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Abstract. This paperdealswith polynomialstochastichybridsystems(pSHSs),
whichgenerallycorrespondto stochastichybridsystemswith polynomialcontin-
uousvector�elds, resetmaps,andtransitionintensities.For pSHSs,thedynamics
of the statisticalmomentsof the continuousstatesevolve accordingto in�nite-
dimensionallinear ordinarydifferentialequations(ODEs).We show that these
ODEscanbeapproximatedby �nite-dimensionalnonlinearODEswith arbitrary
precision.Basedon this result,we provide a procedureto build this typeof ap-
proximationsfor certainclassesof pSHSs.Weapplythisprocedurefor severalex-
amplesof pSHSsandevaluatetheaccuracy of theresultsobtainedthroughcom-
parisonswith MonteCarlosimulations.Theseexamplesinclude:themodelingof
TCPcongestioncontrolbothfor long-livedandon-off �o ws;state-estimationfor
networkedcontrolsystems;andthestochasticmodelingof chemicalreactions.

1 Intr oduction

Hybrid systemsarecharacterizedby a state-spacethat canbe partitionedinto a con-
tinuousdomain(typically Rn) anda discreteset (typically �nite). For the stochastic
hybrid systemsconsideredhere,both the continuousandthe discretecomponentsof
thestatearestochasticprocesses.Theevolution of thecontinuous-stateis determined
by a stochasticdifferentialequationandthe evolution of the discrete-stateby a tran-
sition or resetmap.The discretetransitionsare triggeredby stochasticeventsmuch
like transitionsbetweenstatesof a continuous-timeMarkov chains.However, therate
at which thesetransitionsoccurmaydependon thecontinuous-state.Themodelused
herefor SHSs,whoseformal de�nition canbe found in Sec.2, wasintroducedin [1]
andis heavily inspiredby thePiecewise-DeterministicMarkov Processes(PDPs)in [2].
Alternativemodelscanbefoundin [3,4,5].

The extendedgeneratorof a stochastichybrid systemallows oneto computethe
time-derivativeof a“test function” of thestateof theSHSalongsolutionsto thesystem,
andcanbe viewed asa generalizationof the Lie derivative for deterministicsystems
[1,2]. Polynomialstochastichybrid systems(pSHSs)are characterizedby extended
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generatorsthat map polynomial test functions into polynomials.This happens,e.g.,
whenthecontinuousvector�elds, the resetmaps,andthe transitionintensitiesareall
polynomialfunctionsof thecontinuousstate.An importantpropertyof pSHSsis thatif
onecreatesanin�nite vectorcontainingtheprobabilitiesof all discretemodes,aswell
asall the multi-variablestatisticalmomentsof the continuousstate,the dynamicsof
thisvectoraregovernedby anin�nite-dimensionallinearordinarydifferentialequation
(ODE), which we call the in�nite-dimensionalmomentdynamicsandde�ne formally
in Sec.3.

SHSscan model large classesof systemsbut their formal analysispresentssig-
ni�cant challenges.Althoughit is straightforwardto write partialdifferentialequations
(PDEs)thatexpresstheevolutionof theprobabilitydistributionfunctionfor theirstates,
generallythesePDEsdo not admit analyticalsolutions.The in�nite-dimensionalmo-
mentdynamicsprovidesanalternative characterizationfor thedistribution of thestate
of a pSHS.Although generallystatisticalmomentsdo not provide a descriptionof a
stochasticprocessasaccurateasthe probability distribution, resultssuchasTcheby-
cheff, Markoff, or Bienayḿe inequalities[6, pp.114–115]canbeusedto infer proper-
tiesof thedistribution from its moments.

In general,thein�nite-dimensionallinear ODEsthatdescribethemomentdynam-
ics for pSHSsare still not easyto solve analytically. However, sometimesthey can
beaccuratelyapproximatedby a �nite-dimensionalnonlinearODE,which we call the
truncatedmomentdynamics.We show in Sec.3 that,undersuitablestability assump-
tions,it is in principlepossiblefor a �nite-dimensionalnonlinearODE to approximate
the in�nite-dimensionalmomentdynamics,up to anerror thatcanbemadearbitrarily
small.This result is basedon a Taylor seriesexpansionthat is usedto prove that the
differencebetweenthe solutionsto the �nite- and in�nite-dimensionalODEscanbe
madearbitrarily smallona compacttime interval [0;T]. Subsequently, this is extended
to theunboundedtime interval [0;¥ ) usinganargumentsimilar to that foundin [7] to
analyzetwo timescalesystems.

Aside from its theoreticalinterest,the above mentionedresultmotivatesa proce-
dureto actuallyconstructthese�nite-dimensionalapproximationsfor certainclassesof
pSHSs.This procedure,which is describedin Sec.4, is applicableto pSHSfor which
the(in�nite) matrixthatcharacterizesthemomentdynamicsexhibitsacertaindiagonal-
bandstructureandappropriatedecouplingbetweencertainmomentsof distinctdiscrete
modes.Thedetailsof thisstructurecanbefoundin Lemma1.

To illustrate the applicability of the resultswe considerseveral systemsthat ap-
pearedin theliteratureandthatcanbemodeledby pSHSs.For eachexample,we con-
structin Sec.5 truncatedmomentdynamicsandevaluatehow they comparewith esti-
matesfor themomentsobtainedfrom a largenumberof MonteCarlosimulations.The
examplesconsideredinclude:

1. Themodelingof thesendingratefor network traf�c underTCPcongestioncontrol.
We considertwo distinct cases:long-livedtraf�c correspondingto the transferof
�les with in�nite length;andon-off traf�c consistingof �le transferswith expo-
nentially distributedlengths,alternatedby timesof inactivity (alsoexponentially
distributed).Theseexamplesaremotivatedby [1,8].



2. Themodelingof thestate-estimationerror in a networkedcontrol systemthatoc-
casionallyreceivesstatemeasurementsover a communicationnetwork. The rate
at which the measurementsaretransmitteddependson the currentestimationer-
ror. This typeof schemewasshown to out-performperiodictransmissionandcan
actuallybeusedto approximateanoptimaltransmissionscheme[9,10].

3. Gillespie's stochasticmodelingfor chemicalreactions[11], which describesthe
evolution of the numberof particlesinvolved in a setof reactions.The reactions
analyzedweretaken from [12,13] andareparticularlydif�cult to simulatedueto
theexistenceof two verydistincttime scales.

2 Polynomial StochasticHybrid Systems

A SHSis de�ned by astochasticdifferentialequation(SDE)

�x = f (q;x;t) + g(q;x;t) �n; f : Q � Rn � [0;¥ ) ! Rn; (1)

g : Q � Rn � [0;¥ ) ! Rn� k;

a family of m discretetransition/resetmaps

(q;x) = f `(q
� ;x� ;t); f ` : Q � Rn � [0;¥ ) ! Q � Rn; (2)

8` 2 f 1; : : : ;mg, anda family of mtransitionintensities

l `(q;x;t); l ` : Q � Rn � [0;¥ ) ! [0;¥ ); (3)

8` 2 f 1; : : : ;mg, wheren denotesa k-vector of independentBrownian motion pro-
cessesand Q a (typically �nite) discreteset. A SHS characterizesa jump process
q : [0;¥ ) ! Q calledthediscretestate; astochasticprocessx : [0;¥ ) ! Rn with piece-
wise continuoussamplepathscalled the continuousstate; andm stochasticcounters
N` : [0;¥ ) ! N� 0 calledthetransitioncounters.

