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p53 protein 

•  Key role in tumor suppression on multicellular organisms 

p53 is the most frequently mutated gene in human 
cancer 

•  p53 family of genes is at least one billion years old 

present in the modern-day descendants of the  
single-cell choanoflagellates & early sea anemone  

•  The tumor suppression role of the p53 ancestral gene 
preserved over a large time span 

o  in the sea anemone protects the germline gametes 
from DNA damage 

o  function persists in insects, worms, clams, and 
vertebrates  
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p53 response to DNA damage 

•  Under unstressed conditions, p53 levels are low 
•  DNA double-strand breaks (DSBs) trigger increase in p53 

(through a set of transduction kinases) 
•  High level of p53 can trigger  

•  DNA repair pathways 
•  pro-apoptotic pathways (programmed cell death) 
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Figure 5: (a) p53 concentration vs damage-sensing parameter concentration for tri-stable network configuration

with p53, MDM2, PTEN and ARF modules. (b) A simulation where the damage-sensing parameter is increased

to 0.8 and decreased, as shown in the green plot. The bistable network response in blue shows a rapid increase

in p53 concentration after the damage-sensing parameter crosses the threshold H shown in Figure (a), but the p53
concentration returns to a low level once the parameter becomes less than L. In contrast, the tri-stable network

response in red shows the same rapid increase in p53 concentration, which does not return to a low level once the

parameter crossed H 1
.
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p53 network in humans 
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Figure 2: (a) Basal configuration of the p53 pathway, that is not a↵ect by the remaining proteins. All invertebrates

other than M. Trossulus display this configuration. (b) Configuration of the p53 pathway that also includes the

MDM2 module, which is made up of the mRNA, active and inactive variants of MDM2, which are all necessary for

the negative feedback structure. M. Trossulus has this network configuration. (c) Configuration of the p53 pathway

that also includes the MDM2 and PTEN modules. The PTEN module includes its mRNA, and the proteins

PTEN , PIP3, PIP2 and active and inactive variants of AKT . These species are all required to give rise to the

positive feedback structure. This network structure is seen in the M. Brandtii and T. Truncatus species from the

phylogenic data. (d) Configuration of p53 pathway that includes the MDM2, PTEN , and ARF modules. The ARF
module includes the ARF protein, which is involved in positive feedback with the MDM2 module. This network

structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.

4 Network configuration and structure

4.1 Positive feedback on p53 is necessary for bistability

Hari: Estab-
lish that p53
levels are very
important in
determining
cell fate.

p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].

Hari: Estab-
lish that there
is a thresh-
old of DNA
double-strand
breaks that
causes a rapid
increase in
concentra-
tion of p53,
that would
enable these
pathways to
be triggered
quickly. Then
establish the
connection
between rapid
initiation and
bistability.

It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].

Hari: Es-
tablish that
positive
feedback is
necessary for
bistability, but

not su�cient.
Now relate
this to what
we found from
the phylo-
genic data in
Figure 2.

As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.

Hari: Con-
clude this
section by
walking
through the
figure to show
a simple illus-
tration of how
rapid increase
in p53 con-
centration can
happen with
bistability,
but not with
monostability

14Hari: This ”threshold” comes from knowledge of when pulses are initiated, but we don’t have to talk about pulses
yet. After all, a rapid increase in concentration is the first stage of pulsing.

In humans: p53 is part of a network that mediates 
•  initiation of cell-cycle arrest 
•  DNA repair 
•  senescence (stop division) or apoptosis (death) 

Network includes: 
MDM2: negative regulator of p53 by binding to 

and blocking the N-terminal trans-
activation domain of p53 

 
PTEN:  negative regulator of MDM2 

(through PIP3 and AKTa) 
 
ARF:  inhibits MDM2 

(and inhibited by MDM2) (a few additional proteins omitted 
from diagram for simplicity, 
e.g. PIP3, AKTa, mRNAs) 



Phylogenic tree 

•  Homologs of the p53 gene have been preserved over one billion years 
But… 

•  not same for all other proteins  
•  notably MDM2 only present in vertebrates 
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two p53 networks 

What qualitative differences in the behavior of these networks? 
 
What intermediate behaviors could be observed in the evolution 
from one network to the other? 
  

invertebrates vertebrates 
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positive feedback structure. This network structure is seen in the M. Brandtii and T. Truncatus species from the

phylogenic data. (d) Configuration of p53 pathway that includes the MDM2, PTEN , and ARF modules. The ARF
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structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.

4 Network configuration and structure

4.1 Positive feedback on p53 is necessary for bistability
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levels are very
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determining
cell fate.

p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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phylogenic data. (d) Configuration of p53 pathway that includes the MDM2, PTEN , and ARF modules. The ARF
module includes the ARF protein, which is involved in positive feedback with the MDM2 module. This network

structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.
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determining
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p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.
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determining
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p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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that also includes the MDM2 and PTEN modules. The PTEN module includes its mRNA, and the proteins

PTEN , PIP3, PIP2 and active and inactive variants of AKT . These species are all required to give rise to the

positive feedback structure. This network structure is seen in the M. Brandtii and T. Truncatus species from the

phylogenic data. (d) Configuration of p53 pathway that includes the MDM2, PTEN , and ARF modules. The ARF
module includes the ARF protein, which is involved in positive feedback with the MDM2 module. This network

structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.

4 Network configuration and structure

4.1 Positive feedback on p53 is necessary for bistability

Hari: Estab-
lish that p53
levels are very
important in
determining
cell fate.

p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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double-strand
breaks that
causes a rapid
increase in
concentra-
tion of p53,
that would
enable these
pathways to
be triggered
quickly. Then
establish the
connection
between rapid
initiation and
bistability.

It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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tablish that
positive
feedback is
necessary for
bistability, but

not su�cient.
Now relate
this to what
we found from
the phylo-
genic data in
Figure 2.

