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Abstract— Auto-regulatory transcriptional feedback, where
the protein expressed from a gene inhibits its own transcription,
is known to reduce stochastic fluctuations in protein numbers.
Recent work has demonstrated the existence of negative feed-
back loops not only at the transcriptional level but also at
the translational level. We investigate the noise suppression
abilities of feedback loops at the translational level and compare
them with transcriptional feedback. In particular, we consider
two feedbacks at the translational level: translation blocking
feedback, where the protein inhibits the translation of its
mRNA, and degradation enhancing feedback, where the protein
increases the degradation rate of its mRNA.

We derive analytical formulas for the protein noise level
corresponding to different feedback mechanisms. These noise
levels are then compared with each other for fixed steady-
state average number of protein and mRNA molecules. We
show that translation blocking feedback always yields smaller
levels of protein noise than transcriptional feedback. We further
show that the difference between the protein noise levels with
translation blocking and transcriptional feedback -critically
depends on how fast the protein dynamics is compared to the
mRNA dynamics. In particular, this difference increases as we
make the protein dynamics faster than the mRNA dynamics,
while making it slower has an opposite effect.

Finally, we show that degradation enhancing feedback pro-
vides the same noise level as transcriptional feedback. This
result shows that regulation at the translational level may not
always be better than regulation at the transcriptional level in
terms of reducing noise in the protein population.

I. INTRODUCTION

The probabilistic nature of gene expression and low copy
numbers of RNAs and proteins within cells, lead to large
statistical fluctuations in protein levels [1], [2], [3]. Various
negative feedback mechanisms exists within gene networks
that help reduce stochastic fluctuations in protein levels.
One such common and well characterized mechanism is an
auto-regulatory transcriptional feedback, where the protein
expressed from a gene inhibits its own transcription [4], [5].
Both theoretical and experimental studies have shown that
such negative feedback at the transcriptional level reduces
noise in protein numbers [6], [7], [8], [9], [10]. Recent
work has provided evidence of negative feedback loops at
the translational level, where the protein can inhibit the
translation rate and/or enhance the degradation rate of its
mRNA [11], [12]. We investigate if such feedbacks at the
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translational level are more effective in reducing protein
noise level than transcriptional feedback.

As shown in Figure 1, we consider a simple model for
gene expression where the mRNA is transcribed at a rate
T, the protein is translated from the mRNA at a rate L,,
and both the mRNA and the protein degrade at rates a, and
dy, respectively. We denote by m(s) and x(¢) the number
of molecules of mRNA and protein, respectively, at time ¢
(see Table I for a summary of notation used in this paper). In
the stochastic formulation of this gene expression model, the
molecular counts m(z) and x(¢) are both stochastic processes.
We quantify the protein noise level by the coefficient of
variation

E* [X2] _ X*Z

— g (1)
where x* is the steady-state average number of protein
molecules and E*[x?] is the steady-state value of the moment
E[x’] [13]. In section II, we start by quantifying the noise
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Fig. 1. A simple model for gene expression.
level in the protein population when there is no feedback
mechanism present (as in Figure 1). In section III, we
introduce a transcriptional negative feedback by assuming
that the transcription rate of the gene is a monotonically
decreasing function g (x) of the protein count x. Assuming
that the fluctuations in protein/mRNA counts about their
mean levels are sufficiently small, we derive an explicit
formula for the protein noise level using the linear noise
approximation. In this approximation, the protein noise level
with transcriptional feedback is always smaller than the noise
level with no feedback. It is important to point out that
this comparison is made keeping the steady-state average
production rate for both the protein and the mRNA fixed.
This ensures that the steady-state average number of mRNA
and protein molecules, with and without negative feedback,
are the same. Such a form of comparison is also referred to



in literature as a mathematically controlled comparison [14],
[15].

TABLE 1
A SUMMARY OF THE NOTATION USED IN THIS PAPER.

Number of mRNA molecules at time ¢

x(1) Number of protein molecules at time ¢

m* Steady-state average number of mRNA molecules
x* Steady-state average number of protein molecules
T Transcriptional rate of the gene with no feedback
L, Translation rate of the gene with no feedback
ay mRNA degradation rate with no feedback

dy Protein degradation rate

Ny Burst size of the gene given by L,/ay

e Ratio of the protein degradation rate d,

and the mRNA degradation rate a,

g1(x) Transcription rate of the gene with
transcriptional feedback
82(x) Translation rate of the mRNA with
translation blocking feedback
83(x) Degradation rate of the mRNA with
degradation enhancing feedback
K Feedback gain defined as ‘%&'g))hzxx .