In essence,betweentransitioncounterincrementsthe discretestateremainscon-
stantwhereasthecontinuousstate�o ws accordingto (1). At transitiontimes,thecon-
tinuousanddiscretestatesareresetaccordingto (2). EachtransitioncounterN` counts
the numberof times that the correspondingdiscretetransition/resetmap f ` is “acti-
vated.” The frequency at which this occursis determinedby the transitionintensities
(3). In particular, theprobability that thecounterN` will incrementin an“elementary
interval” (t;t + dt], andthereforethatthecorrespondingtransitiontakesplace,is given
by l `(q(t);x(t);t)dt. In practice,onecanthink of the intensityof a transitionasthe
instantaneousrateat which that transitionoccurs.The readeris referredto [1] for a
mathematicallyprecisecharacterizationof this SHS.

Thefollowing resultcanbeusedto computeexpectationsonthestateof aSHS.For
briefness,weomit a few technicalassumptionsthatarestraightforwardto verify for the
SHSsconsideredhere:



Theorem1 ([1]). Givena functiony : Q � Rn � [0;¥ ) ! R that is twicecontinuously
differentiablewith respectto its secondargumentandoncecontinuouslydifferentiable
with respectto thethird one, wehavethat

¶ E[y (q(t);x(t);t)]
¶t

= E[(Ly )(q(t);x(t);t)]; (4)

where 8(q;x;t) 2 Q � Rn � [0;¥ )

(Ly )(q;x;t) :=
¶y (q;x;t)

¶x
f (q;x;t) +

¶y (q;x;t)
¶t

+

+
1
2

trace
� ¶2y (q;x)

¶x2 g(q;x;t)g(q;x;t)0
�

+

+
m

å̀
= 1

�
y

�
f `(q;x;t);t

�
� y (q;x;t)

�
l `(q;x;t); (5)

and ¶y (q,x,t)
¶t , ¶y (q,x,t)

¶x , and ¶2y (q,x)
¶x2 denotethe partial derivativeof y (q;x;t) with re-

spectto t, thegradientof y (q;x;t) with respectto x, andtheHessianmatrix of y with
respectto x, respectively. Theoperator y 7! Ly de�ned by (5) is called theextended
generatorof theSHS. �

We saythat a SHSis polynomial(pSHS)if its extendedgeneratorL is closedon
the setof �nite-polynomials in x, i.e., (Ly )(q;x;t) is a �nite-polynomial in x for ev-
ery �nite-polynomial y (q;x;t) in x. By a �nite-polynomialsin x we meana function
y (q;x;t) suchthat x 7! y (q;x;t) is a (multi-variable)polynomialof �nite degreefor
each�x edq 2 Q, t 2 [0;¥ ). A pSHSis obtained,e.g.,whenthevector�elds f andg,
theresetmapsf `, andthetransitionintensitiesl ` areall �nite-polynomials in x.

Examplesof Polynomial StochasticHybrid Systems

Example1 (Randomwalk). Let x 2 R denotethevelocity of a moving particlethat is
instantaneouslyincreasedor decreaseby a�x edamount

p
e everysooften.Theinterval

of time betweenincreases(aswell asbetweendecreases)is exponentiallydistributed
with mean2e. The processx canbe generatedby a SHSwith continuousdynamics
�x = � ax and two resetmapsx 7! f 1,2(x) := x � b

p
e both with constanttransitions

intensitiesl 1,2(x) := 1
2e. The constanta � 0 accountsfor viscousfriction. This SHS

hasasinglediscretemodethatweomittedfor simplicity. Thegeneratorfor this SHSis
givenby

(Ly )(x) = � ax
¶y (x)

¶x
+

y (x+ b
p

e) + y (x� b
p

e) � 2y (x)
2e

;

which is closedon the setof �nite-polynomials in x. It is well known that ase ! 0,
x approachesthe solution to the SDE �x = ax + b�n, wheren is a Brownian motion
process.ThisSDEis easyto solveanalytically, at leastwhentheinitial distributionof x
is Gaussian.Our(somewhatacademic)goalherewouldbeto studywhathappenswhen
e is notnecessarilycloseto zeroandfor anarbitraryinitial distribution. �



Example2 (TCP long-lived[14]). The congestionwindow sizew 2 [0;¥ ) of a long-
livedTCP�o w canbegeneratedby a SHSwith continuousdynamics �w = 1

RTT anda
resetmapw 7! w

2 , with intensityl (w) := pw
RTT . Theround-trip-timeRTT andthedrop-

ratep areparametersthatweassumeconstant.ThisSHShasasinglediscretemodethat
we omittedfor simplicity. Thegeneratorfor thisSHSis givenby

(Ly )(w) =
1

RTT
¶y (w)

¶w
+

pw
�
y (w=2) � y (w)

�

RTT
;

which is closedon thesetof �nite-polynomialsin w. �

Example3 (TCPon-off [14]). Thecongestionwindow sizew 2 [0;¥ ) for a streamof
TCP �o ws separatedby inactivity periodscanbe generatedby a SHSwith threedis-
cretemodesQ := f ss;ca;offg, onecorrespondingto slow-start,anotherto congestion
avoidance,andthe�nal oneto �o w inactivity. Its continuousdynamicsarede�ned by

�w =

8
><

>:

(log2)w
RTT q = ss
1

RTT q = ca

0 q = off;

theresetmapsassociatedwith packetdrops,endof �o ws,andstartof �o wsaregivenby
(q;w) 7! f 1(q;w) :=

�
ca; w

2

�
, (q;w) 7! f 2(q;w) := (off;0), and(q;w) 7! f 3(q;w) :=

(ss;w0), respectively; andthecorrespondingintensitiesare

l 1(q;w) :=

(
pw

RTT q 2 f ss;cag

0 q = off
l 2(q;w) :=

(
w

kRTT q 2 f ss;cag

0 q = off

l 3(q;w) :=

(
1

t off
q = off

0 q 2 f ss;cag:

The round-trip-timeRTT, the drop-ratep, the average�le sizek (exponentiallydis-
tributed),theaverageoff-time t off (alsoexponentiallydistributed),andthe initial win-
dow size w0 areparametersthat we assumeconstant.The generatorfor this SHS is
givenby

(Ly )(q;w) =

8
>>><

>>>:

(log2)w
RTT

¶y (ss;w)
¶w +

pw
�

y (ca;w=2)� y (ss;w)
�

RTT +
w
�

y (off;0)� y (ss;w)
�

kRTT q = ss

1
RTT

¶y (ca;w)
¶w +

pw
�

y (ca;w=2)� y (ca;w)
�

RTT +
w
�

y (off;0)� y (ca;w)
�

kRTT q = ca
y (ss;w0)� y (off;w)

t off
q = off;

which is closedon thesetof �nite-polynomials in w. �

Example4 (Networkedcontrol system[9]). Supposethatthestateof astochasticscalar
linearsystem�x = ax + b�n is estimatedbasedon state-measurementsreceivedthrough
a network. For simplicity we assumethat statemeasurementsarenoiselessanddelay
free.The correspondingstateestimationerror e 2 R canbe generatedby a SHSwith
continuousdynamics�e= ae+ b�n andoneresetmape7! 0 that is activatedwhenever
a statemeasurementis received.It wasconjecturedin [9] andlatershown in [10] that



transmittingmeasurementsat a ratethatdependson thestate-estimationerror is opti-
mal if onewantsto minimizethevarianceof theestimationerror, while penalizingthe
averagerateat whichmessagesaretransmitted.This motivatesconsideringthefollow-
ing resetintensityl (e) := e2r , r 2 N� 0. This SHShasa singlediscretemodethatwe
omittedfor simplicity andits generatoris givenby