As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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a simple illus-
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in p53 con-
centration can
happen with
bistability,
but not with
monostability

14Hari: This ”threshold” comes from knowledge of when pulses are initiated, but we don’t have to talk about pulses
yet. After all, a rapid increase in concentration is the first stage of pulsing.
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Figure 2: (a) Basal configuration of the p53 pathway, that is not a↵ect by the remaining proteins. All invertebrates
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MDM2 module, which is made up of the mRNA, active and inactive variants of MDM2, which are all necessary for

the negative feedback structure. M. Trossulus has this network configuration. (c) Configuration of the p53 pathway

that also includes the MDM2 and PTEN modules. The PTEN module includes its mRNA, and the proteins

PTEN , PIP3, PIP2 and active and inactive variants of AKT . These species are all required to give rise to the

positive feedback structure. This network structure is seen in the M. Brandtii and T. Truncatus species from the

phylogenic data. (d) Configuration of p53 pathway that includes the MDM2, PTEN , and ARF modules. The ARF
module includes the ARF protein, which is involved in positive feedback with the MDM2 module. This network

structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.

4 Network configuration and structure

4.1 Positive feedback on p53 is necessary for bistability

Hari: Estab-
lish that p53
levels are very
important in
determining
cell fate.

p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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be triggered
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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this to what
we found from
the phylo-
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Figure 2.

As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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14Hari: This ”threshold” comes from knowledge of when pulses are initiated, but we don’t have to talk about pulses
yet. After all, a rapid increase in concentration is the first stage of pulsing.
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with p53, MDM2, PTEN and ARF modules. (b) A simulation where the damage-sensing parameter is increased

to 0.8 and decreased, as shown in the green plot. The bistable network response in blue shows a rapid increase

in p53 concentration after the damage-sensing parameter crosses the threshold H shown in Figure (a), but the p53
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response in red shows the same rapid increase in p53 concentration, which does not return to a low level once the

parameter crossed H 1
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Figure 2: (a) Basal configuration of the p53 pathway, that is not a↵ect by the remaining proteins. All invertebrates

other than M. Trossulus display this configuration. (b) Configuration of the p53 pathway that also includes the

MDM2 module, which is made up of the mRNA, active and inactive variants of MDM2, which are all necessary for

the negative feedback structure. M. Trossulus has this network configuration. (c) Configuration of the p53 pathway

that also includes the MDM2 and PTEN modules. The PTEN module includes its mRNA, and the proteins

PTEN , PIP3, PIP2 and active and inactive variants of AKT . These species are all required to give rise to the

positive feedback structure. This network structure is seen in the M. Brandtii and T. Truncatus species from the

phylogenic data. (d) Configuration of p53 pathway that includes the MDM2, PTEN , and ARF modules. The ARF
module includes the ARF protein, which is involved in positive feedback with the MDM2 module. This network

structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.

4 Network configuration and structure

4.1 Positive feedback on p53 is necessary for bistability

Hari: Estab-
lish that p53
levels are very
important in
determining
cell fate.

p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].

Hari: Estab-
lish that there
is a thresh-
old of DNA
double-strand
breaks that
causes a rapid
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be triggered
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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this to what
we found from
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genic data in
Figure 2.

As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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14Hari: This ”threshold” comes from knowledge of when pulses are initiated, but we don’t have to talk about pulses
yet. After all, a rapid increase in concentration is the first stage of pulsing.
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other than M. Trossulus display this configuration. (b) Configuration of the p53 pathway that also includes the

MDM2 module, which is made up of the mRNA, active and inactive variants of MDM2, which are all necessary for
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that also includes the MDM2 and PTEN modules. The PTEN module includes its mRNA, and the proteins

PTEN , PIP3, PIP2 and active and inactive variants of AKT . These species are all required to give rise to the

positive feedback structure. This network structure is seen in the M. Brandtii and T. Truncatus species from the

phylogenic data. (d) Configuration of p53 pathway that includes the MDM2, PTEN , and ARF modules. The ARF
module includes the ARF protein, which is involved in positive feedback with the MDM2 module. This network

structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.

4 Network configuration and structure

4.1 Positive feedback on p53 is necessary for bistability

Hari: Estab-
lish that p53
levels are very
important in
determining
cell fate.

p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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yet. After all, a rapid increase in concentration is the first stage of pulsing.
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that also includes the MDM2 and PTEN modules. The PTEN module includes its mRNA, and the proteins

PTEN , PIP3, PIP2 and active and inactive variants of AKT . These species are all required to give rise to the

positive feedback structure. This network structure is seen in the M. Brandtii and T. Truncatus species from the

phylogenic data. (d) Configuration of p53 pathway that includes the MDM2, PTEN , and ARF modules. The ARF
module includes the ARF protein, which is involved in positive feedback with the MDM2 module. This network

structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.

4 Network configuration and structure

4.1 Positive feedback on p53 is necessary for bistability
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lish that p53
levels are very
important in
determining
cell fate.

p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.

Hari: Con-
clude this
section by
walking
through the
figure to show
a simple illus-
tration of how
rapid increase
in p53 con-
centration can
happen with
bistability,
but not with
monostability

14Hari: This ”threshold” comes from knowledge of when pulses are initiated, but we don’t have to talk about pulses
yet. After all, a rapid increase in concentration is the first stage of pulsing.
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Figure 2: (a) Basal configuration of the p53 pathway, that is not a↵ect by the remaining proteins. All invertebrates

other than M. Trossulus display this configuration. (b) Configuration of the p53 pathway that also includes the

MDM2 module, which is made up of the mRNA, active and inactive variants of MDM2, which are all necessary for

the negative feedback structure. M. Trossulus has this network configuration. (c) Configuration of the p53 pathway

that also includes the MDM2 and PTEN modules. The PTEN module includes its mRNA, and the proteins

PTEN , PIP3, PIP2 and active and inactive variants of AKT . These species are all required to give rise to the

positive feedback structure. This network structure is seen in the M. Brandtii and T. Truncatus species from the

phylogenic data. (d) Configuration of p53 pathway that includes the MDM2, PTEN , and ARF modules. The ARF
module includes the ARF protein, which is involved in positive feedback with the MDM2 module. This network

structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.

