+ g; 8t 2 [ty;t1+ 2T]:  (40)
We shaw next by inductionthatfor everyi 2 N 4,
kmt) n(t)k d; 8t2[to+ iT;tg+ (i+ LTI (41)

The basisof induction (i = 1) is a direct consequencef Q) with t; := tg and 9.
Assumingnow that @) holdsfor somei 1, we concludefrom @0) with t; ;= to+ iT
that

kn(t) n(k bknlto+ iT) n(to+ Tkt to iT)+g d;

8t 2 [to+ (i+ 1)T;to+ (i+ 2)T], which nishestheproofof (@). From@J) with t; := tg
and@J) if followsthat

kmt) n(t)k b(kmto) n(to)k;t to) + d; 8t fto;
which completeghe proof. ]

Proof (LemmdI)). Take a vectorny 2 W, correspondingdo the distribution P( ; g;X)

andlet n‘&m) be the momentcorrespondingo theith row of ny. Consideringa partic-
ular row of C that hasa one at the "th columnsand zero at every other column,the
correspondingow in thevectorequality(TZd canbewritten as

8
1 gi= 0
k (m) <= X 2 i
ngn) - ,\O(,-,éim))g;i , X ¢=a_ I-Q_X9m™ g.60g=q
i=1 0 Téq i:1'>0 g.i60,06q
T

wherel ;, 6 0 is thediagonalentry of L thatcorrespondshis particularrow of C. For
gc = q andx 6 0 the left-hand-sideis nonzeroand thereforewe musthave g;; = 0



wheneer g; 6 g, becausetherwisethe right-hand-sidevould be zero,which proves

K i .
1 Moreover, we mustalsohave x(™) = [ ,x 8i=1g=q MY ; 8x 2 W, which proved]
andd Considemow the correspondingow in the vectorequality (IZE), which canbe
written as

¥

o ) m) m)
i?lae,lnél I‘Ié iz 1ném)

Forq, = q, sinceg, ; = O wheneerq; 6 q= ¢, (becausefd), we concludethat

a j |’7ém) (42)

Qo

k ¥
a, X = é g & ax™ ™M gy Wy

1 i
q gj q q=q

a

whichprovedd For q, 6 g, theright-hand-sidef [@2) is zeroandthereforeg ¥_ ; a,; x(™ =
4=
0, 8x2 W which provesd [ ]
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