(Ly )(e) := ae
¶y (e)

¶e
+

b2

2
¶2y (e)

¶e2 +
�
y (0) � y (e)

�
e2r ;

which is closedon thesetof �nite-polynomialsin e. �

Example5 (Decaying-dimerizingreactionset[12,13]). The numberof particlesx :=
(x1;x2;x3) of threespeciesinvolvedin thefollowing setof decaying-dimerizingreac-
tions

S1
c1� � ! 0; 2S1

c2� � ! S2; S2
c3� � ! 2S1; S2

c4� � ! S3 (6)

canbegeneratedby a SHSwith continuousdynamics�x = 0 andfour resetmaps

x 7! f 1(x) :=
hx1� 1

x2
x3

i
x 7! f 2(x) :=

�
x1� 2
x2+ 1

x3

�

x 7! f 3(x) :=
�

x1+ 2
x2� 1

x3

�
x 7! f 4(x) :=

�
x1

x2� 1
x3+ 1

�

with intensitiesl 1(x) := c1x1, l 2(x) := c2
2 x1(x1 � 1), l 3(x) := c3x2, andl 4(x) := c4x2,

respectively. Sincethenumbersof particlestake valuesin thediscretesetof integers,
we canregardthexi aseitherpartof thediscreteor continuousstate.We chooseto re-
gardthemascontinuousvariablesbecauseweareinterestedin studyingtheirstatistical
moments.In this case,theSHShasa singlediscretemodethatwe omit for simplicity.
Thegeneratorfor thisSHSis givenby

(Ly )(x) = c1x1
�
y (x1 � 1;x2;x3) � y (x)

�
+

c2

2
x1(x1 � 1)

�
y (x1 � 2;x2 + 1;x3) � y (x)

�

+ c3x2
�
y (x1 + 2;x2 � 1;x3) � y (x)

�
+ c4x2

�
y (x1;x2 � 1;x3 + 1) � y (x)

�
;

which is closedon thesetof �nite-polynomials in x. �

3 Moment Dynamics

To fully characterizethedynamicsof a SHSonewould like to determinetheevolution
of theprobabilitydistribution for its state(q;x). In general,this is dif�cult soa more
reasonablegoalis to determinetheevolutionof (i) theprobabilityof q(t) beingoneach
modeand(ii) themomentsof x(t) conditionedto q(t). In fact,oftenonecanevenget
away with only determininga few low-ordermomentsandthenusingresultssuchas
Tchebycheff, Markoff, or Bienayḿeinequalities[6, pp.114–115]to infer propertiesof
theoveralldistribution.



Givenadiscretestateq̄ 2 Q andavectorof n integersm= (m1;m2; : : : ;mn) 2 Nn
� 0,

we de�ne thetest-functionassociatedwith q̄ andm to be

y (m)
q̄ (q;x) :=

(
x(m) q = q̄

0 q 6= q̄;
8q 2 Q;x 2 Rn

andthe(uncentered)momentassociatedwith q̄ andm to be

m(m)
q̄ (t) := E

�
y (m)

q̄

�
q(t);x(t)

��
8t � 0: (7)

Hereand in the sequel,given a vectorx = (x1;x2; : : : ;xn), we usex(m) to denotethe
monomialxm1

1 xm2
2 � � � xmn

n .
PSHSshave thepropertythatif onestacksall momentsin anin�nite vectorm¥ , its

dynamicscanbewrittenas

�m¥ = A¥ (t)m¥ 8t � 0; (8)

for someappropriatelyde�ned in�nite matrix A¥ (t). This is because8q̄ 2 Q;m =
(m1; : : : ;mn) 2 Nn

� 0, theexpression(Ly (m)
q̄ )(q;x;t) is a�nite-polynomial in x andthere-

fore canbewritten asa �nite linearcombinationof test-functions(possiblywith time-
varyingcoef�cients). Takingexpectationson this linearcombinationandusing(4), (7),
we concludethat �m(m)

q̄ canbewritten aslinearcombinationof uncenteredmomentsin
m¥ , leadingto (8). In the sequel,we refer to (8) as the in�nite-dimensionalmoment
dynamics. Analyzing(andevensimulating)(8) is generallydif�cult. However, asmen-
tionedaboveonecanoftengetawaywith justcomputingafew low-ordermoments.One
would thereforelike to determinea �nite-dimensionalsystemof ODEsthatdescribes
theevolutionof a few low-ordermodels,perhapsonly approximately.

Whenthematrix A¥ is lower triangular(e.g.,asin Example1 andExample4 with
r = 0),onecansimplytruncatethevectorm¥ by droppingall but its �rst k elementsand
obtaina�nite-dimensionalsystemthatexactlydescribestheevolutionof themoments1.
However, in generalA¥ hasnonzeroelementsabovethemaindiagonalandthereforeif
onede�nesm2 Rk to containthetopk elementsof m¥ , oneobtainsfrom (8) that

�m= Ik� ¥ A¥ (t)m¥ = A(t)m+ B(t)m̄; m̄= Cm¥ ; (9)

whereIk� ¥ denotesamatrixcomposedof the�rst k rowsof thein�nite identitymatrix,
m̄2 Rr containsall themomentsthatappearin the�rst k elementsof A¥ (t)m¥ but that
do not appearin m, andC is the projectionmatrix that extractsm̄ from m¥ . Our goal
is to approximatethein�nite dimensionalsystem(8) by a �nite-dimensionalnonlinear
ODEof theform

�n = A(t)n + B(t)n̄(t); n̄ = j (n;t); (10)

wherethemapj : Rk � [0;¥ ) ! Rr shouldbechosensoasto keepn(t) closeto m(t).
We call (10) the truncatedmomentdynamicsandj the truncationfunction. We need
the following two stability assumptionsto establishsuf�cient conditionson j for the
approximationto bevalid.
1 Othertruncationsarepossible,but it is oftenconvenientto keepthe low-ordermomentsof x

asthestatesof thetruncatedsystembecausethesearephysicallymeaningful.



Assumption1 (Boundedness).There exist setsWm andWn such that all solutionsto
(8) and (10) starting at sometime t0 � 0 in Wm and Wn, respectively, exist and are
smoothon [t0;¥ ) with all derivativesof their �r st k elementsuniformlyboundedby the
sameconstant.ThesetWn is assumedto beforward invariant. �

Assumption2 (Incr ementalStability). There existsa function2 b 2 K L such that,
for everysolutionm¥ to (8) startingin Wmat sometimet0 � 0, andeveryt1 � t0, n1 2 Wn
thereexistssomem̂¥ (t1) 2 Wm whose�r st k elementsmatch n1 and

km(t) � m̂(t)k � b (km(t1) � m̂(t1)k;t � t1); 8t � t1; (11)

where m(t) andm̂(t) denotethe�r stk elementsof thesolutionsto (8) startingat m¥ (t1)
andm̂¥ (t1), respectively. �

Remark1. Assumption2 is essentiallya requirementof uniform stability for (8), but
it waspurposelyformulatedwithout requiringWm to be a subsetof a normedspace.
This avoids having to choosea norm underwhich the (in�nite) vectorsof moments
arebounded.Note,e.g.,that theusual` p-norms,p 2 [1;¥ ] would not work for most
“interesting”distributions.It is alsoimportantto emphasizethata certain“richness”of
Wm is implicit in this assumption.Indeed,for theexistenceof m̂¥ (t1) 2 Wm whose�rst
componentsmatchanarbitraryn1 2 Wn oneneedsWn to becontainedin theprojection
of Wm into its �rst k components. �

Theresultthat follows establishesthat thedifferencebetweensolutionsto (8) and
(10) convergesto an arbitrarily small ball, provided that a suf�ciently large but �nite
numberof derivativesof thesesignalsmatchpoint-wise.To statethis result,thefollow-
ing notationis needed:We de�ne thematricesCi(t), i 2 N� 0 recursively by

C0(t) = C; Ci+ 1(t) = Ci(t)A¥ (t) + �Ci(t); 8t � 0; i 2 N� 0;

andthefamily of functionsLi j : Rk � [0;¥ ) ! Rr , i 2 N� 0 recursively by

(L0j )(n;t) = j (n;t); (Li+ 1j )(n;t) =
¶(Li j )(n;t)

¶n

�
A(t)n + B(t)j (n;t)

�
+

¶(Li j )(n;t)
¶t

;

8t � 0; n 2 Rk; i 2 N� 0. Thesede�nitions allow usto computetimederivativesof m̄(t )
andn̄(t ) alongsolutionsto (8) and(10), respectively, because

dim̄(t)
dt i = Ci (t)m¥ (t);

di n̄(t)
dt i = (Li j )(n(t);t); 8t � 0; i 2 N� 0: (12)

Theorem2 (cf. Appendix).For everyd > 0, thereexistsaninteger N suf�ciently large
for which thefollowing resultholds:Assumingthat for everyt � 0, m¥ 2 Wm

Ci (t )m¥ = (Li j )(m; t ); 8i 2 f 0;1; : : : ;Ng; (13)

2 A functionb : [0;¥ ) � [0;¥ ) ! [0;¥ ) is saidto beof classK L if b(0;t) = 0, 8t � 0; b(s;t)
is continuousandstrictly increasingons for each�x edt � 0; andlimt! ¥ b(s;t) = 0, 8s � 0.



where mdenotesthe�r st k elementsof m¥ , then

km(t) � n(t)k � b (km(t0) � n(t0)k;t � t0) + d; 8t � t0 � 0; (14)

alongall solutionsto (8) and(10) with initial conditionsm¥ (t0) 2 Wm andn(t0) 2 Wn,
respectively, where m(t) denotesthe�r st k elementsof m¥ (t). �

The proof of this theoremis technicalandthereforewe leave it for the appendix.
The idea behindit is that the conditions(13) guaranteesthat when the solution m¥
to the in�nite-dimensionalsystem(8) startsin Wm, the N + 1 derivativesof its �rst k
elementsmmatchthoseof thesolutionn to thetruncatedsystem(10). Usingastandard
argumentbasedonaTaylorseriesexpansion,wethusconcludethatthesetwo solutions
will remainclosein a boundedinterval of lengthT. To extendthis to the unbounded
interval [0;¥ ), weusethestabilityof thein�nite-dimensional(8): After the�rst interval
[0;T], we canstartanothersolutionm̂¥ to (8) onWm, whose�rst k elementsm̂matchn
attimeT, andconcludefrom (13) thatm̂andn will remaincloseon[T;2T]. Butbecause
of stabilitymandm̂will convergeto eachotherandthereforemandn alsoremainclose.
Thisargumentcanberepeatedto obtainthebound(14) ontheunboundedtime interval
[0;¥ ). A similarargumentwasusedin theproofof [7, Theorem1] to analyzetwo time
scalesystems.It is importantto emphasizethatfor this argumentto hold,Wm neednot
beforwardinvariantbecausewe only use(13) for thesolutionsm̂ thatarealways“re-
started”in Wm. This explainswhy onemaygetgoodmatchesbetweentheoriginal and
thetruncatedsystems,evenif (13) only holdsfor fairly smallsubsetsWm of theoverall
in�nite-dimensionalstate-space.

4 Construction of ApproximateTruncations

Givena constantd > 0 andsetsWm, Wn, it maybe very dif�cult to determinethe in-
teger N for which the approximationbound(14) holds.This is because,althoughthe
proof of Theorem2 is constructive, thecomputationof N requiresexplicit knowledge
of thefunctionb 2 K L in Assumption2 and,at leastfor mostof theexamplesconsid-
eredhere,this assumptionis dif�cult to verify. Nevertheless,Theorem2 is still useful
becauseit providesthe explicit conditions(13) that the truncationfunction j should
satisfyfor thesolutionto the truncatedsystemto approximatetheoneof the original
system.For the problemsconsideredherewe require(13) to hold for N = 1, which
correspondsto a secondTaylor expansionsof the solution.Note that for N = 1, (13)
simplybecomes

Cm¥ = j (m;t ); CA¥ (t )m¥ =
¶j (m; t )

¶m
Ik� ¥ A¥ (t )m¥ +

¶j (m; t )
¶t

; (15)

8m¥ 2 Wm; t � 0. Lackingknowledgeof b , we will not beableto explicitly compute
for whichvaluesof d (14) will hold,but wewill show by simulationthatthetruncation
obtainedprovidesaveryaccurateapproximationto thein�nite-dimensionalsystem(8),
evenfor sucha smallchoiceof N. We restrictour attentionto functionsj andsetsWm
for which it is simpleto use(15) to explicitly computetruncatedsystems.



Separabletruncationfunctions:For all theexamplesconsidered,weconsiderfunctions
j of theform

j (n;t) = L n(G) := L
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6
6
4

n
g11
1 n

g12
2 ���n

g1k
k

n
g21
1 n

g22
2 ���n

g2k
k

...
n

gr1
1 n

gr2
2 ���n

grk
k

3

7
7
5 ; (16)

for appropriatelychosenconstantmatricesG := [gi j ] 2 Rr� k andL 2 Rr� r , with L
diagonal.In this case,

¶j (n)
¶n

= L
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= L diag[n(G) ]Gdiag[n� 1
1 ;n� 1

2 ; : : : ;n� 1
k ]

andtherefore(15) becomes

Cm¥ = L m(G) ; (17a)

CA¥ (t )m¥ = L diag[Cm¥ ]Gdiag[m� 1
1 ;m� 1

2 ; : : : ;m� 1
k ]Ik� ¥ A¥ (t )m¥ : (17b)

This particularform for j is convenientbecause(17a) often uniquelyde�nes L and
then(17b) providesa linearsystemof equationsonG, for which it is straightforwardto
determineif a solutionexists.

Deterministicdistributions: A setWm thatis particularlytractablecorrespondsto deter-
ministic distributionsFdet := f P(� ; q;x) : x 2 Wx;q 2 Qg, whereP(� ; q;x) denotesthe
distributionof (q;x) for whichq = q andx = x with probabilityone;andWx asubsetof
thecontinuousstatespaceRn. For a particulardistribution P(� ; q;x), the (uncentered)
momentassociatedwith q̄ andm2 Nn

� 0 is givenby

m(m)
q̄ :=

Z
y (m)

q̄ (q̃; x̃)P(dq̃dx̃;q;x) = y (m)
q̄ (q;x) :=

(
x(m) q = q̄

0 q 6= q̄;

andthereforethevectorsm¥ in Wm havethis form.Althoughthisfamily of distributions
may seemvery restrictive, it will provide us with truncationsthat are accurateeven
whenthepSHSsevolvetowardsvery “nondeterministic”distributions,i.e.,with signif-
icantvariance.For this setWm, (17) takesa particularlysimpleform andthefollowing
resultprovidesasimplesetof conditionsto testif a truncationis possible.