4 Network configuration and structure

4.1 Positive feedback on p53 is necessary for bistability
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lish that p53
levels are very
important in
determining
cell fate.

p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.

Hari: Con-
clude this
section by
walking
through the
figure to show
a simple illus-
tration of how
rapid increase
in p53 con-
centration can
happen with
bistability,
but not with
monostability

14Hari: This ”threshold” comes from knowledge of when pulses are initiated, but we don’t have to talk about pulses
yet. After all, a rapid increase in concentration is the first stage of pulsing.

??? 

Evolution and dynamics 5

p53
F

(a)

p53

MDM2
F

(b)

p53

MDM2

PTEN

F

(c)

p53

MDM2

PTEN

ARF

(d)

Figure 2: (a) Basal configuration of the p53 pathway, that is not a↵ect by the remaining proteins. All invertebrates

other than M. Trossulus display this configuration. (b) Configuration of the p53 pathway that also includes the

MDM2 module, which is made up of the mRNA, active and inactive variants of MDM2, which are all necessary for
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that also includes the MDM2 and PTEN modules. The PTEN module includes its mRNA, and the proteins

PTEN , PIP3, PIP2 and active and inactive variants of AKT . These species are all required to give rise to the

positive feedback structure. This network structure is seen in the M. Brandtii and T. Truncatus species from the

phylogenic data. (d) Configuration of p53 pathway that includes the MDM2, PTEN , and ARF modules. The ARF
module includes the ARF protein, which is involved in positive feedback with the MDM2 module. This network

structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.

4 Network configuration and structure
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p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
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positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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14Hari: This ”threshold” comes from knowledge of when pulses are initiated, but we don’t have to talk about pulses
yet. After all, a rapid increase in concentration is the first stage of pulsing.
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in p53 concentration after the damage-sensing parameter crosses the threshold H shown in Figure (a), but the p53
concentration returns to a low level once the parameter becomes less than L. In contrast, the tri-stable network

response in red shows the same rapid increase in p53 concentration, which does not return to a low level once the
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Figure 2: (a) Basal configuration of the p53 pathway, that is not a↵ect by the remaining proteins. All invertebrates

other than M. Trossulus display this configuration. (b) Configuration of the p53 pathway that also includes the

MDM2 module, which is made up of the mRNA, active and inactive variants of MDM2, which are all necessary for

the negative feedback structure. M. Trossulus has this network configuration. (c) Configuration of the p53 pathway

that also includes the MDM2 and PTEN modules. The PTEN module includes its mRNA, and the proteins

PTEN , PIP3, PIP2 and active and inactive variants of AKT . These species are all required to give rise to the

positive feedback structure. This network structure is seen in the M. Brandtii and T. Truncatus species from the

phylogenic data. (d) Configuration of p53 pathway that includes the MDM2, PTEN , and ARF modules. The ARF
module includes the ARF protein, which is involved in positive feedback with the MDM2 module. This network

structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.

4 Network configuration and structure

4.1 Positive feedback on p53 is necessary for bistability

Hari: Estab-
lish that p53
levels are very
important in
determining
cell fate.

p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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lish that there
is a thresh-
old of DNA
double-strand
breaks that
causes a rapid
increase in
concentra-
tion of p53,
that would
enable these
pathways to
be triggered
quickly. Then
establish the
connection
between rapid
initiation and
bistability.

It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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tablish that
positive
feedback is
necessary for
bistability, but

not su�cient.
Now relate
this to what
we found from
the phylo-
genic data in
Figure 2.

As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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14Hari: This ”threshold” comes from knowledge of when pulses are initiated, but we don’t have to talk about pulses
yet. After all, a rapid increase in concentration is the first stage of pulsing.
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p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.

Hari: Con-
clude this
section by
walking
through the
figure to show
a simple illus-
tration of how
rapid increase
in p53 con-
centration can
happen with
bistability,
but not with
monostability

14Hari: This ”threshold” comes from knowledge of when pulses are initiated, but we don’t have to talk about pulses
yet. After all, a rapid increase in concentration is the first stage of pulsing.

Evolution and dynamics 5

p53
F

(a)

p53

MDM2
F

(b)

p53

MDM2

PTEN

F

(c)

p53

MDM2

PTEN

ARF

(d)

Figure 2: (a) Basal configuration of the p53 pathway, that is not a↵ect by the remaining proteins. All invertebrates

other than M. Trossulus display this configuration. (b) Configuration of the p53 pathway that also includes the

MDM2 module, which is made up of the mRNA, active and inactive variants of MDM2, which are all necessary for

the negative feedback structure. M. Trossulus has this network configuration. (c) Configuration of the p53 pathway

that also includes the MDM2 and PTEN modules. The PTEN module includes its mRNA, and the proteins

PTEN , PIP3, PIP2 and active and inactive variants of AKT . These species are all required to give rise to the

positive feedback structure. This network structure is seen in the M. Brandtii and T. Truncatus species from the

phylogenic data. (d) Configuration of p53 pathway that includes the MDM2, PTEN , and ARF modules. The ARF
module includes the ARF protein, which is involved in positive feedback with the MDM2 module. This network

structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.

4 Network configuration and structure

4.1 Positive feedback on p53 is necessary for bistability

Hari: Estab-
lish that p53
levels are very
important in
determining
cell fate.

p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].
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It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].
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As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.
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5 DNA damage sensing, transduction and repair, and a

comparison with experimentally observed results

Hari: Estab-
lish why we
propose a
model based
on network
architecture
seen in feed-
back control

While much has been proposed about the role of p53 in DNA damage sensing, transduction and
repair mechanisms [12, 13, 25, 31, 32], there is little that is conclusively known about how these
mechanisms actually work. In this section, we propose simple models of DNA damage sensing,
transduction and repair that are inspired by similar models shown in control systems theory
[33]. Using these models, we validate many experimentally observed results.

Hari: Estab-
lish why we
can assume
the existence
and propose
a model for
transduction
kinases.

