
Wireless Communications

Lecture 4

[Review of previous lecture]

• Small-scale fading
s(t) = Re

{
u(t)ej2πfct

}

Send a cosine, e.g. u(t) = 1

r(t) = Re
{∑

αn(t)ejφn(t)ej2πfct
}

=
∑

αn(t) cos(φn(t)) cos(ωct)︸ ︷︷ ︸
In-phase:zero-mean Gaussian

−
∑

αn(t) sin(φn(t)) sin(ωct)︸ ︷︷ ︸
Quadrature:zero-mean Gaussian

ch(t) = chI(t) + jchQ(t) Complex Gaussian random variable

The autocorrelation and cross-correlation of chI and chQ are

AchI (τ) = AchQ(τ)

=
1
2

∑
α2
n(t)cos(2π∆fnτ)

=
1
2

∑
α2
n(t)J0(2πfDτ)

AI,Q(τ) =
1
2

∑
α2
n(t)sin(2π∆fnτ)

= 0

• Power Spectrum

F{AI(τ)} = SI(f) =
Ωp

2πfD

√
1−

(
f
fD

)2
, |f | < fD

What is
∫
SI(f)df?

To get uncorrelated, fDτ = 0.4λ.
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• Amplitude of channel, |ch(t)| is Rayleigh distributed. |ch(t)|2 is exponential dis-
tributed.

• Jakes Spectrum
A|ch|(τ) =

π

8
PJ2

0 (2πfDτ) +
π

2
P

E[|ch|2] = 2P = Ωp, E2[|ch|] = π
2P . (See Jakes for proof )



Wireless Communications 3

[Deriving PSD in another way]

Let’s assume

• large number of arriving paths.

• can account for antenna gain and non-uniform distribution of received paths.

• the paths are planar paths.

Let p(α) be probability distribution of path power/angle.∫
p(α)dα = 1

Total power = P

∫
p(α)G(α)dα

where P is total power for isotropic antenna G = 1. In frequency domain:

S(f)|df | = Pp(α)G(α)|dα|+ P (p(−α)G(−α)|dα| 0 < α < π

where S(f) denotes power spectrum.

f = fc +
v

c
fc︸︷︷︸
fD

cosα

df = −fD sinαdα
|df | = fD| sinα||dα|

Is it valid to do the change of variable and |df | small enough?

S(f) =
P [p(α)G(α) + p(−α)G(−α)]

fD sinα
α = cos−1

(
f − fc
fD

)
, 0 < α < π

=
P [p(α)G(α) + p(−α)G(−α)]

fD

√
1−

(
f−fc
fD

)2
, 0 ≤ α ≤ π ⇒ |f − fc

fD
| < 1

Therefore, to translate it to all f , 1/2 of S(f) will be in f > 0 and 1/2 in f < 0.

[Example] For p(α) = 1/2π,G(α) = 1

S(f) =
2P

2πfD

√
1−

(
f−fc
fD

)2
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[Log-normal Shadowing] |ch| is Rayleigh but |ch| is log-normal.

• We have u = 10 log |ch|2,

PU (u) =
1√

2πσu
e
−(u−mu)2

2σ2
u , mu = 10 logα− n10 log d (Path Loss)

E[|ch|2] = E[10u/10]

10αu = eβu

αu ln 10 = βu
β = α ln 10

E[e
α ln 10

10 ] = · · ·

= exp
{
mu

g
+
σ2
u

2g2

}
, g =

10
ln 10

• Distribution of ψ = |ch|2,

P (ψ) =
∂

∂ψ
PU (u = f(ψ)), u = 10 logψ

ψ = 10u/10

= eln 10/10u

∂ψ
∂u = ln 10

10 ψ

P (ψ) =
10

ln 10ψ
1√

2πσu
e
−(10 logψ−mu)2

σ2
u