Lemma 1 (cf. Appendix). Let Wm be the setof deterministicdistributionsFdet with
Wx containingsomeopenball in Rn and considertruncationfunctionsj of the form
(16). ThematricesL andG mustsatisfy:

1. L mustbetheidentitymatrix.



2. For everymomentm(m` )
q` in m̄andeverymomentm(mi )

qi in mfor which qi 6= q`, one
musthaveg̀ ,i = 0.

3. For everymomentm(m` )
q` in m̄, onemusthaveå k

i= 1
qi= q`

g̀ ,imi = m`.

Moreover, the following conditionsare necessaryfor the existenceof a functionj of
theform (16) that satis�es(15):

4. For every momentm(m` )
q` in m̄ the polynomial3 å ¥

i= 1
qi= q`

a`,i x(mi ) mustbelongto the

linear subspacegeneratedby thepolynomials

n ¥

å
i= 1

qi= q`

a j ,i x(m` � mj + mi ) : 1 � j � k; q j = q`

o
:

5. For everymomentm(m` )
q` in m̄andeverymomentm(mi )

qi in m¥ with qi 6= q`, wemust
havea`,i = 0. Here we are denotingby a j ,i the jth row, ith columnentry of A¥ .

�

Condition4 imposesa diagonal-band-likestructureon thesubmatricesof A¥ con-
sistingof the rows/columnsthat correspondto eachmomentthat appearsin m̄. This
conditionholds for Examples2, 3, and4, but not for Example5. However, we will
seethat the momentdynamicsof this examplecanbe simpli�ed so as to satisfy this
conditionwithout introducinga signi�cant error.

Condition5 imposesaform of decouplingbetweendifferentmodesin theequations
for �̄m. This conditionholdstrivially for all examplesthathave a singlediscretemode.
It doesnot hold for Example3, but also hereit is possibleto simplify the moment
dynamicsto satisfythis conditionwithout introducinga signi�cant error.

5 Examplesof Truncations

We now presenttruncatedsystemsfor theseveralexamplesconsideredbeforeanddis-
cusshow the truncatedmodelscompareto estimatesof the momentsobtainedfrom
Monte Carlo simulations.All Monte Carlo simulationswerecarriedout usingthe al-
gorithmdescribedin [1]. Estimatesof themomentswereobtainedby averaginga large
numberof MonteCarlosimulations.In mostplots,weusedasuf�ciently largenumber
of simulationssothatthe99%con�denceintervalsfor themeancannotbedistinguished
from the point estimatesat the resolutionusedfor the plots. Ir is worth to emphasize
that the resultsobtainedthroughMonte Carlo simulationsrequiredcomputationalef-
fortsordersof magnitudehigherthanthoseobtainedusingthetruncatedsystems.

Example1 (Randomwalk).For this systemy (m)(x) = xm, 8m2 N� 0 andweconclude
that

(Ly (m))(x) = � maxm+
(x+ b

p
e)m+ (x� b

p
e)m � 2xm

2e
3 Weareconsideringpolynomialswith integer(bothpositive andnegative) powers.



= � maxm+
m

å
i= 2

i even
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Sincem(0)(t) = 1, 8t � 0 we excludedm(0) from the vectorm, resultingin an af�ne
system(asopposedto linear).

Becausethe in�nite-dimensionalmomentdynamicsarelower-triangular, this sys-
temcanbetruncatedexactly. For example,a third ordertruncationyields

2

4
�m(1)

�m(2)

�m(3)

3

5 =

2

4
� a 0 0
0 � 2a 0
3b 0 � 3a

3

5

2

4
m(1)

m(2)

m(3)

3

5 +

2

4
0
b
0

3

5

whichcanbesolvedexplicitly:

m(1)(t) = e� atm(1)(0); m(2)(t) =
b
2a

(1� e� 2at) + e� 2atm(2)(0);

m(3)(t) =
3b
2a

(e� at � e� 3at)m(1)(0) + e� 3atm(3)(0);

for a 6= 0, and

m(1)(t) = m(1)(0); m(2)(t) = bt + m(2)(0); m(3)(t) = 3btm(1)(0) + m(3)(0);

for a = 0. It is interestingto notethat theseequationsdo not dependon e becausethis
parameteronly appearsin theequationfor �m(4). This meansthatup to the third order
momentsthis pSHSis indistinguishablefrom theSDE �x = ax + b�n. �

Example2 (TCP long-lived). Since for this systemit is particularly meaningfulto
considermomentsof the packet sendingrater := w

RTT , we choosey (m)(w) = wm

RTTm ,
8m2 N� 0 andconcludethat

(Ly (m) )(w) =
mwm� 1

RTTm+ 1 �
2m � 1

2m

pwm+ 1

RTTm+ 1 =
my (m� 1)(w)

RTT2 � p
2m � 1

2m y (m+ 1)(w):
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(a) Truncatedmodel(18), (19)
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Fig.1. ComparisonbetweenMonte Carlo simulationsand two truncatedmodelsfor
Example2, with RTT = 50msanda stepin the drop-ratep from 2% to 10% at time
t = 5sec.

Sincem(0)(t) = 1, 8t � 0 we excludedm(0) from the vectorm, resultingin an af�ne
system(asopposedto linear).

We considera truncationwhosestatecontainsthe�rst andsecondmomentsof the
sendingrate.In this case,(9) canbewrittenasfollows:

h
�m(1)

�m(2)

i
=

�
0 � p

2
2

RTT2 0

� h
m(1)

m(2)

i
+

� 1
RTT2

0

�
+

h
0

� 3p
4

i
m̄; (18)

wherem̄ := m(3) evolvesaccordingto �m(3) = 3m(2)

RTT2 � 7pm(4)

8 . In this case,(17) hasa
uniquesolutionj , resultingin a truncatedsystemgivenby (18) and

m̄= j (m(1);m(2)) :=
(m(2))

5
2

(m(1))2
: (19)

Figure1(a) shows a comparisonbetweenMonte Carlo simulationsandthis truncated
model.The dynamicsof the �rst momentof the sendingrate is very accuratelypre-
dictedby thetruncatedmodelandthereis roughlya10%errorin thesteady-statevalue
of thestandarddeviation. In thesimulations,a stepin thedrop probabilitywasintro-
ducedat time t = 5secto show that the truncatedmodelalsocaptureswell transient
behavior. Figure1(b) refersto amoreaccuratetruncatedmodelproposedin [1], which
correspondsto

m̄= j (m(1);m(2)) :=
� m(2)

m(1)

� 3
: (20)

Its constructionreliedon theexperimentalobservationthatthesteady-statedistribution
of thesendingrateappearsto beapproximatelyLog-Normal.It turnsoutthatthismodel



couldalsohavebeenobtainedusingtheproceduredescribedin Sec.3 by requiring(13)
to hold only for N = 0 but for a set Wm consistingof all Log-Normal distributions,
which is richer thanthesetFdet of deterministicdistributionsusedto construct(19).

