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ﬁ Scalar Variable Model

Observation Model :
y(n)=x%n)+v| (My————

Measurement noise

Desired time-varying random
signal

where v, (n) is a white noise process with variance

agl uncorrelated with x(7).

Desired signal model : Assume that the desired

signal has time evolution given by :
x(n)=ax(n—-1)+ v, (n)

where 1) (n) is a white noise process different

from v (n).
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Signal and Observation Model :
v ()

(1) X(n) (+) > y(n)

v, (1)

Recursive Estimation Problem :

We require that the recursive estimate to have
the following structure :

x(n)=a,x(n —i) +K,y(n)

Weighted New

previous data
estimate sample




ﬁetermine a, and K, such that \
MSE=E

[(R(n)—x(n))?]

1s minimized

Define : g(n)=x(n)-x(n) error
error variance : o2, . =var[&(n)]

&(n)

From our assumption on noise being white
and uncorrelated with signal, we write :

E[x(m)y"(1-D]=R(0)
E[y(n)y*(n—l)]=Rx(l>+a§25<l>

and  E[y(n)v3 ()] =E[(x(n)+v, (m); ()]

:O’%
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ﬂ o find @, and K, : Apply \

orthogonality principle :
Eem)y (n-1)]=0, 1=0l...n (1)
[=0:
Ele(n)(x" () +v (n))] El(n)x"(n)]
+ E[g(n)v2 (n)]=0

Note : E[g(n)y (n)]= O'g(n)

bstitute :|200)=X(0)-X(n)
and substitute &(n)=a,k(n-1)+K,y(n)
and s1mp11fy Ing :

_ 2
g(n) K or =0

_ e(n) e real. a}nd 2)
n 02 positive
)
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@ >0 (1) canbe written as \

Ele(n)y"(n—1)]
=E[[x(n)—ana%(n—D—Kny(n)]y*(n—l)}

=E[x(n)y"*(n-1)]-a,B[%(n-1)y" (n-1)]
R.(0)

~K, E[y(n)y" (n-1)]=0
R0

Follows:
(l-Kn)Rx(l)—anE[(x(n—1)—£(n-1))y*(n—l)]:O

Rx(l)—a_a_lfé;Rx(l—l)’:O [>0

compare this : s(/)=b s(I-1)
s(1)=bls(0) >0

R.()=R,(0)d! >0
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Conclusion: For a recursive optimal estimate,

the correlation of signal model must
be of the form :

[
a
— n
R, (1)=R,(0) K, [>0
Return to signal model :
x(n)=ax(n-1)+ ) (n)
Follows: Rx(l)za%al [>0
o}
where o= R, (0)= 22
1=

Conclusion : The signal generated by the above
equation and the estimate x generated

( X(n)=a, X(n—1)+K, y(n)) satisfies the
orthogonality principle and hence an optimal

Qimate. J




ﬁw ;
x(n)=a,x(n-1)+K, y(n)

=a(1-K,)X(n-1)+K,y(n) (4)

or

x(n)= ani(n -)+K n[ y(m)—ax(n-1)] (5)
correction term

or x(n/n-1)=ax(n-1)
x(n)=X(n/n-1)+K, [ y(n)—x(n/n-1)]|(6)
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residual
x(n—1)
a x(n—1) a

\ prediction Xx(n/n-1) /

correction




@rsive Expansion for the Variance O':;ZD

We can obtain recursive expression for 0’3 ) ;
2 rato2
o5 talto
o2 = 2 i 5 ) o2 n>0
v
&(n) O'g +0$ +|a\20'2 1
1 9 8(}’2-—1)
o} oF
o2 = 2
£0) 52 +02(1—a2)
i, T |
2 1
-1
2 |1 1
o4, = + ‘ n>0
&n) |2 2,2 2
o, A
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e Kalman Recursive Predictor

Obtain the optimal linear estimate of
x(n+1); that x(n+1/n), given the data
and the previous estimate at » by
minimizing :

E{[x(n+1)—fc(n+1/n)]2

Simultaneous Filtering and Prediction
solution :

y(n)

+:; + x(n)
(94
a x(n—1) x(n+1/n
z-1 g
252
oo} lag(n/n—l)

g(n+l/ n) ) 2
K : +O-g(n/ n-1) /




KReview Of State Variable Representmh

Of Dynamic Systems :

Example : Consider

y(n)+ a y(n-1)+ a, y(n—-2)+ a, y(n-3)
=v(n)+ blv(n -D+ bzv(n -2)+ b3v(n -3)

