An Analytically Computable Model and Energy-Based Control for a
Realistic Series-Elastic 1D Hopper on Rough Terrain
Pat Terry and Katie Byl
Abstract— In this paper, we describe modeling and control
techniques to accurately representing a real-world series-elastic
actuated 1D hopping robot. There is an abundance of work
regarding the implementation of highly simplified hopper models, with the hopes of extracting fundamental control ideas
for running and hopping robots. Accurately controlling a nonlinear system such as the hopper depends on a good forward
model, and the inability to analytically solve even an idealized
2D case often leads to a largely simplified analysis, such as the
classic SLIP model. However, real-world systems unfortunately
cannot be accurately described by such simple models, as real
actuators have their own dynamics including additional inertia
and non-linear frictional losses. Therefore, an important step
towards demonstrating high controllability and robustness to
real-world, uneven terrain is in providing accurate higherorder models of real-world hopper dynamics. Motivated by
actual hardware, our work here addresses 1D modeling and
verification of the real-world dynamics of a hopper designed
for energy efficiency, with the eventual goal of developing robust
and agile control for 2D and 3D hoppers utilizing accurate feedforward predictions of dynamics.

I. I NTRODUCTION
Hoppers are useful models for studying methods by which
legged robots can navigate and select footholds on intermittent, rough terrain, and they also have obvious potential for
both fast and energy efficient locomotion. Bridging the gap
between highly idealized spring-loaded inverted pendulum
(SLIP) models and the higher-order, lossy, real-world dynamics of hopping robots remains an open question. This
work aims to facilitate application of approximate, closedform planning and control solutions for hopper models to
real-world robots by providing an exact, closed-form solution
for a real-world, 1D hopper system.
The potential benefits of legged locomotion are manyfold and have been an area of active study for many years.
Using compliant springs as energy storage devices for legged
locomotion is a concept that has been extensively studied [1],
and has lead to the application of the spring-loaded inverted
pendulum (SLIP) model, which is a simplistic model that is
used to help describe the dynamics of many legged animals
and legged robots, and most particularly, of hopping robots.
Much work has been done in the area of legged locomotion
utilizing SLIP [2] [3] due to its modeling simplicity. Studying
the behavior of a single leg and extending this to multiple
legs has been shown to be effective [4] and has lead to
the development of many hopping and other leg-actuated
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robots, including well-known work led by Raibert [5]. One
of the main difficulties in modeling a 2D hopper with
SLIP is the inability to find a complete analytical solution.
Analytical solutions are particularly desirable to have in realtime control due to their ease of implementation and fast
processing times. Approximating SLIP solutions has been
an active area of study [6] [7] [8], and many of these
methods focus on simplification of system models that have
dynamics importantly different from those of a real hopping
robot. Operation of actual hardware ultimately requires leg
placement on irregularly spaced footholds on potentially
rough terrain [9], and for this to be achieved, accurate state
tracking is desirable. An important step in achieving this
is regulation of total energy (i.e., hopping height) on rough
terrain, most particularly when the ground is modeled as an
unknown height disturbance on a per-step basis.
We have two primary goals in creating and validating
an analytic model for a real-world hopper. First, our group
is developing improved closed-form approximations for the
step-to-step dynamics of planar hopping [12], [11], toward
computationally fast planning with a limited, noisy lookahead on rough terrain. We note that achieving a closed-form
solution for the full dynamics of a 2D hopper is not likely,
as this does not yet exist even for more idealized hopper
models; however, we anticipate our analytic 1D solution
will improve our closed-form step-to-step approximations of
real-world hopper dynamics significantly. Second, accurate
planning for 2D and 3D hoppers requires good feedforward
control; since contact with the ground is brief (e.g., less
than 0.25 sec), control should not rely on feedback, alone.
Our system ID and modeling provide a forward model for
generating such feedforward commands.
We have developed two vertically constrained hoppers [10]
and are in the process of developing a 2D hopper on a
boom. Fig. 1 shows the two vertical hoppers, Hopper B and
Hopper C, along with the schematic used for modeling their
dynamics. Each robot has an actuator in series with a spring
to allow the addition of energy in the stance phase. Leg
actuation is achieved via a ball screw driving a metal plate
for Hopper B and by a cable-pulley network for Hopper C.
An overly-simplified model is not sufficient to accurately represent real system behavior, as real actuators have significant
mass and inertia and cannot respond instantaneously to set
desired leg lengths. In our modeling, the state x1 represents
the actuated displacement of one end of the spring by the
current-driven actuator with effective mass mef f , and the
second state, x2 , represents the global height of the hopper’s
body with sprung mass, ms .
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Fig. 1.