For over a billion years, the p53 protein and its ancestors have been responsible in ”guarding
the genome” by responding to DNA damage [4]. However, this family of proteins is not known
to ever have had the ability to directly sense the presence of this damage. Therefore, it is
reasonable to assume that there have always existed sensing and transduction mechanisms that
conveyed to the p53 pathway the extent of DNA damage within to cell. Recent research has
shown that many proteins such as ATM and Chk2 are directly involved in the sensing and
transduction of DNA damage information. Moreover, there are many proteins such as Rad51

[12, 31] and XPC [12, 34] that are involved in DNA repair. Since the focus of this study is on
the p53 response and how it is a↵ected by the presence or absence of specific proteins, we model
the signal transduction as a simple deterministic birth-death model of the form

9rTrKins “ fp#DSBq ´ �ptq rTrKins , (1)

which is similar to the model for damage signal transduction that was used in [35]. Here, the
variable #DSB represents the number of DNA double-strand breaks (DSBs), which we consider
to be an indicator of the amount of DNA damage present. The specific forms of f and � are
discussed in Section 7.

The number of DSBs is modeled as a simple deterministic death process,

9#DSB “ ´µ#DSB rp53s , (2)

where µ#DSB rp53s is essentially the rate of repair, that is known to be regulated by p53
[23, 25, 32]. Since damage is induced in the cell on the order of minutes [20], while the response
can last for many hours or even days [36, 37], the number of DSBs induced by damaging agents
is assumed to be the initial condition of (2).

Hari: Es-
tablish that
this model
correctly
predicts that
more ancient
species that
had monos-
table networks
would more
easily end
up going to
apoptosis

In the case of early organisms that exhibited a monostable network structure (See Figure
4(b)), our model predicts that an increase in the number of DSBs will result in an increase in
the concentration of p53. It is known that p53 level remaining high for a su�cient period of
time leads to an increase in the levels of pro-apoptotic activity, which would eventually lead to
cell death. [18, 34]. This is therefore consistent with results from [4], which postulated that the
cells of ancient organisms would simply go to apoptosis in response to su�ciently large amounts
DNA damage. 15

Hari: Suma-
rize experi-
mental work
on human
cells

Recent experimental work on human cells has demonstrated that in these cells, the p53
concentration does not simply rise in response to increasing DNA damage. In response to �-
radiation induced DNA damage, the p53 level in human breast cancer cells has been shown to
pulse; increasing the amount of �-radiation leads to an increase in the number of pulses [1, 37].
Further work has also shown that the transduction kinase levels also pulsed along with p53, and
that these pulses were highly coupled [26, 35]. Work on human U2-OS cells has shown that the
p53 level in these cells oscillates in response to moderate etoposide-induced DNA damage, while
large amounts of damage triggers a strong monotonic elevation in p53 level [34]. Along with
the level, the temporal pattern of the p53 response is strongly tied to cell fate; cells in which
p53 pulses are known to operate normally after the p53 level goes back to a nominal level [18],
whereas cells in which p53 is sustained at a high level are either unable to divide [18] or go to

15Hari: a figure will probably help here

Damage induced on the order of minutes è modeled by impulses in # DSB  
(whereas repair lasts for many hours or even days) 

Evolution and dynamics 5

p53
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(a)

p53
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F

(b)
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F

(c)

p53

MDM2

PTEN

ARF

(d)

Figure 2: (a) Basal configuration of the p53 pathway, that is not a↵ect by the remaining proteins. All invertebrates

other than M. Trossulus display this configuration. (b) Configuration of the p53 pathway that also includes the

MDM2 module, which is made up of the mRNA, active and inactive variants of MDM2, which are all necessary for

the negative feedback structure. M. Trossulus has this network configuration. (c) Configuration of the p53 pathway

that also includes the MDM2 and PTEN modules. The PTEN module includes its mRNA, and the proteins

PTEN , PIP3, PIP2 and active and inactive variants of AKT . These species are all required to give rise to the

positive feedback structure. This network structure is seen in the M. Brandtii and T. Truncatus species from the

phylogenic data. (d) Configuration of p53 pathway that includes the MDM2, PTEN , and ARF modules. The ARF
module includes the ARF protein, which is involved in positive feedback with the MDM2 module. This network

structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.

4 Network configuration and structure

4.1 Positive feedback on p53 is necessary for bistability

Hari: Estab-
lish that p53
levels are very
important in
determining
cell fate.

p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].

Hari: Estab-
lish that there
is a thresh-
old of DNA
double-strand
breaks that
causes a rapid
increase in
concentra-
tion of p53,
that would
enable these
pathways to
be triggered
quickly. Then
establish the
connection
between rapid
initiation and
bistability.

It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].

Hari: Es-
tablish that
positive
feedback is
necessary for
bistability, but

not su�cient.
Now relate
this to what
we found from
the phylo-
genic data in
Figure 2.

As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.

Hari: Con-
clude this
section by
walking
through the
figure to show
a simple illus-
tration of how
rapid increase
in p53 con-
centration can
happen with
bistability,
but not with
monostability

14Hari: This ”threshold” comes from knowledge of when pulses are initiated, but we don’t have to talk about pulses
yet. After all, a rapid increase in concentration is the first stage of pulsing.
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(d)

Figure 6: (a) DNA damage that brings about 5 DSBs is repaired before a p53 pulse is initiated. (b) DNA damage

that brings about 10 DSBs causes the initiation of a single p53 pulse. This corresponds to experimental results from

[37] that show 0.3G� of damage is su�cient to initiate a pulse [36, 39, 40] (c) DNA damage that brings about 150

DSBs causes the initiation of multiple p53 pulses until the damage is repaired. In [36], it was stated that in cells that

sustained a similar amount of damage [39, 40] were continuing to pulse beyond 3 days, which is consistent with this

simulation.(d) DNA damage that brings about 450 DSBs causes the p53 concentration to remain high for around

25 hours. If the cell does not go to apoptosis or senescence in this time, the model predicts that p53 will start to

pulse and the damage will be repaired. At this point however, the integrity of the DNA repair process is called into

question, since the amount of damage sustained is very high.