Rewrite : Define two equivalent equations
(1) u(n)=v(n)—a1u(n—1)—a2u(n—2)
—a3u(n—3)
(2) y(n)=u(n) +b1u(n -1) +b2u(n —-2)
+b3u(n—3)

o /




u(n-1) by F——" Y™

“3

Define a state vector :[xl(n),xz(n),x3(n)]

State equations :
xl(n+1)=x2(n)
x2(n+1)=x3(n)
x3(n+1 )=—a3x1(n)—a2x2(n)—a1x3(n) +v(n)

Output equation :
y(n)= b3x1(n)+ b2x2(n)+b1x3(n) + x3(n+1 )

=b3x1(n)+b2x2(n)+b1x3(n)—a3xl(n)—a2x2(n)
\ —a1x3(n)+v(n) /




0
0
1

\

() =|(b3—a3).(b, ~ay).(b —a)) b+ ()

x(n+1)=| 0 0 1 x+|0p(n)

More Compact Form :
x(n+1)=A4x(n)+bv(n)
y()=C" x(n)+av(n)
For multi-input and multi-output systems :

x(n+1)=4x(n)+Bv(n)
Y(m)=Cx(n)+LDv(n)
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e Dynamic Systems Driven By
White Noise

v(n)

White noise

Hz) —

2

Power Spectral Den

o2 Causal linear system

sity :

L2
S, (e/")=H(z)H(-2) og= }H (e/ W)‘ o

y(n)

Z=€jw
Example : ;
O
Follows :
o= Lo
03-3

\y(n)—O.Sy(n—l)=v(n)—0.5v(n—1) J




@mple: \

S-(Z)= 5772
g (1—%2—2)(1—22—2)

_5 1 1

21 13 1. 012
122 122

() M —11—2——>y(n)
I_ZZ_

=5
03=3

~ y(n) =3 ¥(n=2)=3v(n)

Example :
S (ej g SR __ 36 : :
4 627 _35e/W +62—35¢/W +6¢~J2W

. (Z)= 36
) 622 -352+62—35z"1+62—2

6z~ 6z

:6—52_1+Z—2 " 6-5z+22
\ Ao /




4 O

-1
y—> z 5
i 1—%2‘1 +%z‘2 )

0'8:1

=Y =2 Y (n=D+ y(n=-2)=v(n-1)

Conclusion : The output variable of a dynamic
system can be modelled to have the desired power
spectrum.Dynamic systems represented by
difference equations correspond to some desired
power spectrum associated with a random process.
Dynamic systems equivalently can be modelled by

state variable formulation. State variable formulation
allows the inclusion of multi-variable and
nonstationary conditions.

o
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Z—l
W | s a1l 2 |y
6 6
0'2 =1
v

y(n)—%y(n—1)+éy(n—2)=v(n—1)
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Conclusion

The output variable of a dynamic
system can be modelled to have the desired power
spectrum.Dynamic systems represented by
difference equations correspond to some desired
power spectrum associated with a random process.
Dynamic systems equivalently can be modelled by
state variable formulation. State variable formulation
allows the inclusion of multi - variable and

nonstationary conditions. 18



e Recursive Estimation From
the Innovation Process

y

Y . 1 : The space spanned by the

observations y(1),........... y(n-1)

Suppose we have additional observation y(n)
at time 'n'. Suppose we want to compute the

updated estimate x(n/y ,,) of the related random
variable x(n).

Store the previous estimate x(n—1/y _1) and use

this somehow to obtain x(n/y ,,) without redoing
the whole estimation again.
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The Innovation Process

Let/ (m=y(m)=yn/yp)

be the forward prediction error, where
y(n/y ;1) 1s one step prediction of y(n)
at time n.

Note :
f 1(n) is orthogonal to all past
n_

observations y(1),.......y(n—1).It1s also a
measure of the new information in y(n)

observed at n.

