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Gaussian cubes are derived by removing links from a hypercube in a periodic fashion. By varying
the partition parameter, one can obtain networks with different characteristics, while maintaining a
basic framework for computation and communication. Unfortunately, such networks are in general
not regular, making it difficult to derive their topological properties explicitly. In this paper, we
study the diameter of Gaussian cubes and show the trade-off between cost and performance.
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1. INTRODUCTION throughout, a node, its label, and the binary representation of
the label will be used interchangeably. @t m) denote the
Baussiam-cube with group size™, where0O<m < n— 1.

We defineQn my as aprunedn-dimensional hypercube in
the following way. The dimensiondink, 0 <i < n—1,
exists between nodes = (an_1...a ...a0)2 and A1) =
(8n—1...8 ...ag)2 whose addresses differ exactly in bit

Gaussian cubes [1] have been proposed as interconnectio
networks for scalable distributed systems in view of their
low node degree, small diameter, and large bisection width.
Like 2"-node cube connected cyclé3C) [2], a Gaussian
cube can be viewed as a subgraph of rmdimensional

hypercube or binaryn-cube, derived by removing certain positioni, if and only if Z'h_:loahzh — i(modZ2™. This

Iinkfs frorg Fhe node_s d['3, f4].h' The retrr?cival gf Iinlkski_s definition is different from, but equivalent to, the one in [1],
performed in a periodic fashion so thal nodes facking given that the group size must be a power of 2.
different types of dimensional links can be clustered into

roups; each group has the complete set of dimensional . . : .
ﬁnkspmaking tﬁqem I%cally accessib?e to group members the dimension-1 links at odd-numbered nodes, independent
' " .of the group size. A complete-cube, Qp, is simply a

Using the group size as a parameter, one can obtain archi- .
tectures with different characteristics while maintaining the Gaussian CUbQ(”VO?' . , ,
same basic framework for computation and communication. " the above def|ln|_t|on, we have restricted the maximum
To construct a Gaussian cube, one begins with a hypercubdOUP size to be 2%, instead of 2. This is becaus€n,n
of the same size and proceeds in steps. By s;uccessivel))sn'_Slomorph'C t0Q(n,n-1) in view of the fact than — 1—<1
removing some of the existing links from a Gaussian cube, 2 _or N = 1, thus makingmodZ2' equal toimod2'
the group size is increased in powers of 2. Figures 1 and 2for 0= Llf n — 1. Intuitively, Q-1 IS composed
show examples of a binary 4-cube, cube connected cycles®f (WO 2'"-node groups connected by a chens(on—
and Gaussian cubes with three different group sizes, wherel) K _bletween noden — 1 and node 2~ + n — 1.
nodes are ordered by a Gray code. Ena_czh 2—*-node group can be further decqmposed into two

The construction of Gaussian cubes by removing links 2~ -1ode subgroups connected by a dimension- 2)
from a hypercube, however, does not preserve the regularity“nk' Cc_)ntmumg the recursive decomposition leads to the
of node degree. Because of this, the determination of conclusion th"’@(”;”—l) can be tre.a.ted asa tr.ee rooted at
diameter is quite difficult and a loose upper bound on noden — 1. This will be further clarified in Sgchon 4..
diameter is all that is known [1]. In this paper, we derive ~ More generally, fon < 2™, each node will be assigned
a tighter bound. Our presentation is organized as follows. & link from at most one of the remainimg— 2 dimensions
Section 2 defines the Gaussian cube. Section 3 shows specidexcluding 0 and 1 as stated above). The maximum node
cases in which the exact diameter can be easily obtaineddegdree is 3 fon > 4, 2for2<n < 3, and 1 fom = 1.
Section 4 derives upper and lower bounds on the diameter.!n deriving the diameter, we shall exclude the trivial cases of
Section 5 contains our conclusions. n < 3 whose pruning results in a linear array.