Very low damage 

p53 varies continuously 

Evolution and dynamics 16

HL

(a) (b)

(c)

Figure 4: (a) p53 concentration vs damage-sensing parameter concentration for bistable network configuration with

p53, MDM2 and PTEN modules. (b) p53 concentration vs damage-sensing parameter concentration for monostable

network configuration with just p53 or p53 and MDM2 modules. (c) A simulation where the damage-sensing

parameter is increased to 0.5 and decreased, as shown in the green plot. The bistable network response in blue shows

a rapid increase in p53 concentration after the damage-sensing parameter crosses the threshold H shown in Figure

(a), and remains high until the parameter becomes less than L. In contrast, the monostable network response in red

can only slide along a single branch of steady-states, and rapid accumulation beyond a threshold is not possible.

p53 exhibits pulse 
(switches induced by hysteresis) 

low damage è most likely, original nucleic acid sequence can recovered 
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(d)

Figure 6: (a) DNA damage that brings about 5 DSBs is repaired before a p53 pulse is initiated. (b) DNA damage

that brings about 10 DSBs causes the initiation of a single p53 pulse. This corresponds to experimental results from

[37] that show 0.3G� of damage is su�cient to initiate a pulse [36, 39, 40] (c) DNA damage that brings about 150

DSBs causes the initiation of multiple p53 pulses until the damage is repaired. In [36], it was stated that in cells that

sustained a similar amount of damage [39, 40] were continuing to pulse beyond 3 days, which is consistent with this

simulation.(d) DNA damage that brings about 450 DSBs causes the p53 concentration to remain high for around

25 hours. If the cell does not go to apoptosis or senescence in this time, the model predicts that p53 will start to

pulse and the damage will be repaired. At this point however, the integrity of the DNA repair process is called into

question, since the amount of damage sustained is very high.

Very high damage High damage 

Evolution and dynamics 16

HL

(a) (b)

(c)

Figure 4: (a) p53 concentration vs damage-sensing parameter concentration for bistable network configuration with

p53, MDM2 and PTEN modules. (b) p53 concentration vs damage-sensing parameter concentration for monostable

network configuration with just p53 or p53 and MDM2 modules. (c) A simulation where the damage-sensing

parameter is increased to 0.5 and decreased, as shown in the green plot. The bistable network response in blue shows

a rapid increase in p53 concentration after the damage-sensing parameter crosses the threshold H shown in Figure

(a), and remains high until the parameter becomes less than L. In contrast, the monostable network response in red

can only slide along a single branch of steady-states, and rapid accumulation beyond a threshold is not possible.

p53 exhibits multiple pulses 
but eventually comes back to basal concentration 

(apoptosis must rely entirely on threshold on integral of p53)  

high damage è most likely, repair will not result in original nucleic acid 



Repair for tri-stable network 

•  no significant difference w.r.t. bi-stable network 
•  matches 2013 experimental results from human bone marrow cells  
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Figure 7: (a)–(c) Tri-stable network displays same behavior as the bistable network that was analyzed in Figure 6.

(d) DNA damage that brings about 450 DSBs causes the p53 concentration to remain high indefinitely, regardless of

the repair process. This would allow the pro-apoptotic and pro-senescence pathways to initiate independent of p53
concentration, and guarantees that beyond a threshold of DSBs, the cell will not survive.

Evolution and dynamics 7

HL H'

(a)

(b)

Figure 5: (a) p53 concentration vs damage-sensing parameter concentration for tri-stable network configuration

with p53, MDM2, PTEN and ARF modules. (b) A simulation where the damage-sensing parameter is increased

to 0.8 and decreased, as shown in the green plot. The bistable network response in blue shows a rapid increase

in p53 concentration after the damage-sensing parameter crosses the threshold H shown in Figure (a), but the p53
concentration returns to a low level once the parameter becomes less than L. In contrast, the tri-stable network

response in red shows the same rapid increase in p53 concentration, which does not return to a low level once the

parameter crossed H 1
.

Low damage Very low damage 

p53 varies continuously p53 exhibits pulse 
(switches induced by hysteresis) 
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Figure 7: (a)–(c) Tri-stable network displays same behavior as the bistable network that was analyzed in Figure 6.

(d) DNA damage that brings about 450 DSBs causes the p53 concentration to remain high indefinitely, regardless of

the repair process. This would allow the pro-apoptotic and pro-senescence pathways to initiate independent of p53
concentration, and guarantees that beyond a threshold of DSBs, the cell will not survive.

Very high damage High damage 
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(a)

(b)

Figure 5: (a) p53 concentration vs damage-sensing parameter concentration for tri-stable network configuration

with p53, MDM2, PTEN and ARF modules. (b) A simulation where the damage-sensing parameter is increased

to 0.8 and decreased, as shown in the green plot. The bistable network response in blue shows a rapid increase

in p53 concentration after the damage-sensing parameter crosses the threshold H shown in Figure (a), but the p53
concentration returns to a low level once the parameter becomes less than L. In contrast, the tri-stable network

response in red shows the same rapid increase in p53 concentration, which does not return to a low level once the

parameter crossed H 1
.

•  no recovery from very high # of DSBs 
•  both regimens matches experimental results from human bone marrow cells  

P53 recovery after train of pulses 
(may still lead to apoptosis) 

no pulsing for very high damage 



Outline 

•  p53 network (results) 

•  computing network bifurcation diagrams (methodology) 

Even for “small” networks like p53 it is very hard to find all 
equilibria (even numerically using state-of-the-art polynomial 
solvers or bifurcation continuation software) 

How did we do it? 