20



Define : a(n)= fn—l(n) =1,2.........

as the innovation
a(n) contains the part of the observation y(n)

that 1s really new.

a(n) satisfies :
a. Ela(n)y (k)]=0 1<k<n-1
b. Ela(n)a (k)]=0 1<k<n-1

a(n)1s a white noise process

21



c. (1), ¥(2),. . y(n)j = ial),a(2),..a(n);

one to one correspondence
If {y(1), y(2),. . .y(n)} are linearly independent, we
can use the Gram - Schmidt orthogonalization

process to obtain

(05(1)\ 4 1 0 0

(y() )
2

| a a |
\a(m)) \ n-ln-l  n=2.,n-2 /\y(n)/

22



" A
Now : Define the estimation problem
X(n/y,)=minimum mean - square estimate

of x(n) given the observed data y(1),

or
= minimum mean - square estimate of

x(n) given the innovations a(1),x(2),

n
that 1s x(n/y,)= 2 b ak)
I N =1 k

23



Rewrite :

f(nly,) = Zé(l)bk a(k)+b, a(n)

fc(n—l/v Zn—l)

oo Elxma’ ()

— < 1<k<n
k' EBla(h)a (k)]

where we have used «'s are orthogonal and

x(n)—X(n/y)1s minimized.

24



" A
Recursive Estimation :
fc(n/zn):fc(n—l/zn_l)wtbna(n)
_ E[x(m)a’™(n)]
bn o X, -
Ela(n)a (n)]

Notice the correction term b, a(n) 1s directly
proportional to the innovation.

This gives a general approach to recursive
estimation from the concept of innovation. The
current updated estimate x(n/y ,,) is simply obtained

from the previous estimate x(n—1/ Zn—l) plus the

correction term based on the scalar multiple of the
Innovation.
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Problem Statement

Given the observed data y(1), y(2),......y(n)

for n > 1, find the minimum mean square estimates
of the state x(i).

Filtering Problem : If i=n
Prediction Problem : If i>n
Smoothing Problem : If1<i<n

The Innovation Process : Following the scalar

variable case, we define ;

26




a. a(n)=yn)-yn/y,1)

M x 1 vector
b. Ela(n)y" (k)]=0

c. Ela(ma (k)]=0

1<k<n-1

1<k<n-1

d. (), y(2),....y(n)} < a(l),a(2)

OOOOO

a(n);



Steps In Obtaining Kalman estimation

I. Compute the correlation matrix of the

Innovation Process

Express the innovation process as

a(n) = y(n)=C(m)x(n/y p1)

Substitute y(n) = C(n)x(n) + Vs (n)
a(n) = C(ne(n,n—1)+ v (n)

28



where ¢(n,n—1)= x(n)—-xX(n/y ;1)

predictedvstate error

vector
Define X(n)= E[Q(”)QH (n)]

Correlation matrix X(n)=C(n)K(n,n-1)C H (n)
+Q, (n)

where K(n,n—1) = E[s(mn—1),6 " (n,n—1)]

state - error correlation

29



"
Step II : Estimation of the State using the

Innovation process

Start from : £(i/y ) = kfl B.(k)a(k)

where {Bl, (k)} 1s a set of matrices to be determined.

Using the orthogonality property :

Ele(i,ma’ 1=0

and using E[Q(H)QH (k)]=0

30



we can obtain :

Elx(a’ " (m)]= B, (m)S(m)

B (m)=Elxtia’" (m)]Z” (m)

S B+ a1z ac

=DOn+Ln)x(n/y,,1)



o
Step III : Kalman Gain
Define the M x N matrix
_ H (1]
G(m)=E[ x(n+1)a'* (n)]Z " (n)

x(n+1/y ,)=®(n+Ln)x(n/ Zn—l)
+G(nja(n)

Notice the similarity of this to the scalar
recursive estimation case :

The Kalman Gain equation can be manipulated to :

G(n)=®(n+1,mKnn-1C"? (2 (n)
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Correlation matrix

of measurement noise v,(n)
Q,(n)
Predicted state-error
correlation matrix
-1
K(n) Sops 1) Postmuluply R(n) InVerSC R (n)

Premultiply
Cn)

e

matrix
calculator

C(n)

Kalman gain

Premultiply G(n)

F(n + 1,n)

FIGURE 10.3 Kalman gain computer.

Step IV: Recursive equation for the predicted state-error
correlation matrix
K(n)=K(n,n-1)-2(n,n+1)G(n)C(n) K(n,n—1)

33



Model of linear dynamical system

Premultiply
C(n)

Premultiply
G(n)

Kalman gain

Premultiply
F(n + 1,n)

Unity n?egntive feedback

FIGURE 10.4 One-step state predictor; given the old estimate X(n|%,_,) and the
observation y(n), the predictor computes the new state X(n + 1|%,).