�

Example3 (TCPon-off). For thissystemwealsoconsidermomentsof thesendingrate
r := w

RTT on thessandcamodes,andthereforewe use

y (0)
off (q;w) =

(
1 q = off
0 q 2 f ca;ssg

y (m)
ss (q;w) =

(
wm

RTTm q = ss
0 q 2 f ca;offg

y (m)
ca (q;w) =

(
wm

RTTm q = ca
0 q 2 f ss;offg

whichyields

(Ly (0)
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1
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1
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Sincem(0)
off , m(0)

ss , andm(0)
ca aretheprobabilitiesthatq is equalto off, ss, andca, respec-

tively, thesequantitiesmustaddup to one.We could thereforeexcludeoneof them
from m.

Weconsideratruncationwhosestatecontainsthezeroth,�rst, andsecondmoments
of thesendingrate.In this case,(9) canbewrittenasfollows:
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wherem̄:= [ m(3)
ss m(3)

ca ]0evolvesaccordingto

�m(3)
ss =

t � 1
off w3

0

RTT3 m(0)
off +

log8
RTT

m(3)
ss � (

1
k

+ p)m(4)
ss ; (22a)

�m(3)
ca =

3
RTT2 m(2)

ca +
p
8

m(4)
ss � (

1
k

+
7p
8

)m(4)
ca : (22b)

However, (22) doesnot satisfycondition5 in Lemma1 becausethedifferentdiscrete
modesdo not appeardecoupled:�m(3)

ss dependson m(0)
off , and �m(3)

ca dependson m(4)
ss . For

thepurposeof determiningj , weignorethecrosscouplingtermsandapproximate(22)
by

�m(3)
ss �

log8
RTT

m(3)
ss � (

1
k

+ p)m(4)
ss ; �m(3)

ca �
3

RTT2 m(2)
ca � (

1
k

+
7p
8

)m(4)
ca : (23)

The validity of theseapproximationsgenerallydependson the network parameters.
When (23) is used,it is straightforward to verify that (17) hasa uniquesolution j ,
resultingin a truncatedsystemgivenby (21) and

m̄= j (m) =
�

m
(0)
ss (m

(2)
ss )3

(m(1)
ss )3

(m
(0)
ca )

1
2 (m

(2)
ca )

5
2

(m(1)
ca )2

� 0

: (24)

Sincem(0)
off , m(0)

ss , andm(0)
ca correspondto theprobabilitiesthatq is equalto off, ss,and

ca,respectively, thesequantitiesmustaddup to oneandwe canexcludeoneof them
from thestate.

Figure2 shows a comparisonbetweenMonteCarlosimulationsandthe truncated
model(21), (24). The dynamicsof the �rst andsecondordermomentsareaccurately
predictedby thetruncatedmodel. Thereis somesteady-stateerror in theprobabilities
of eachmode,especiallyafter the drop-ratep droppedto 2%. This correspondsto a
situationin which the sendingrate in the ss modeexceedsthat of the ca modeand
thereforethe m(4)

ss term droppedfrom (23) in the �m(3)
ca equationmay actually have a

signi�cant effect. Somewhat surprisingly, even in this casethe �rst andsecondorder
momentsarevery well approximated.In preparingthis paper, severalsimulationwere
executedfor differentnetwork parametersandinitial conditions.Figure2 showstypical
best-case(beforet = 1) andworst-case(aftert = 1) results.

Theaverage�le sizeusedto produceFig.2 is consistentwith theoneobservedin the
UNIX �le systemreportedin [15]. It shouldbeemphasizedthattheoveralldistribution
of theUNIX �le systemandmoreimportantlyof �les transmittedover the Internetis
notwell approximatedby anexponentialdistribution.Morereasonabledistributionsare
Paretoor mixturesof exponentials.Bothcouldbemodeledby pSHSs,but for simplicity
herewe focusedour attentionon thesimplestcaseof a singleexponentialdistribution.

�

Example4 (Networkedcontrol system).For this systemy (m)(e) = em, 8m2 N� 0 and

(Ly (m))(e) = amem+
m(m� 1)b2

2
em� 2 � em+ 2r



Fig.2. (left) ComparisonbetweenMonteCarlo simulations(solid lines)andthe trun-
catedmodel(21), (24) (dashedlines) for Example3, with RTT = 50ms,t off = 1sec,
k = 20:39 packets (correspondingto 30.58KB �les broken into 1500bytespackets,
which is consistentwith the �le-size distribution of the UNIX �le systemreportedin
[15]), anda stepin thedrop-ratep from 10%to 2%at t = 1sec.
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Fig.3. (right) ComparisonbetweenMonteCarlosimulations(solid lines)andthetrun-
catedmodel(25), (26) (dashedlines) for Example4, with a = 1, q = 1, anda stepin
theparameterb from 10 to 2 at timet = 0:5sec.
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In particular, for r = 0 we get
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andfor r = 1 we get
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Sincem(0)(t) = 1, 8t � 0 we excludedm(0) from the vectorm, resultingin an af�ne
system(asopposedto linear).

For r = 0, thein�nite-dimensionaldynamicshave a lower-triangularstructureand
thereforeanexacttruncationis possible.However, thiscaseis lessinterestingbecauseit
correspondsto areset-ratethatdoesnotdependon thecontinuousstateandis therefore
fartherfrom theoptimal[9,10]. We considerherer = 1. In this case,theoddandeven
momentsaredecoupledandcanbestudiedindependently. It is straightforwardto check
that if the initial distribution of e is symmetricaroundzero,it will remainso for all
timesandthereforeall oddmomentsareconstantandequalto zero.Regardingtheeven
moments,the smallesttruncationfor which condition4 in Lemma1 holds is a third
orderone,for which (9) canbewrittenasfollows:

"
�m(2)

�m(4)

�m(6)

#

=
�

2a � 1 0
6b2 4a � 1
0 15b2 6a

� "
m(2)

m(4)

m(6)

#

+
h

b2

0
0

i
+

h 0
0

� 1

i
m̄; (25)

wherem̄:= m(8) evolvesaccordingto �m(8) = � 28b2m(6) + 8am(8) � m(10). It is straight-
forwardto verify that(17) hasauniquesolutionj , resultingin atruncatedsystemgiven
by (25) and

m̄= j (m(2);m(4) ;m(6)) = m(2)
� m(6)

m(4)

� 3
: (26)

Figure3 showsacomparisonbetweenMonteCarlosimulationsandthetruncatedmodel
(25), (26). Thedynamicsof theall themomentsareaccuratelypredictedby the trun-
catedmodel.Thenonlinearityof theunderlyingmodelis apparentby thefactthathalv-
ing b at time t = 0:5sec,which correspondsto dividing thevarianceof thenoiseby 4,
only resultsin approximatelydividing thevarianceof theestimationerrorby 2. �

Example5 (Decaying-dimerizingreactionset).For thissystemthetestfunctionsareof
theform y (m1,m2,m2)(x) = xm1

1 xm2
2 xm3

3 , 8m1;m2;m3 2 N� 0 andweconcludethat

(Ly (m1;m2;m2))(x) = c1x1
�
(x1 � 1)m1 � xm1

1

�
xm2

2 xm3
3

+
c2

2
x1(x1 � 1)

�
(x1 � 2)m1(x2 + 1)m2 � xm1

1 xm2
2

�
xm3

3

+ c3x2
�
(x1 + 2)m1(x2 � 1)m2 � xm1

1 xm2
2

�
xm3

3 + c4x2
�
(x2 � 1)m2(x3 + 1)m3 � xm2

2 xm3
3

�
xm1

1

= c1

m1� 1

å
i= 0

� m1
i

�
(� 1)m1� iy (i+ 1;m2;m3)(x)



+
c2

2

m1;m2

å
i; j= 0

(i; j)6=( m1;m2)