Assumed same for all feedback mechanisms

We next investigate the noise suppression abilities of
feedback loops at the translational level. In particular, we
focus on translation blocking feedback, where the protein
inhibits the translation of its own mRNA (see Figure 2). This
feedback is incorporated in the gene expression model by
assuming that the mRNA translation rate is a function of the
protein count x. Table II summarizes our conclusions on the
protein noise levels for the different feedback mechanisms.

Comparing these noise levels for a fixed average num-
ber of protein molecules x*, we conclude that translation
blocking feedback is always more effective in attenuating
protein noise than transcriptional feedback. We further show
that the difference in the protein noise level with translation
blocking and transcriptional feedback critically depends on
ex = dy/ay, which is a measure of how fast the protein
dynamics is compared to the mRNA dynamics. In particular,
making the protein dynamics much faster than the mRNA
dynamics (i.e., increasing e,), increases this difference, and
enhances the noise suppression ability of the translation
blocking feedback compared to the transcriptional feedback.
On the other hand, making the mRNA dynamics much faster
than the protein dynamics (i.e., decreasing e,), decreases this
difference, and diminishes the advantage of using translation

blocking feedback over transcriptional feedback for noise
reduction.
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Fig. 2. An auto-regulatory gene network with three different mechanisms
of auto-regulation. Mechanisms 1, 2 and 3 correspond transcriptional feed-
back, translation blocking feedback and degradation enhancing feedback,
respectively.

TABLE II
PROTEIN NOISE LEVELS OBTAINED USING THE LINEAR NOISE
APPROXIMATION FOR DIFFERENT NEGATIVE FEEDBACK MECHANISMS

Feedback mechanism Steady-state protein noise level

1+Ny+eyx

No feedback X (Tred)

1+Ny+ex+Kex

Transcriptional feedback F(Tren) (13 0)

1+Ny+ex+Key

Translation blocking feedback SO0 (4 (14 K)er)

L+NytextKex

Degradation enhancing feedback F(Tren) (3]

We also consider another feedback mechanism at the
translational level: degradation enhancing feedback, where
the protein increases the degradation rate of its mRNA. This
feedback mechanism has also been previously considered
in [16] in the context of regulated protein degradation.
Consistent with the prediction of [16], the linear noise
approximation gives the same protein noise level for degra-
dation enhancing feedback and transcriptional feedback (see
Table II). This emphasizes an important point that feedback
at the translational level is not always more effective than
feedback at the transcriptional level in terms of reducing
noise in the protein population, which contradicts what had
been previously conjectured in [22].

II. GENE EXPRESSION MODEL WITH NO REGULATION

We consider a model of gene expression which takes
into account both the mRNA and protein dynamics. As
shown in Figure 1, the protein production is decomposed
into two steps: transcription and translation. We assume that
the mRNA is transcribed from the gene GeneX at a constant
rate 7, and the protein X is translated from the mRNA at a
constant rate L,. Both mRNA and the protein decay at rates
a, and d, respectively. As the average lifetime of a mRNA is
1/a, and proteins are made from it at a rate Ly, Ny = L, /a,
denotes the average number of proteins produced per mRNA,
which is referred to as the burst size of the gene GeneX. We



denote by m and x, the number of molecules of the mRNA
and protein X, respectively. As a continuous deterministic
model based on chemical rate equations does not provide
information about the stochastic fluctuation in the protein,
we consider a stochastic formulation that treats births and
deaths of the mRNA and the protein as probabilistic events.
Given that x(#) = x and m(#) = m, the probabilities of the four
reactions corresponding to births and deaths of the mRNA
and the protein happening in the infinitesimal time interval
(¢,¢ +dt] are given by

Pr{x(t +dt) =xm(r +dt) =m+1} = T, dt (2a)
Pr{x(t +dt) =x,m (t +dt)=m—1} =aundt (2b)
Pr{x(t+dt) =x+1,m(r + dz) =m} = Lyndt (2¢)
Pr{x(t+dt) =x—1,m(t +dt) = m} = dyxdt (2d)

[17], [18]. We model the time evolution of the number of
molecules x and m through a Stochastic Hybrid System
(SHS), the state of which is y = [m,x]7. This SHS is
characterized by trivial continuous dynamics

y=0 3)

and four reset maps ¢;(y)

Y'—”Pl()’):{m;l} YHq)z(y):[mxl} (4a)
YH¢3(Y)={XT1]7 yH¢4(y)=[X‘fl} (4b)

with transition intensities

M(y) =

corresponding to the transcription, translation, mRNA and
protein degradation rates in (2) (see [19]). We now determine
the time evolution of the first and second order moments of y,
i.e., the expected values E[m], E[x], E[x*], E[m?] and E[mx].
This moment dynamics can be obtained using the Dynkin’s
equation for the above SHS, according to which we have
that