In the Gaussian cub® m) wheren > 2™, node 2" — 1
hasm + 1 neighbours along dimensionsD 3, ..., 2M — 1,
respectively. Any other neighbour, if it exists, must be along
A Gaussiann-cube has 2 nodes; each node is identified dimensionx2™ — 1 with x being a positive integer. Since
by an n-bit number A = (a,_1...a1a9)2. Here and 2M—1 < x2™ -1 < n-1, we have 1< x < |n/2M],

Note that the dimension-0 links remain at all nodes and

2. DEFINITION
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FIGURE 1. (a) Binary 4-cubeQy4 or Q(4,0); (b) cube connected cycles.
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FIGURE 2. Gaussian 4-cubes: (8 4,1); (b) Q(s,2); (¢) Q4,3)-

leading to the maximum node degree/2™| + m. In a to send a message from a source n@age1...a10)2 to a
similar manner, the minimum node degtér — 1)/2™| +1 destination nod€a,_1 ...a;0)> whose addresses are even
can be derived by considering the connectivity of node 0. numbers that differ in then — 1 most significant bits.

It takes (n — 1)/2 steps to traverse all even dimensions,
3. SPECIAL CASES leading to the node(@,—1an—2...a2a10)2, one step to
route to the odd-numbered not® _1an_2...a2a11)7, then
(n — 1)/2 steps to traverse all odd dimensions, leading to
(8n—1an—2...82811)2, and finally, one step to route to the
)c/iestination nodéan_1an_2 . ..a2310), via dimension 0.

Given the maximum and minimum node degree€af m),
there are two special cases where the selection of group
size parametem results in a regular Gaussiancube. For
these special cases we can derive the exact diameter. Clearl
Qn,0) is the binaryn-cube from which no link has been One can easily verify that the diameter @f,, 1), where
removed; both the node degree and diameter are equal tan is even, is alson + 1. Such Gaussian cubes, which
n. If m = 1 andn is odd, thenQn 1) is regular of degree  have node degree of/2 — 1 orn/2 + 1 for even- or odd-
(n + 1)/2. In such a case, the even-numbered nodes arenumbered nodes, respectively, may be compared with a two-
assigned even-dimension links and the odd-numbered nodegevel hierarchical cubic network [5] which has regular node
assigned odd-dimension links, in addition to the dimension- degreen/2 + 1 and a smaller diametéBn/4| + 1. The
0 links for all nodes. Since the even and odd dimensions canregularity of node degree and reduction in diameter can be
be permuted without changing the connectivity, the network attributed to the links added between nodes whose addresses
is node symmetric as well. are complements of each other. Generalization that allows
The diameter 0fQ(, 1), wheren is odd, can be seen to more than two hierarchical levels is certainly viable and has
ben + 1 by counting the number of routing steps required been shown in [6, 7].
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FIGURE 3. The construction of Gaussian cu®gn n—1) from Qn_1,n—2).

4. BOUNDS ON DIAMETER By noting that the sum of Hamming distances for

Before deriving the bounds on the diameter of Gaussian Cubeconsecutlve numbers from O to— 1 is strictly less than

Qn,m). it is helpful to discusKn n—1) Whose diameter is ﬁﬁnmgelr)s’ ftrr;emszuglo_f 1H iznmtlzgud|Sé?r£)%ii(l;zrdcbonzegutlve
the largest of alQn m), 0 < m < n—1, given the dimension . . pp . neo.
27 VLI . Again, consider the case whelneis a multiple of 4. The

n. This is obvious in view of the fact tha®n m) contains . .
additional links, compared witf) ' number of extra steps needed to gain access to the required

0 can, be (?onstructed(ng;liéking two copies of dimensional link is at most seven. Excluding at least two

(n,n-1) ; ;

Qu1n_2, appending one with the most significant bit 0 steps taken locally along dimensions 0 and 1, we have

and the other with 1, and connecting the two copies with a n—1
new dimensiom — 1 link between node& — 1 and node Zd(h, h—1) <2n—6+5|(n—1)/4]. (4)
21 4+ n — 1 (see Figure 3). Fan > 4, Qn.n_1) has the h=3

maximum node degree of 3.

Let Dn,m denote the diameter o m) and d(u, v) Combining eqns (2)~(4) yields

denote the distance from nodelo nodev along a shortest 6n + 2[(n — 1)/4] — 2[logy(n — 1)] — 11 < D(nn-1)
path inQ.m. Since forn > 4 the diameter oQn n—1) <6n+10[(n—1)/4] — 11,

is larger than the diameter @n-1.n—2) by the distance (5)
between the two shaded nodes in Figure 3, we have theimplying thatQn m) also has logarithmic diameter.
inductive formula Qmn.m can be viewed as arin — m)-dimensional