•  modular decomposition (methodology) 

Evolution and dynamics 7
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(a)

(b)

Figure 5: (a) p53 concentration vs damage-sensing parameter concentration for tri-stable network configuration

with p53, MDM2, PTEN and ARF modules. (b) A simulation where the damage-sensing parameter is increased

to 0.8 and decreased, as shown in the green plot. The bistable network response in blue shows a rapid increase

in p53 concentration after the damage-sensing parameter crosses the threshold H shown in Figure (a), but the p53
concentration returns to a low level once the parameter becomes less than L. In contrast, the tri-stable network

response in red shows the same rapid increase in p53 concentration, which does not return to a low level once the

parameter crossed H 1
.
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alternative… 
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start by computing the  
input-output characteristic  

of the A+B cascade 



Eq. Points of two-block networks 

B A 

x

y

alternative… 

z1 z2

A+B 

z1

z2

pz˚
1 , z

˚
2 q

But how to compute  z˚
2 “ fA`Bpz˚

1 q ? 

Closed-form if possible,  
otherwise… 

1. Loop over z

˚
1 values

2. px˚
, y

˚q P fApz˚
1 q

3. z

˚
2 P fBpx˚

, y

˚q
4. return (multi-valued) table z

˚
2 vs z

˚
1

•  must keep track of multiple equilibria 
•  intersection of tables (or table with 45deg line) is easy 
•  intersection points can be refined using Newton’s method 
•  can be generalized to 4+ connections 



Generalizing to arbitrary networks… 

But how to compute characteristic of subnetworks? 

A B 

cut network 
into 2 subnetworks 



Generalizing to arbitrary networks… 

cut network 
into 2 subnetworks 

A B 

But how to compute characteristic of sub networks? 
 
1.  Freeze subnet inputs (at each possible value)  
2.  Apply some procedure to subnetwork (i.e., subcuts) 
3.  Do this recursively until closed-form solution is possible 

(often single node) 

A1 

A2 



Generalizing to arbitrary networks… 

Complexity? depends on the type of the network 
•  fully connected network = exponential in # of node 
•  sparse but random network = exponential in # of nodes (slower growth) 
•  “modular” network = could be as good as linear in # of nodes 

A B 

A1 

A2 



Outline 

•  p53 network (results) 

•  computing network bifurcation diagrams (methodology) 

•  modular decomposition (methodology) 

How did we get the input-output block diagrams? 



How to define I/O modules 
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p53
F

(a)

p53

MDM2
F

(b)

p53

MDM2

PTEN

F

(c)

p53

MDM2

PTEN

ARF

(d)

Figure 2: (a) Basal configuration of the p53 pathway, that is not a↵ect by the remaining proteins. All invertebrates

other than M. Trossulus display this configuration. (b) Configuration of the p53 pathway that also includes the

MDM2 module, which is made up of the mRNA, active and inactive variants of MDM2, which are all necessary for

the negative feedback structure. M. Trossulus has this network configuration. (c) Configuration of the p53 pathway

that also includes the MDM2 and PTEN modules. The PTEN module includes its mRNA, and the proteins

PTEN , PIP3, PIP2 and active and inactive variants of AKT . These species are all required to give rise to the

positive feedback structure. This network structure is seen in the M. Brandtii and T. Truncatus species from the

phylogenic data. (d) Configuration of p53 pathway that includes the MDM2, PTEN , and ARF modules. The ARF
module includes the ARF protein, which is involved in positive feedback with the MDM2 module. This network

structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.

4 Network configuration and structure

4.1 Positive feedback on p53 is necessary for bistability

Hari: Estab-
lish that p53
levels are very
important in
determining
cell fate.

p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].

Hari: Estab-
lish that there
is a thresh-
old of DNA
double-strand
breaks that
causes a rapid
increase in
concentra-
tion of p53,
that would
enable these
pathways to
be triggered
quickly. Then
establish the
connection
between rapid
initiation and
bistability.

It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].

Hari: Es-
tablish that
positive
feedback is
necessary for
bistability, but

not su�cient.
Now relate
this to what
we found from
the phylo-
genic data in
Figure 2.

As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.

Hari: Con-
clude this
section by
walking
through the
figure to show
a simple illus-
tration of how
rapid increase
in p53 con-
centration can
happen with
bistability,
but not with
monostability

14Hari: This ”threshold” comes from knowledge of when pulses are initiated, but we don’t have to talk about pulses
yet. After all, a rapid increase in concentration is the first stage of pulsing.

B A 
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z

Dynamic modularity:  
dynamic and static properties of modules preserved upon interconnection 
(no retroactivity) 

Parametric modularity:  
all parameters of one reaction confined to a single module 

Why? 
•  parametric studies can be carried out within a single module 

(e.g., lower complexity for bifurcation diagram) 
•  parameter identification informs behavior of specific modules 
•  evolution of protein shape/affinity affects single module 



(D)DBSR graphs 

(Dynamic) Directed Bipartite Species-Reactions (DBSR) graph  

Sj is given by
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s , . . . q denotes the rate of production/destruction of Sj due to the
reaction Ri, which typically depends on the parameters k
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, . . . that are intrinsic to Ri (reac-
tion rate constants and stoichiometric coe�cients) and also on the concentrations of the reactants
rS
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s ¨ ¨ ¨ of Ri. The value of  ji is either positive or negative depending on whether Sj is
produced or consumed (respectively) by Ri, or zero if Ri is not involved in the production or
consumption of Sj .

To facilitate the discussion, we use as a running example a simple biological network consisting
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which correspond to the following set of ODEs derived from MAK:
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With respect to the general model (1), the  ji for j P t1, 2, 3u and i P t1, 2, 3, 4, 5u are given by
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and 0 otherwise.