T, Ma(y) = axm, A3(y) = Lam, A4(y) =dx (5)

dE[y(y)] _

=
==
<

—y(y) Ai(y) (6)

i=1

[20], [21]. Using (6) with appropriate choices for y(y) we
conclude that

T~ a.Em] (72)
d‘g"] — LE[m] - dE[x] (7b)
dEc[;tnz] = T, + a;E[m] + 27,E[m] — 2a,E[m’] (7c)
dl‘id[:‘q = L,E[m] + d,E[x] + 2L,E[mx] — 24,E[x*]  (7d)
dEC[l‘:‘X] = LE[m’] + TE[x] - d;E[mx] - ¢,E[mx]. (7e)

By setting to zero the right-hand sides of (7), we obtain the
following steady-state moments:

* 777( * LXT;(
— x* =

=2 8
m .’ doas (82)
. a T +T?
Em’] = =5 (8b)
ax
) LT, Ly (dxaxLxTx + dex]:yz + axLx]jrz)
E'x7] = 242 (8¢)
dyay d?az(dy + ay)
R (8d)
dyaZ(dy + ay)

where m* and x* represent the steady-state average number
of molecules of the mRNA and the protein, respectively, and
E* denotes the steady-state value of the respective moment.
Substituting the steady-states from (8) in (1) we obtain the
following coefficient of variation of x

1+N;+e
CVnofregulation = )(*(171&6; )
where e, = d,/a, is the ratio of the protein and the mRNA
degradation rate, and CVj,—requiarion Tepresents the protein
noise level when there is no feedback mechanism present.

III. TRANSCRIPTIONAL REGULATION IN GENE
EXPRESSION

We now put a negative feedback in the gene expression
model introduced in the previous section. In particular, this
feedback is at the transcriptional level where any increase
(decrease) in protein numbers, decreases (increases) the tran-
scription rate of the gene. We assume that the transcription
rate of the gene is given by g; (x) where g; is a monotonically
decreasing function of the protein count x. Such an auto-
regulatory gene network with transcriptional feedback can
be modeled by the SHS (3)-(5), except that now

A(y) = g1(x).

In order to write the moment dynamics we linearize the
function g;(x) about the steady-state average number of
protein molecules x*. This approximation is valid as long
as the stochastic fluctuations are small in the sense that the
protein count does not leave the region in which g;(x) is
approximately linear. Towards this end, we assume

xl<y>=g1<x>~g1<x*>[1—r<(";"*)] (n

where the dimensionless constant

(10)

x*  dgi(x)
- x>0 12
o) dx |x=x (12)
can be though of as the feedback gain and g;(x*) is the av-

erage transcription rate. For comparison purposes we choose
g1(x*) such that the steady-state average counts of the mRNA
and the protein are equal to their corresponding values in the
previous section, where there was no regulation. This is done
by taking the average transcription rate g (x*) = Ty, which is



the transcription rate of the gene when there is no negative
feedback (see Figure 1).

Using Dynkin’s equation with the linearized transition
intensity (11) we have the following moment dynamics

dlili[tm} :TfoTx%:X**axE[m] (132)
N 1 Em) - 4.8 (130)
2
dEcEIItn ) 7,14 ) + aEjm] + 27,E[m] + 2k T,E[m]
0 E[m?] KT, ETx] Coer, E[;r:x] (13¢)
2
dliz[f | 1 Efm) + d.E[x)+ 2L, Efmx] 24 E[] (13)
dEg:lX] = LEm?| + LE[X] + kT,E[x] — d,E[mx]
[x?]
— a,E[mx] — kT, < (13¢)

From (13a) and (13b) the steady-state means are given by

w_ Lo LT

X*
Ay dyay

(14)
which, by construction, are the same as those obtained in
Section II with no feedback [see (8)]. A steady-state analysis
of the remaining equations yields the following steady-state
coefficient of variation of x

1+ Ny +ex + Key

x*(14e)(1+xK) (15)

CVtranscri ption—regulation — \/

Comparing (15) with the noise level (9) when there is no
feedback, we see that

CVtranscri ption—regulation \/

14+ N, + e+ Key
(1+K)(1+Nc+ey)

CVn()fregulation (16)
As expected, when k = 0, the right-hand-side of (16) is equal
to one. When k > 0, this quantity is always smaller than one,
which shows that for fixed m* and x*, the protein noise level
with transcriptional negative feedback is always smaller than
the noise level with no feedback.