� m1
i

� � m2
j

�
(� 2)m1� i � y (i+ 2; j;m3) (x) � y (i+ 1; j;m3) (x)

�

+ c3

m1;m2

å
i; j= 0

(i; j)6=( m1;m2)

� m1
i

� � m2
j

�
2m1� i (� 1)m2� jy (i; j+ 1;m3)(x)

+ c4

m2;m3

å
i; j= 0

(i; j)6=( m2;m3)

� m2
i

� � m3
j

�
(� 1)m2� iy (m1;i+ 1; j) (x); (27)

wherethesummationsresultfrom thepowerexpansionsof theterms(xi � c)mi . There-
fore
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:

For this examplewe considera truncationwhosestatecontainsall the�rst andsecond
ordermomentsfor thenumberof particlesof the�rst andsecondspecies.To keepthe
formulassmall,we omit from thetruncationthesecondmomentsof thethird species,
whichdoesnotappearasa reactantin any reactionandthereforeits higherorderstatis-
ticsdonotaffect the�rst two. In thiscase,(9) canbewrittenasfollows:
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(28)



wherem̄:= [ m(3;0;0) m(2;1;0) ]0evolvesaccordingto

�m(3;0;0) = (� c1 + 4c2)m(1;0;0) + 8c3m(0;1;0) + (3c1 � 10c2)m(2;0;0) + 12c3m(1;1;0)

+ (� 3c1 + 9c2)m(3;0;0) + 6c3m(2;1;0) � 3c2m(4;0;0) (29a)

�m(2;1;0) = � 2c2m(1;0;0) � 4c3m(0;1;0) + 4c2m(2;0;0) + 4c3m(0;2;0) + (c1 � 2c2 � 4c3)m(1;1;0)

�
5c2m(3;0;0)

2
+ (4c2 � 2c1 � c3 � c4)m(2;1;0) + 4c3m(1;2;0) +

c2m(4;0;0)

2
� 2c2m(3;1;0) :

(29b)

Thissystemdoesnotsatisfycondition4 in Lemma1 becausethem(1,0,0), m(0,1,0) terms
in theright-handsidesof (29) leadto monomialsin x1 andx2 in å ¥

i= 1a`,i x(mi ) thatdo
not exist in any of the polynomials

�
å ¥

i= 1a j ,i x(m` � mj + mi ) : 1 � j � 6
	

. Theseterms
canbe easily tracedback to the lowest-ordertermsin power expansionsin (27) and
disappearif we only keepthe threehighestpowers of x1 in the expansionof (x1 �
1)m1 that correspondsto the �rst reactionandthe two highestpowersof x1 andx2 in
the expansionsof (x1 � 2)m1 and (x2 � 1)m2 that correspondto the secondand third
reactions.In practice,this leadsto thefollowing simpli�ed versionof (28)
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7
5 m̄;

(30)

wherenow m̄:= [ m(3;0;0) m(2;1;0) ]0evolvesaccordingto

�m(3;0;0) = 3c1m(2;0;0) + (� 3c1 + 3c2)m(3;0;0) + 6c3m(2;1;0) � 3c2m(4;0;0)

�m(2;1;0) = 2c2m(2;0;0) + (c1 � 4c3)m(1;1;0) �
5c2m(3;0;0)

2

+ (� 2c1 + 2c2 � c3 � c4)m(2;1;0) + 4c3m(1;2;0) +
c2m(4;0;0)

2
� 2c2m(3;1;0) ;

for which condition4 in Lemma1 doeshold, allowing usto �nd a uniquesolutionj
to (17), resultingin a truncatedsystemgiven(28) and

m̄= j (m) =
h�

m(2;0;0)

m(1;0;0)

� 3 m(2;0;0)

m(0;1;0)

�
m(1;1;0)

m(1;0;0)

� 2
i 0

: (31)

Ignoring the lowest-orderpowersof x1 andx2 in thepower expansionsis valid when
thepopulationsof thesespeciesarehigh. In practice,theapproximationstill seemsto
yield goodresultseven whenthepopulationsarefairly small asshown by theMonte
Carlosimulations.

Figure4 shows a comparisonbetweenMonteCarlosimulationsandthe truncated
model(28), (31). Thecoef�cients usedweretakenfrom [13, Example1]: c1 = 1, c2 =
10, c3 = 1000,c4 = 10� 1. In Fig. 4(a), we usedthe sameinitial conditionsasin [13,
Example1]:

x1(0) = 400; x2(0) = 798; x3(0) = 0: (32)



Table 1. Comparisonbetweenestimatesobtainedfrom Monte Carlo simulationsand
the truncatedmodelfor Example5. TheMonteCarlosimulationdatawastaken from
[13].

Sourcefor theestimates E[x1(0:2)] E[x2(0:2)] StdDev[x1(0:2)] StdDev[x2(0:2)]
10,000MC. simul. 387.3 749.5 18.42 10.49
model(28), (31) 387.2 749.6 18.54 10.60

The matchis very accurate,ascanbe con�rmed from Table1. The valuesof the pa-
rameterschosenresultin apSHSwith two distincttimescales,whichmakesthispSHS
computationallydif�cult to simulate(“stif f ” in theterminologyof [13]). Theinitial con-
ditions (32) startin the “slow manifold” x2 = 5

1000x1(x1 � 1) andFig. 4(a)essentially
showstheevolutionof thesystemonthismanifold.Figure4(b)zoomsin ontheinterval
[0;5� 10� 4] andshowstheevolutionof thesystemtowardsthemanifoldwhenit starts
away from it at

x1(0) = 800; x2(0) = 100; x3(0) = 200: (33)

Figures4(c)–4(d)showsanothersimulationof thesamereactionsbut for muchsmaller
initial populations:

x1(0) = 10; x2(0) = 10; x3(0) = 5: (34)

The truncatedmodelstill providesanextremelygoodapproximation,with signi�cant
erroronly in thecovariancebetweenx1 andx2 whentheaveragesandstandarddeviation
of thesevariablesgetbelow one. This happensin spiteof having used(30) insteadof
(29) to computej . �

6 Conclusionsand Future Work

In this paper, we showed that the in�nite-dimensional linear momentdynamicsof a
pSHScanbeapproximatedby a �nite-dimensionalnonlinearODE with arbitrarypre-
cision. Moreover, we provided a procedureto build this type of approximation.The
methodologywasillustratedusinga variedpool of examples,demonstratingits wide
applicability. Severalobservationsarisefrom theseexamples,whichpoint to directions
for futureresearch:

1. Surprisingly, in all the examplesconsideredthe truncationfunction j doesnot
dependon theparametersof thevector�elds or the transitionintensities.Clearly,
thiscannotbeageneralpropertyof pSHSsandapparentlyweweresimply“lucky”
in theexamplesfor whichweappliedourprocedure.However, theremaybedeeper
reasonsfor this independencethatrequirefurtherinvestigation.

2. Thecomputationof thetruncationfunctiondoesnot directly take into accountthe
steady-statedistributionof thepSHS.This is desirablebecausefor all theexamples
presentedit is dif�cult to computethe steady-statevaluesof the moments.How-
ever, when steady-statedistributions are available, they can improve the steady-
stateaccuracy of the truncatedsystem. This wasdonein Example2, for which
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scalewith initial condition(33)
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Fig.4. ComparisonbetweenMonte Carlo simulations(solid lines) and the truncated
model(28), (31) (dashedlines)for Example5.

experimentalobservationsindicatethatthesteady-statedistribution of thesending
rateappearsto beapproximatelyLog-Normal. However, it would bedesirableto
deviseconstructionsthatimprovethesteady-stateaccuracy evenwhenthis typeof
insightis not readilyavailable.