Directed Bipartite Species-Reactions (DBSR) graph

When a biological network is large, writing down the system of MAK ODEs is cumbersome and
therefore much work has been done on understanding the behavior of chemical reaction networks
from a graph-theoretic perspective [27]. The Directed Bipartite Species-Reaction (DBSR) graph
representation of chemical reaction networks was developed in [28], and is closely related to the
Species-Reaction (SR) graph introduced in [29]. In the construction of the DBSR graph, every
species in the network is assigned to an elliptical node, and every chemical reaction is assigned
to a rectangular node. For every reaction in the network Ri, there exist directed edges from the
nodes corresponding to the reactants of Ri to the node Ri, and from the node Ri to the nodes
corresponding to the products of Ri. It is worth noting that this formulation is similar to that in
[30], using storages and currents. The DBSR graph of the network (2) is shown in Figure 1(a).
From this graph, we can infer, for example, that S

2

is produced from S
1

due to the reaction R
1

,
and that S

1

is a reactant in R
1

. Therefore, the concentration of S
1

is required in the computation
of the rate of the reaction R

1

.
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Example: 

S1 S2 S3R1

R2 R4

R3

R5

(a)

S1 S2 S3R1

R2 R4

R3

R5

(b)

Figure 1: (a) DBSR graph and (b) Dynamic DBSR graph of the network represented by (2)

Dynamic DBSR graph

While the DBSR graph is useful in understanding the overall structure of a network of chemical
reactions, it does not provide information about the flow of information in the network. For
instance, the graph does not directly show whether the reaction R

1

a↵ects the dynamics of S
1

. To
obviate this problem, we define the dynamic DBSR graph, which is a DBSR graph overlaid with
arrows expressing the flow of information due to the dynamics of the network. In this graph, a
dashed arrow from a reaction node Ri to a product node Sj indicates that rSjs is a↵ected by Ri,
usually by Sj being consumed in the reaction. Just like in the DBSR graph, a solid arrow from
node Ri to node Sj indicates that Sj is produced by the reaction, while a solid arrow from node
Sj to node Ri indicates that Sj is a reactant of Ri. The Dynamic DBSR graph of network (2) is
shown in Figure 1(b).

2.2 Modular decomposition of a biological network

The modular decomposition of a biological network represented by the MAK ODE (1) entails the
assignment of each chemical species and each chemical reaction in the network to modules. These
modules then need to be interconnected appropriately such that the ODE (1) can be reconstructed
from the module dynamics. In our framework, the assignment of a chemical species Sj to a module
means that the species concentration rSjs is part of the state of that module alone. The assignment
of a chemical reaction to a module means that all the reaction parameters (such as stoichiomet-
ric coe�cients and rate constants) appear only in that module. These observations lead to the
formulation of two rules for a modular decomposition:

Rule 1 (Partition of species) Each chemical species Sj must be associated with one and only
one module M, and the state of M is a vector containing the concentrations of all chemical species
associated with M. l

Rule 2 (Partition of reactions) Each chemical reaction R must be associated with one and only
one module M, and the stoichiometric parameters and rate constants associated with R must only
appear within the dynamics of module M. l

In terms of the DBSR graphs, Rules 1 and 2 express that each node in the graph (corresponding
to either a species or a reaction) must be associated with a single module. Therefore, our modular
decomposition can be viewed as a partition of the nodes of the DBSR graphs. We recall that a
partition of a graph is an assignment of the nodes of the graph to disjoint sets.

The choice of signals used to communicate between modules has a direct impact on whether or
not Rules 1 and 2 are violated. To understand why this is so, consider again the biological network
(2), corresponding to the MAK ODEs given by (3), and suppose that we want to associate each
of the three species S

1

, S
2

and S
3

with a di↵erent component. Figure 2 shows two alternative

6

elliptical nodes = species 
rectangular node = reaction 

in DBSR, solid edges: 
•  reactant to reaction 
•  reaction to product 
in DDBSR, dashes edges: 
•  reaction to products whose 

concentration changes (loading) 
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Figure 1: (a) DBSR graph and (b) Dynamic DBSR graph of the network represented by (2)
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node Ri to node Sj indicates that Sj is produced by the reaction, while a solid arrow from node
Sj to node Ri indicates that Sj is a reactant of Ri. The Dynamic DBSR graph of network (2) is
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formulation of two rules for a modular decomposition:

Rule 1 (Partition of species) Each chemical species Sj must be associated with one and only
one module M, and the state of M is a vector containing the concentrations of all chemical species
associated with M. l

Rule 2 (Partition of reactions) Each chemical reaction R must be associated with one and only
one module M, and the stoichiometric parameters and rate constants associated with R must only
appear within the dynamics of module M. l

In terms of the DBSR graphs, Rules 1 and 2 express that each node in the graph (corresponding
to either a species or a reaction) must be associated with a single module. Therefore, our modular
decomposition can be viewed as a partition of the nodes of the DBSR graphs. We recall that a
partition of a graph is an assignment of the nodes of the graph to disjoint sets.
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Modular decomposition 

Modular decomposition: partition of the DDBSR graph 

•  each reaction and each species assigned to a particular module 

•  concentration of a species is part of the state of a single module 

•  parameters of a reaction appear in a single module 

•  each arrow severed corresponds to a signal that must flow 
between the modules 

parametric modularity 

S1

R1,R2

S2

R3,R4

S3

R5



Using rates as communication signals 

X YR

1.  facilitates parametric modularity 

X,R Y X,R Y

9X “ ´kX9Y “ ky9X “ ´kX 9Y “ z

z “ kXz “ X

no parametric modularity parametric modularity 

2.  Enables summation points to combine alternative pathways to 
produce/degrade a protein 

R : X
kX››Ñ Y

X,R

X 1, R1
R1 : X 1 k1X1

›››Ñ Y Y
+ 

+ 



p53 network in humans 

Evolution and dynamics 5

p53
F

(a)

p53

MDM2
F

(b)

p53

MDM2

PTEN

F

(c)

p53

MDM2

PTEN

ARF

(d)

Figure 2: (a) Basal configuration of the p53 pathway, that is not a↵ect by the remaining proteins. All invertebrates

other than M. Trossulus display this configuration. (b) Configuration of the p53 pathway that also includes the

MDM2 module, which is made up of the mRNA, active and inactive variants of MDM2, which are all necessary for

the negative feedback structure. M. Trossulus has this network configuration. (c) Configuration of the p53 pathway

that also includes the MDM2 and PTEN modules. The PTEN module includes its mRNA, and the proteins

PTEN , PIP3, PIP2 and active and inactive variants of AKT . These species are all required to give rise to the

positive feedback structure. This network structure is seen in the M. Brandtii and T. Truncatus species from the

phylogenic data. (d) Configuration of p53 pathway that includes the MDM2, PTEN , and ARF modules. The ARF
module includes the ARF protein, which is involved in positive feedback with the MDM2 module. This network

structure is seen in all vertebrates besides M. Brandtii and T. Truncatus.