IV. TRANSLATIONAL REGULATION IN GENE EXPRESSION

We now consider more sophisticated forms of negative
feedback where regulation occurs at the translational level.
In particular, we consider two such forms of feedback:
translation blocking feedback and degradation enhancing
feedback.

A. Translation blocking feedback

We first consider a negative feedback mechanism where
the protein inhibits the translation of its own mRNA and
refer to it as the translation blocking feedback. The sim-
plest biological mechanism by which such a feedback is
implemented is when a protein binds to its own mRNA and
prevents ribosomes from accessing the mRNA and carry out
translation. We model this translation blocking feedback by
assuming that the translation rate of the mRNA is given by

g2(x), where g, is a monotonically decreasing function of
the protein count X.

The SHS corresponding to this feedback mechanism is
given by (3)-(5), but now with

A3(y) = g2(x)m. (17)

As before, we assume that the stochastic fluctuations in x and
m around their respective means x* and m* are sufficiently
small and approximate the above transition intensity as

M) =m0 moxm (X5 as)

ignoring quadratic and higher order terms in x —x* and m —
m*. In equation (18), the dimensionless constant

_ X dgs(x)
g (x*)  dx
is the feedback gain of the translation blocking feedback
and g»(x*) is the average translation rate of the mRNA. We
take g»(x*) = Ly, which is the translation rate of the mRNA
when there is no negative feedback (see Figure 1). As we will
shortly see, this choice ensures that the steady-state means x*
and m* are equal to their corresponding values when there
is no feedback.
Using (18) and the Dynkin’s equation, the time evolution
of all the first and second order moments of x and m are
now given by

|x=x+ >0 (19)

M 1, — o, Elm] (200
PN _ L) k™ END ey o
dEc[;tnz] — T, + a,E[m] + 2T,E[m] — 2¢,E[x’] (20c)
dlil[jz] = LE[m] + kL,m" + dE[x] + 2L,E[mx]

kL,m*E[x] 2kL,m*E[x?]

+2kL,m*E[x] — 2d,E[x*] —

x* X*
(20d)
dE
C[l‘t“"] = L,E[m? + kL,E[mm" + T,E[x] — d,E[mx]
*
E
— a,E[mx] — KTxmian}. (20¢)
X
A steady-state analysis of the above equations yields
T, LT,
m'=-" x*="2 (21a)
ay day
14+ N, + e+ Key
v, ion—blocking = . (21b
translation—blocking \/X*(l + K')(l T (1 T K)ex) ( )

Comparing the above noise level (21b) with the noise level
(9) we have that

CVtranslation—blocking _

CVno—regulation

(1+Ne+e+xe)(1+e)
(I4+Ny+e)(1+ (14 K)e)(1+x)

<1, x>0, (22)



which implies that like transcriptional feedback, for fixed m*
and x*, translation blocking feedback also results in smaller
protein noise level than the noise level when there is no
feedback. We next compare the noise suppression abilities
of transcriptional and translation blocking feedback. Towards
that end, we compute that

CVtranslation—blocking _ 1 <1
= o
14K 14-ex

(23)

CVtranscri ption—regulation

which shows that translation blocking feedback is always
better than transcriptional feedback in terms of reducing
noise in the protein population. Note from (23) that, for
a fixed feedback gain k, the above ratio monotonically
decreases with increasing e, and

li CVt ranslation—blocking

=1 (24a)

ex—0 CVtranscri ption—regulation
CVtmm'l ation—blocking

/1
ex—r° CVtranscriptionfregulation I+x

lim (24b)
We recall that e, = d,/a, is a measure of how fast the
protein dynamics is compared to the mRNA dynamics. The
above result shows that when e, is large, i.e., the protein
dynamics is much faster than the mRNA dynamics, the noise
suppression ability of the translation blocking feedback is far
superior to that of transcriptional feedback. However, when
ey is small, i.e., the protein dynamics is much slower than
the mRNA dynamics, the difference in the noise suppression
abilities of the two feedback mechanisms is small.

B. Degradation enhancing feedback

We next consider another negative feedback mechanism at
the translational level where the protein enhances the degra-
dation rate of its own mRNA. We refer to this mechanism as
the degradation enhancing feedback. Such a feedback mech-
anism arises when the protein activates enzymes involved in
the degradation of the mRNA. We model the degradation
enhancing feedback by assuming that the degradation rate
of the mRNA is given by g3(x) where g3 is a monotonically
increasing function of x.