Step response of the Hopper C hardware.

(a) Hopper B, (b) Hopper C, and (c) schematic for hopper model.

Inclusion of effective mass and friction of the actuator is
important when modeling a realistic hopper. Consider Fig. 2,
which shows Hopper C’s response for the largest current step
input deliverable by our system for a brief time. This illustrates the physical limits of our real hopper, where it is clear
the maximum velocity at which the actuator can displace
x1 is limited. Due to these limitations, the assumption that
length of the leg can be set either instantaneously or with
constant acceleration for desired stance phase trajectories
is not valid. Compression to a desired value during stance
is clearly subject to important dynamic effects, as verified
on the actual hardware in Fig. 3, where in fact x1 is still
undergoing compression when the stance phase has ended.
The rest of the paper is organized as follows. In Section II,
we present an early model used to develop initial control
and system identification results for Hopper B and illustrate
the need for a better model and feedforward control. In
Section III, we propose an improved system model that
takes into account additional friction, provide verification
on Hopper C hardware, and derive analytic expressions for
states and energy over time. Section IV shows how we use
this new model to develop accurate feedforward control of
apex heights, and in Section V, we summarize results using
our analytic expressions for control of our hopper model.
II. I NITIAL S YSTEM M ODELING
The equations of motion for the stance phase were derived
using a Lagrangian approach as
1
(k(x2 − x1 − L0 ) − b1 ẋ1 − γ2 u)
mef f

(1)

1
(k(x1 − x2 + L0 + c) − b2 ẋ2 − ms g)
ms

(2)

ẍ1 =
ẍ2 =

Although mechanically different, later sections show the
same model is general enough to accurately describe both
Hopper B and Hopper C. Initial work with this model was

Fig. 3. Compression cycles during stance phase for steady-state operation
of the Hopper C hardware.

performed exclusively on the Hopper B. System identification was performed by locally optimizing parameters in the
model to minimize the error for static drop tests on x2 and
step responses on x1 . Even though this model takes into
account some actuator limits, it proves insufficient to match
the real system with good accuracy. This is illustrated in Fig.
4, where although the passive system matches reasonably
well during hopping tests, significant error for low-amplitude
hops is evident. Additionally, the actuated state does not
match the model accurately for any parameters. In order
to benchmark effectiveness of the model toward control, a
controller was designed to regulate apex heights of steadystate hopping. The controller uses experimentally determined
return maps in the compression phase, seen in Fig. 5,
and a feedback controller in the expansion phase that uses
experimental data to generate and track trajectories for x˙2 .
Results of this control strategy, shown in Figures 6–8,
demonstrate that this initial control and modeling is not
practical for accurate height regulation in the presence of
disturbances. Because the control is based completely on
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experimentally mapped compression levels for even terrain
only, neglecting the internal state of the actuator at touchdown, there will always be error when operating on uneven
terrain. Using a purely feedback control algorithm for the
physical Hopper B robot also results in a non-zero rise
time for tracking references. All of these issues suggest a
need for feedforward control, and the following sections of
this paper demonstrate that with more complete modeling, a
feedforward controller can be developed to provide precise
vertical height regulation even on rough terrain. This is an
important step in modeling a real system for a hopping robot.
III. I MPROVED S YSTEM M ODELING