3. In all theexamplespresented,we restrictedour attentionto truncationfunctionsj
of theform (16) andweonly useddeterministicdistributionsto computej . Mostly
likely, betterresultscouldbe obtainedby consideringmoregeneraldistributions,
whichmayrequiremoregeneralformsfor j .



4. Thetruncationof pSHSsthatmodelchemicalreactionsprovedespeciallyaccurate.
This motivatesthe searchfor systematicproceduresto automaticallyconstructa
truncatedsystemfrom chemicalequationssuchas(6). Anotherdirectionfor future
researchconsistsof comparingthetruncatedmodelsobtainsherewith thosein [16].

An additionaldirectionfor futureresearchconsistsof establishingcomputablebounds
on theerrorbetweensolutionsto thein�nite-dimensionalmomentsdynamicsandto its
�nite-dimensionaltruncations.

Appendix

Proof (Theorem2). For a given d > 0, let T > 0 andN > 0 be suf�ciently large so
that for every solutionm¥ andn to (8) and(10) startingat somet0 � 0 in Wm andWn,
respectively, we have4

b(km(t1) � n(t1)k; t ) �
d
2

; 8t � T; t1 � t0 (35)

(2T)N+ 2

(N + 2)!

 

sup
t � t0










dN+ 2m(t )
dtN+ 2








 + sup

t � t0










dN+ 2n(t )
dtN+ 2










!

�
d
2

: (36)

Theexistenceof T is guaranteedby thefactthatb 2 K L andby theboundednessof n
andm, asperAssumption1. For thechosenT, theexistenceof N is guaranteedby As-

sumption1 andthefactthat limN! ¥
(2T)N+ 2

(N+ 2)! = 0. Thejusti�cation for thesede�nitions
will becomeclearshortly.

Let m¥ andn besolutionsto (8) and(10) startingin Wm andWn, respectively, at some
time t0 � 0. For a givent1 � t0, sinceWn is forward invariant,n1 := n(t1) 2 Wn and
therefore,becauseof Assumption2, thereexistssomem̂¥ (t1) 2 Wm whose�rst k ele-
mentsmatchn1 andfor which (11) holds.Therefore

km(t) � n(t)k � km(t) � m̂(t)k + km̂(t) � n(t)k

� b (km(t1) � n(t1)k;t � t1) + km̂(t) � n(t)k; 8t � t1: (37)

We now show by inductionon i that

dim̂(t1)
dt i =

din(t1)
dt i ; 8i 2 f 0;1; : : : ;N + 1g: (38)

The baseof induction(i = 0) holdstrivially by the way m̂(t1) wasselected.Suppose
now thatthestatementhold for somei � N. Takingi + 1 derivativesof m̂(t) � n(t) with
respectto t, oneobtains

di+ 1
�
m̂(t) � n(t)

�

dt i+ 1 =
di

dt i

�
�̂m(t) � �n(t)

�

=
di

dt i

�
A(t)

�
m̂(t) � n(t)

� �
+

di

dt i

�
B(t)

�
Cm̂¥ (t) � n̄(t)

� �

4 Theleft-hand-sidesof (35) and(36) needto addup to d but otheroptionsarepossible.



=
i

å
j= 0

�
i
j

�
di� jA(t)

dt i� j

d j
�
m̂(t) � n(t)

�

dt j +
i

å
j= 0

�
i
j

�
di� jB(t)

dt i� j

d j
�
Cm̂¥ (t) � n̄(t)

�

dt j : (39)

All theterms
d j

�
m̂(t)� n(t)

�

dt j in the �rst summationareequalto zeroat t = t1 becauseof
theinductionhypothesis.Moreover, from (12) and(13) weconcludethat

d jCm̂¥ (t1)
dt j = C j (t1)m̂¥ (t1) = (L j j )( m̂(t1);t1) = (L j j )(n(t1);t1) =

d j n̄(t1)
dt j :

This meansthat all the terms
d j

�
Cm̂¥ (t)� n̄(t)

�

dt j in (39) arealsoequalto zeroat t = t1,
which �nishes theproofof (38).

Expandingm̂(t) andn(t) asanNth-orderTaylorseriesaroundthepointt1 � 0 andusing
(38) and(36), concludethat km̂(t) � n(t)k � d

2 , 8t 2 [t1;t1 + 2T]. Fromthis and(37),
we obtain

km(t) � n(t)k � b (km(t1) � n(t1)k;t � t1) +
d
2

; 8t 2 [t1;t1 + 2T]: (40)

We show next by inductionthatfor every i 2 N� 1,

km(t) � n(t)k � d; 8t 2 [t0 + iT;t0 + (i + 1)T]: (41)

The basisof induction(i = 1) is a direct consequenceof (40) with t1 := t0 and(35).
Assumingnow that(41) holdsfor somei � 1, weconcludefrom (40) with t1 := t0 + iT
that

km(t) � n(t)k � b (km(t0 + iT) � n(t0 + iT)k;t � t0 � iT ) +
d
2

� d;

8t 2 [t0+ (i + 1)T;t0+ (i + 2)T], which�nishes theproofof (41). From(40) with t1 := t0
and(41) if follows that

km(t) � n(t)k � b (km(t0) � n(t0)k;t � t0) + d; 8t � t0;

whichcompletestheproof.

Proof (Lemma1). Take a vectorm¥ 2 Wm correspondingto the distribution P(� ; q;x)

andlet m(mi )
qi bethemomentcorrespondingto the ith row of m¥ . Consideringa partic-

ular row of C that hasa oneat the `th columnsandzeroat every othercolumn,the
correspondingrow in thevectorequality(17a) canbewrittenas

m(m` )
q` = l `

k

Õ
i= 1

(m(mi )
qi )g̀ ; i ,

(
x(m` ) q` = q

0 q` 6= q
= l `

k

Õ
i= 1

8
><

>:

1 g̀ ; i = 0

x(g̀ ; imi) g̀ ; i 6= 0; qi = q

0 g̀ ; i 6= 0; qi 6= q

wherel ` 6= 0 is thediagonalentryof L thatcorrespondsthis particularrow of C. For
q` = q and x 6= 0 the left-hand-sideis nonzeroand thereforewe must have g̀ ,i = 0



whenever qi 6= q, becauseotherwisethe right-hand-sidewould be zero,which proves

2. Moreover, we mustalsohave x(m` ) = l `x
�

å k
i= 1,qi= q`

mi g̀ ; i

�
; 8x 2 Wx, which proves1

and3. Considernow thecorrespondingrow in thevectorequality(17b), which canbe
writtenas

¥

å
i= 1

a`,im
(mi )
qi = m(m` )

q`

k

å
j= 1

g̀ , j

m
(mj )
q j

¥

å
i= 1

a j ,im
(mi )
qi (42)

For q` = q, sinceg̀ , j = 0 wheneverq j 6= q = q` (becauseof 2), weconcludethat

¥

å
i= 1
qi= q

a`,i x
(mi ) =

k

å
j= 1

q j = q

g̀ , j

¥

å
i= 1
qi= q

a j ,i x(m` � mj + mi ) ; 8x 2 Wx;

whichproves4. Forq` 6= q, theright-hand-sideof (42) iszeroandthereforeå ¥
i= 1
qi= q

a`,i x(mi ) =

0, 8x 2 Wx whichproves5.
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