Din1 = Dn_t.n_2) +2[d(n—2,n—1) +1]. (1) hypercube in which each node has been re_placed with a
Qm,m-1). Any longest path ofQn m then includes a
Expanding the above expression and substituting the initial jongest path oR(mm-1) and traverses — m dimensions:
conditionD3 ) = 7, we get
N1 Dinm =nN—m+ Dmm-1 = n+5m+42[(Mm—1)/4]

Dy =2y dh-Lh+2n+1 (2 —2llogy(m = 1] —11 -
h=s Form < 3, the 2" nodes ofQm m-1) are connected in aline.
Hence to visit then — m dimensions requires the traversal
of all the 2" nodes. An upper bound can be immediately

Clearly d(h — 1, h) cannot be less than the Hamming
distance betweem — 1 andh. The sum of Hamming
distances for consecutive numbers from hte- 1 can be

calculated exactly as obtained as
N1+ [(N=1)/2)+[(N—1)/4] +...+1= Dim <n—m+2(2" -1 U]
[logy(n—1)| . . ..
Z [(n—1)/2'] = 2n— 3 [logy(n — 1)]. which is tight for 0< m < 3.
= However, form > log, n, the above upper bound becomes

too large to be useful. Recall that eam m-1) group of
Q(n,m) has links connected to— m — 1 other groups. Thus
D(n,m) is at leasn — m — 1 less tharDn n—1):

Hence the sum of Hamming distances for consecutive
numbers from 2 tan — 1 is lower bounded byr2— 6 —
llog,(n—1)]. Furthermore, ih is a multiple of 4 (i.e. a leaf

node ofQ 3 2), thg routing fromh — 1 toh_ take; at Iegst one Dinm < Dn_1 —N+m+1. (8)
more step to gain access to the required dimensional link.
This leads to Combining eqgns (7) and (8) yields
n—-1 A
Z dh, h—1) > 2n— 6+ [(n—1)/4) — [logy(1—1) . (3) Dn.m < min{n—m+4-2M1_2, 5n+10L(n—1)/4J+m—1(cgj
h=3
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TABLE 1. DiameterDn m) of Gaussian cub®n m)

m"|1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0|1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
2 7 8 9 10 11 12 13 14 15 16 17 18 19 20
3 11 16 17 18 19 20 21 22 23 24 25 26 27
4 23 24 25 26 31 32 33 34 39 40 41 42
5 27 32 33 44 45 48 49 58 59 60 61
6 33 34 45 46 49 50 59 60 61 62
7 37 48 49 52 53 62 63 64 65
8 51 52 55 56 65 66 67 68
9 5 60 61 70 71 72 73
10 61 62 71 72 73 74
11 65 74 75 76 77
12 77 78 79 80
13 81 86 87
14 87 88
15 91
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FIGURE 4. DiameterDn ) of Gaussian cub®n m-

Table 1 lists the exact diameter Qfn m) with n ranging on Gaussian cubes is bound to be more difficult than on a
from 1 to 16 andn from 0 ton — 1. Figure 4 shows selected hypercube.
data from Table 1 along with the corresponding lower and o ) )
To show the possibility of trading cost with performance

upper bounds, drawn as error bars. . A ) '
in Gaussian cubes, we use a composite measure, defined as
the product of maximum node degree and diameter. Figure

5. CONCLUSION 5 plots the degree-diameter product of Gaussian 16-cubes

We have derived tighter bounds on the diameter of the with the group size parametervarying from 0 to 15. There
Gaussian cub®n m. Itis intuitively clear that the diameter  actually exists an optimal group size that minimizes this
is a monotone increasing function of dimensionand figure of merit. We note that this optimal group size cannot
group size parametan. However, it seems difficult, if  be larger tham, since beyond this point the maximum node
not impossible, to express the exact diameter in closeddegree becomes a constant but the diameter continues to

form. Because of the irregularity and asymmetry, routing grow.
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FIGURE 5. Cost—performance trade-offs in Gaussian 16-cubes.

After deriving the degree—diameter products for all
Qnm, 1l <n<16and 0< m < n— 1, we found that
the optimal group size is equal to one forln < 3, two for
4 < n <9, and four for 10< n < 16. Though not evident
from the data in Table 1, we have verified that the optimal
group size remains at four for ¢ n < 19.

A similar figure may be drawn for maximum node

degree versus bisection width. In this case, the degraded
performance can hardly be justified by the reduced cost,
since each doubling of the group size reduces the bisection

bandwidth to half, while there is no corresponding reduction
in the maximum node degree.
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