Fig. 7. These simulation results show the inability of Hopper B’s initial
controller to function well on uneven terrain.
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A. Equations of Motion with Added Static Friction Terms
The improved system model is motivated by previous work
with Hopper B and includes both viscous and Coulombic
friction terms.
1
ẍ1 =
(k(x2 −x1 −L0 )−b1 ẋ1 −γ2 u)−f1 sign(ẋ1 ) (3)
mef f
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Verification that the new model accurately represents the
behavior of Hopper C was accomplished by performing system identification. Model parameters were locally optimized
to minimize the error between simulated and actual static
drop tests for x2 , including a 5% energy loss term at each
impact, to account for unsprung foot mass, and between
step responses for x1 . The static friction term f1 can be
determined by measuring the input current threshold u∗
required for motion of x1 to occur as seen in Fig. 9, and
evaluating (5).
γ2
(5)
f1 = u∗
mef f
System identification results are shown in Fig. 10. Although some error is still present, this model yields a
significant improvement in both the actuated state and, due to
the additional static friction terms, the steady-state value of
the passive state. The map of achievable next apex heights
as a function of current apex height was determined both
experimentally for the Hopper C robot and analytically using
the state equations, as shown in Fig. 11. These data show the
reachability of the hopper, where the bottom curve represents
a drop with no actuation, and the top curve represents the
approximate maximum compression possible, where x1 is
intentionally limited to within 1-2cm of bottoming out experimentally. The new model correctly captures the behavior
of the bounding line, although some error is still present,
likely due to measurement error and additional friction on
the metal track that constrains Hopper C to 1D motion.

X1 Displacement (m)

−3

4

x 10

0.08
0.06
0.04
0.02
0

data
sim
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.55
1.5
1.45
1.4
1.35

data
sim
0

0.5

1

1.5
Time (s)

2

2.5

3

Fig. 10. Step response and drop test data, to verify system identification
results of Hopper C using the improved model. Compared with Fig. 4,
both transient and steady-state response for x1 (top) are improved, and
Coulombic friction effects on body height x2 (bottom) are clearly shown.
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Fig. 11. Current apex to next apex reachability map for Hopper C, where
the blue line and red markers represent experimental data, and the cyan
dashed line and magenta markers represent analytical calculations.
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B. Model Verification
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Fig. 9.
Experiment used to verify and determine the static friction
coefficient for the actuated state. At bottom, current is slowly increased
in magnitude until motion of the actuator (at top) is detected; the required
force is linearly related to current.

can be generated based on initial conditions that characterizes
the states of the system for all future time. The solution
generated in this paper follows from two assumptions. Assumption A: The input current is a step change. A new
solution can be generated from any point given new initial
conditions and current step magnitude. Assumption B: ẋ2
remains negative during compression, and positive during
expansion. This allows the solution to be broken up into two
pieces in order to overcome the non-linearity of the static
friction term. If ẋ1 does not remain positive sign during
the stance phase, the equations must be broken up into N
additional pieces, where N is the number of times ẋ1 crosses
the zero-axis.
The solution is generated using a Laplace Transform
technique. Taking the Laplace Transform of (3) and (4) yields

C. Analytical Solution of States
One of the advantages of modeling the 1D case for a
vertical hopping robot is that an analytical solution exists and
can be determined exactly. Thus, at touchdown a trajectory

X1 (s) =

s2 x1 (0) + s(x˙1 (0) +
s(s2 +

x1 (0)b1
mef f ) + λ2 +
k
s mbef1 f + mef
)
f

k
sX2 (s) mef
f

(6)

X2 (s) =

s2 x2 (0) + sβ − γ + s mk2 X1 (s)
b2
s(s2 + s m
+
s

where
γ=−

(7)

k
ms )

f2
k(L0 + c)
+g−
ms
ms

β = x˙2 (0) + x2 (0)
λ2 = −

(8)

b2
ms

(9)

kL0
γ2 u
−
− f1
mef f
mef f

(10)

Substituting (6) into (7), it can be shown after some algebra
that
X2 (s) =

x2 (0)s4 + H4 s3 + H3 s2 + H2 s + H1
s2 (s + a)(s + b)(s + c)