The SHS corresponding to this feedback mechanism is
given by (3)-(5) but now with

Aa(y) = g3(x)m. (25)

Linearizing this transition intensity we have

x—*x*)] 26)
X

27)

Jaly) = g3 (x)m = & (x") [m+ ' (

where

_ x* dgs (X) ‘ . >0
g(x*) dx N

is the feedback gain of the degradation enhancing feedback.

Taking g3(x*) = ay, which is the degradation rate of the

mRNA when there is no negative feedback (see Figure 1),
we have the following moment dynamics

dE *(E[x] — x*
M _ 7 g Efm] — ka, P EX X)) (28a)

dt x*
dE

dEX] = L,E[m] — d,E[x] (28b)
dE[m?

g“ | 7, 4 ayEjm] + 27 E[m] — 20, E[x] — a, km*

“E ‘E

24, kE[mjm* + ayx 2 LIPS £Xm] (28¢)
dE[x?
% = L,E[m] + d,E[x] + 2L, E[mx] — 24, E[x*] (28d)

E
d g:"‘] = LEm? + ka,E[xm" + T,E[x] — d,E[mx]

“E 2
— a,E[mx] — Kame[x]. (28¢)
A steady-state analysis of the above equations yields
T, LT,
m'= =, x= = (29a)
ay dyay
1 +Ny+ex+ ke
CVdegradalionfenhancing = \/IM (29b)

Comparing (29b) with (15), we conclude that the protein
noise level with degradation enhancing feedback is identical
to the noise level with transcriptional feedback. This result
shows that regulation at the translational level is not always
better than regulation at the transcriptional level in terms of
reducing stochastic fluctuations in protein numbers.

V. DISCUSSION AND FUTURE WORK

We analyzed the noise suppression properties of three
different auto-regulatory negative feedback loops. Assuming
that stochastic fluctuations in the populations of the protein
and the mRNA are sufficiently small, we derived explicit
analytical formulas for the protein noise level for each of
the three feedback mechanisms. Comparing these formulas
for fixed steady-state average number of molecules and fixed
feedback gain k¥ we concluded that

CVtmnslati()n7blocking < CVtranscripti()n7regulation (303-)
CVdegradalionfenhancing = CVtrzmscriptionfregulation (30b)
CVtranscription—regulation < CVno—regulati0n~ (3OC)

These results show that transcriptional feedback and degrada-
tion enhancing feedback, which directly control the produc-
tion and degradation of the mRNA, and hence indirectly con-
trol the production of the protein, provide the same protein
noise level. On the other hand, translation blocking feedback
which directly controls the production of the protein always
provides smaller noise in protein numbers. In summary, the
mechanism by which regulation at the translational level can
provide better noise suppression than regulation at transcrip-
tional level is through translation blocking feedback where
the translation rate of the mRNA decreases with increasing
protein count.



Our results support and explain the observation made in
[22] that regulation at the translational level always pro-
vides better noise suppression than transcriptional regulation.
This observation was based on an auto-regulatory negative
feedback mechanism where the protein binds to its mRNA
and changes both the translation and degradation rate of
the mRNA. This feedback loop corresponds to a mixture
of translation blocking and degradation enhancing feedback.
Our analysis shows that it is the translation blocking com-
ponent of the feedback that causes this mixed feedback to
provide better noise suppression than transcriptional feed-
back. Without the translation blocking feedback component,
we predict that this feedback at the translational level would
provide the same noise suppression as the transcriptional
feedback.

We investigated the noise suppression properties of both
translation blocking and transcriptional feedback when the
protein dynamics is much faster/slower than the mRNA
dynamics. In particular, we showed that in the limit when the
protein dynamics is much slower than the mRNA dynamics,
we have

limo(CVtranscriptionfregulation - CVtranslationfblocking) = 07
ex—
(3D

and both feedback mechanisms provide the same level of
noise suppression. However, as we increase e, from zero,
i.e., as we make the protein dynamics much faster than the
mRNA dynamics, this difference increases and translation
blocking feedback becomes increasingly more effective in
reducing protein noise than transcriptional feedback.

One direction for future work is to determine if translation
blocking feedback indeed occurs more often when e, is not
small. Another direction of future work is to analyze other
auto-regulatory mechanisms that are possible in our gene ex-
pression model. Figure 3 plots eight different auto-regulatory
mechanisms out of which six are negative feedback loops
and two are negative feedforward loops. Our goal would be
analyze and compare the noise suppression abilities of all
these feedback and feedforward loops.

X—P*

e o

mRNA—P*
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Fig. 3. An auto-regulatory gene network with eight different mechanisms
of auto-regulation. Auto-regulation mechanisms 1, 2, 3, 4, 5, 8 are negative
feedback loops while mechanisms 6 and 7 are negative feedforward loops.
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