4 Network configuration and structure

4.1 Positive feedback on p53 is necessary for bistability

Hari: Estab-
lish that p53
levels are very
important in
determining
cell fate.

p53 levels and dynamics are known to play an important role in controlling cell fate [18, 19].
Under unstressed conditions, p53 levels are known to be low [1, 20]. It is known that double-
strand breaks (DSBs) caused by DNA damage activate a set of transduction kinases [12, 13],
which trigger an increase in p53 level [21, 22]. A high level of p53 is known to trigger the initiation
of pro-senescence and pro-apoptotic pathways [18, 19], along with DNA repair pathways [23–25].

Hari: Estab-
lish that there
is a thresh-
old of DNA
double-strand
breaks that
causes a rapid
increase in
concentra-
tion of p53,
that would
enable these
pathways to
be triggered
quickly. Then
establish the
connection
between rapid
initiation and
bistability.

It is further believed that there is a threshold of DSBs that causes a rapid increase in p53
from low to high concentration 14 [26], which would quickly initiate the aforementioned path-
ways. From a cell’s perspective, this would be more advantageous than a smoother increase in
concentration, as it clearly demarcates nominal behavior and the initiation of repair or apoptosis
beyond the DSB threshold. One mechanism by which such behavior can arise in the p53 net-
work is bistability, which means that the p53 concentration toggles between two distinct stable
steady-states as some generic damage-sensing parameter is changed. This is in contrast to a
monostable system, which slides along a continuum of steady states [27].

Hari: Es-
tablish that
positive
feedback is
necessary for
bistability, but

not su�cient.
Now relate
this to what
we found from
the phylo-
genic data in
Figure 2.

As was shown in [27] and is also shown in Section 7, there necessarily needs to be a positive
feedback loop on the p53 module to bring about this bistable network configuration. In the
context of our study of di↵erent p53 network configurations obtained from the phylogeny, it
can be seen from Figure 2(c) that both the PTEN and MDM2 modules are required to exert
positive feedback on p53. This happens as p53 activates PTEN , which inhibits MDM2 that
leads to an increase in p53 concentration [22, 28]. Qualitatively, only the network configurations
in Figures 2(c)–(d) can bring about a bistability in the p53 equilibrium point with respect to
a damage-sensing parameter. As was established in Section 3 however, a deeper study of the
network dynamics is required to establish how and when bistability is brought about.

Hari: Con-
clude this
section by
walking
through the
figure to show
a simple illus-
tration of how
rapid increase
in p53 con-
centration can
happen with
bistability,
but not with
monostability

14Hari: This ”threshold” comes from knowledge of when pulses are initiated, but we don’t have to talk about pulses
yet. After all, a rapid increase in concentration is the first stage of pulsing.

In humans: p53 is part of a network that mediates 
•  initiation of cell-cycle arrest 
•  DNA repair 
•  senescence (stop division) or apoptosis (death) 

Network includes: 
MDM2: negative regulator of p53 by binding to 

and blocking the N-terminal trans-
activation domain of p53 

 
PTEN:  negative regulator of MDM2 

(through PIP3 and AKTa) 
 
ARF:  inhibits MDM2 

(and inhibited by MDM2) (a few additional proteins omitted 
from diagram for simplicity, 
e.g. PIP3, AKTa, mRNAs) 
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9rp53s “ H11p¨ ¨ ¨ q
M14

(a)

9rp53s “ H11p¨ ¨ ¨ q

9rmRNAms “ H21p¨ ¨ ¨ q

9rMDM2s “ H22p¨ ¨ ¨ q

9rMDM2ts “ H23p¨ ¨ ¨ q

M1

M24

(b)

9rp53s “ H11p¨ ¨ ¨ q

9rmRNAms “ H21p¨ ¨ ¨ q

9rMDM2s “ H22p¨ ¨ ¨ q

9rMDM2ts “ H23p¨ ¨ ¨ q

9rmRNAps “ H31p¨ ¨ ¨ q

9rPTEN s “ H32p¨ ¨ ¨ q

9rPIP3s “ H33p¨ ¨ ¨ q

9rAKT s “ H34p¨ ¨ ¨ q

M1

M2 M34

(c)

9rp53s “ H11p¨ ¨ ¨ q

9rmRNAms “ H21p¨ ¨ ¨ q

9rMDM2s “ H22p¨ ¨ ¨ q

9rMDM2ts “ H23p¨ ¨ ¨ q

9rmRNAps “ H31p¨ ¨ ¨ q

9rPTEN s “ H32p¨ ¨ ¨ q

9rPIP3s “ H33p¨ ¨ ¨ q

9rAKT s “ H34p¨ ¨ ¨ q

9rARF s “ H41p¨ ¨ ¨ q

M1

M2 M3

M4

(d)

Figure 3: Modular block-diagram representations of the various p53 pathway configurations found in the evolu-

tionary data. (a) Pathway consisting of only the p53 protein. (b) Pathway consisting of the feedback loop between

p53, MDM2, and all the intermediate variables. (c) Pathway consisting of the feedback loops between p53, MDM2,

PTEN , and all the intermediate variables. (d) Pathway consisting of the feedback loops between p53, MDM2,

PTEN , ARF and all the intermediate variables.

Back to the p53 network… 

p53

TrKin1

TrKin1

TrKin2

4-block partition of the human p53 network 

arrows correspond to production/decay rates (not concentrations) 

mRNAp 

ARF 

p53 

MDM2a 



Summary 

The p53 network: 
•  Evolutionary history of p53 network 

(a path towards complexity…) 

•  New mathematical model of the p53 network (including sensing 
and repair) matches experimental work 

 
Methodology: 
•  Modular decomposition as a tool to discover structure of 

equilibrium points 

•  Systematic method to break network of genes into modules 

•  Dynamic and parametric modularity 