(11)

where a, b, and c are roots to the polynomial
s3 +s2 (

b2
b1
k
k
b1 b2
k(b1 + b2 )
+
)+s(
+
+
)+
ms mef f
ms mef f mef f ms
mef f ms

and
H4 = x2 (0)

D. Analytical Solution of Energy
Having access to analytic solutions as a function of
time, we can gain more insight on the system by further
considering the total energy. Recall from the compression
phase of a real actuator shown in Fig 3 that when the stance
phase had ended, x1 is not fully compressed. That is, the
actuator dynamics result in a higher-order system, where
velocity of the body at take-off does not fully characterize
the state nor the total energy. Due to this effect, attempting to
characterize apex heights based solely on spring compression
is difficult and not robust. However, considering the energy of
the passive state over time allows us to exactly determine the
resulting apex height for a given current input. Considering
the system energy over time for an ideal hopper model
without any loss terms involves calculating only the potential
and kinetic energy over time. This overly-simplified case is
shown in Fig. 12 where, as expected, the system energy
remains constant over all time. This idealized assumption
will not match real system behavior, however.
System Energy

b1
+β
mef f

14

(12)

12

x1 (0)b1 k
kβ
b1 γ
H2 = (x˙1 (0) +
)
+
+
bef f ms
mef f
m1
−γk
ukγ2
L0 k
k
H1 =
−
−(
+ f1 )
mef f
ms mef f
mef f
ms

(13)

(14)
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Energy (J)

b1 β
kx1 (0)
k
+
−γ+
H3 = x2 (0)
mef f
mef f
ms

s2 x1 (0) + s(x˙1 (0) +

x1 (0)b1
mef f )

+ λ2

s(s + d)(s + e)

(15)

+ Z(s) (16)

where d and e are roots to the denominator of (6), and
k

Z(s) =

4

3

mef f (x2 (0)s + H4 s
s2 (s + a)(s + b)(s

2

+ H3 s + H2 s + H1 )
+ c)(s + d)(s + e)

(17)
Finally, taking the Inverse Laplace Transform of (11) and
(16) with (17), solutions for all states can be easily found as
x2 (t) = A + Bt + Ce−at + De−bt + Ee−ct
x˙2 (t) = B − aCe−at − bDe−bt − cEe−ct
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Using (11), the Laplace transform for X1 (s) can be rewritten as
X1 (s) =

8

(18)
(19)

x1 (t) = Â + B̂t + Ĉe−at + D̂e−bt + Êe−ct + F̂ e−dt + Ĝe−et
(20)
x˙1 (t) = B̂ −aĈe−at −bD̂e−bt −cÊe−ct −dF̂ e−dt −eĜe−et
(21)
Where A- E and Â- Ĝ are coefficients determined from partial fraction decomposition. Note that this analytic solution
also agrees with our numerical solutions of the equations of
motion, toward verifying accuracy.
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System energy for a static drop simulation with an ideal hopper

We can determine the system energy more accurately for
the real hopper model by using our improved model and
analytic equations. The energy of x2 is given by
Z
Ux2 = ms ẍ2 dx2 .
(22)
Using 4, this can be expressed as
Z
Ux2 = (k(−x2 + L0 + c) − ms g)x¨2 dt + Udelta

(23)

where
Z
Udelta = f2 (L0 − x2 ) +

2

b2 x˙2 dt +

Z
kx1 x˙2 dt

(24)

Using the analytical solutions (18) - (21), Udelta can be
computed exactly over all time; it represents the sum of
all energy loss terms, along with the energy added by the
actuator. With these equations, we can calculate exactly what
apex heights the system model will reach over all time,

System Energy

given initial conditions entering the first stance phase. The
system energy when undergoing a static drop test is shown
in Fig. 13, where the Analytical Energy Delta (AED) (solid
magenta) is precomputed using (24), and correctly equals
the sum of kinetic and potential energy over time. Both the
friction terms and the unsprung mass at the foot account
for significant energy loss at each successive hop, and thus
actuation is needed to introduce additional energy into the
system, for either stochastic, height-varying terrain or for
steady-state hopping or flat ground.
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impacts are easily detectable, and thus by recording apex
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4

2

Hall Sensor Ground Collision Detection
1.7

0

0

0.5

1

1.5

2

mag encoder (adjusted)
x2
ground level

2.5

time (s)

Results for the same initial condition but with 3 Amps
of actuation applied are shown in Fig. 14. As expected, the
resulting energy levels are higher, and the system eventually
converges to a steady-state hopping height. To maintain the
energy level of the original hopper height, we can of course
use our equations for the AED to find the magnitude of
current needed to achieve this. From a controls perspective,
this is obviously useful because it accurately characterizes
the effect of the actuator on the resulting apex height of the
system in a feedforward (and/or model predictive) sense.
IV. E NERGY- BASED F EEDFORWARD C ONTROL
As we have shown earlier, there is a strong desire to
have feedforward control for this system, and having derived
the analytical equations of system energy, this is simple to
achieve. Using the analytic equation for the AED seen in
(24), the system energy at the end of the stance phase, including all loss and additive terms, can be characterized as a
function of apex heights. This is the basis for our feedforward
controller and requires two assumptions. Assumption A: The
energy of the system can be analytically computed, given
an input current step. This assumption is valid, as we have
previously shown. Assumption B: Ground collisions can be
detected, and therefore the height of disturbances on terrain
are known at touchdown. For the case of Hopper C, this
is accomplished by augmenting the leg with a Hall Effect

1.6
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Fig. 13. System energy for a static drop simulation with a real hopper
model. An instantaneous energy drop occurs at impact, due to the inelastic
collision of the unsprung foot mass, and friction and damping during the
continuous stance phase is even more significant.
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Fig. 15. Real-world sensor data of ground contact includes some noise
effects. Hopper C has the capability to detect ground collisions using a Hall
Effect sensor.

This control law is simple and easy to implement, as
opposed to the Hopper B control method, which required
significant system data and hand-tuning. At touchdown, the
energy level of the system is computed by
1
2
ms vtd
(25)
2
If a height disturbance is present, the disturbance energy is
computed as
Etd =

1
ms g|x2ground − x2 |
(26)
2
The AED is then computed for the end of the stance phase as
Edelta (u), and the controller selects current step magnitude
u to minimize
Edist =

J = |Edelta (u) − (ms ghdes − Etd − Edist )|

(27)

where hdes is the desired next apex height. During the flight
phase, a simple PD controller is used to return x1 to the
origin as “gently” as possible, 50ms before the start of the
next stance phase. Results for this control strategy are shown
for even terrain on Fig. 16, and rough terrain on Fig. 17.
This feedforward control strategy performs well and is a
significant improvement in controlling our hoppers.
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Fig. 16. Simulation results for the described energy-based controller on
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Fig. 18. Future work includes development of 2D hopper CAD design
render in (a), with current progress of construction in (b).
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improves control results. Achieving good tracking requires
accurate forward model, which for this system is provided
by complete analytic expressions. Analytical solutions are
desirable for fast computational speed and are shown to
exist and be correct under reasonable assumptions for this
system. We also present a simple, energy-based feedforward
controller that can accurately track references on rough
terrain. Future work will consider applying these analytic
expressions to approximate and control the dynamics of a
2D hopper currently under construction, seen in Fig. 18. Ultimately, having a good, closed-form model for a real-world,
series-elastic, vertically constrained hopper is an important
step toward future development of robust and energy efficient
2D and 3D hopping robots.
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Fig. 17. Simulation results for the described energy-based controller on
uneven terrain. Accuracy for even vs. uneven terrain is essentially identical.

V. C ONCLUSION
We present a modeling technique motivated by actual
hardware for a 1D series-elastic hopper to achieve accurate
state tracking on uneven terrain. For practical hopping robots,
actuators have real limits that must be modeled for state
tracking to work well with feedforward control methods.
For closed-form approximations of step-to-step dynamics,
we argue such models are essential for both higher-level
planning and low-level feedforward control.
The inclusion of both viscous and Coulombic friction in
our hopper model increases model accuracy importantly and
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