Updated stat
estimate

i(n +119,)



Premultiply
F(n + 1,n)

Updated value
of the predicted
state-error
correlation
matrix

=p

Postmultiply
G(n) by
C(n)

Premultiply
G(n) by
F(n,n + 1)

Kalman gain
G(n)

Postmultiply
K(n) by
FH(n + 1,n)

K(n + 1,n)

Q,(n)

Correlation matrix of
the process noise v,(n)

FIGURE 10.5 Riccati equation solver for propagating the predicted state-error correlation

matrix.



Filtering from one-step prediction

Start from:
X(n+1/y,))=0(n+L,n)i(nly,)

Filtered Estimates Follow:
#(nly,) =0 Yn+Ln)in+1ly,)

Since,
o L n+1,n)=d(,n+1)

f(nly,)=0nn+DX(n+1/Y,)

36



Rewrite a(n) at n-1 for filtering
a(n)=y(n)—C(n)P(n,n-Dx(n-1/y, 1)

and the state vector 1s rewritten :
£(n/Y ) = @n,n=DE(n =11y 1)+ L(n,n+1) G(ma(n)

where
G(n)=®(n+1,m K(nn-1)C " (g (n)

£(n) = C(m K(n.n=C"" () +Q, (n)

37



TABLE 10.1 Summary of the Kalman Variables and Parameters

Variable Definition Dimension
x(n) State at time n Mby 1
y(n) Observation at time n Nbyl
F(n + 1,n) Transition matrix from time n to time n + 1 M by M
C(n) Measurement matrix at time n NbyM
Q,(n) Correlation matrix of process noise v,(n) Mby M
Q,(n) Correlation matrix of measurement noise v,(n) NbyN
x(n|%,.,) Predicted estimate of the state at time n given

the observations y(1),y(2),...,y(n = 1) M by 1
x(n|%,) Filtered estimate of the state at time n, given the

observations y(1),y(2),...,y(n) Mbyl
G(n) Kalman gain at time n Mby N
a(n) Innovations vector at time n N byl
R(n) Correlation matrix of the innovations vector a(n) NbyN
K(n,n-1) Correlation matrix of the error in X(n | %, ;) Mby M
K(n) Correlation matrix of the error in X(n|%,) M by M




TABLE 10.2  Summary of the Kalman Filter Based on One-Step Prediction

Input vector process
Observations = {y(1),y(2),...,y(n)}

Known parameters
Transition matrix = F(n + 1, n)
Measurement matrix = C(n)
Correlation matrix of process noise = Q,(n)
Correlation matrix of measurement noise = Q,(n)

Computation: n = 1,2,3,...
G(n) = F(n + 1,n)K(n,n = 1)C*(n)[C(n)K(n, n - 1)C¥(n) + Qy(n)]"
a(n) = y(n) = C(n)x(n|Y,.,)
X(n +1|%,) =F(n + 1L,n)x(n|%,.,) + G(n)a(n)
K(n) = K(n,n = 1) = F(n,n + 1)G(n)C(n)K(n,n - 1)
K(n+1,n)=F(n+1,n)K(n)F(n + 1,n) + Qi(n)

Initial conditions:
x(1]%) = E[x(1)]

K(1,0) = E[(x(1) - E[x(1)])(x(1) - E[x(1)])"] = II,




Initial condition

x(11,)
Observation L
vector x(n + 11%,), Filtered state
One-st 2%
y(2) q distep F(r1, n +1) estimate
predictor (nlY,)
n
K(n — 1) G(n)
Kalman gain
computer

Riccati K + 1,n)
equation
solver

T

Initial
condition
K(1.0)

FIGURE 10.6 Block diagram of the Kalman filter based on one-step prediction.

A block diagram representation of the Kalman filter is given in Fig. 10.6, which is
based on three functional blocks:

* The one-step predictor, described in Fig. 10.4
¢ The Kalman gain computer, described in Fig. 10.3
* The Riccati equation solver, described in Fig. 10.5



Summary : Two Important Equations
X(n+1/y,,)=®n+1,n)x(n/Y ;1)
+ G(n)a(n)

Prediction Estimates : (suubstitute for « )

x(n+1/y,) =@n+1/n)x(n/y,,—1)

updatedvestimate predictiorvl estimate
+ G(m)y(n) - Cmx(n/ Y p1)]

correction term

Filtered Estimate
x(n/'y,)=®n,n+)X(n+1/y,)
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Block Diagram

correc}ion x(nn+1/y ,,)
PG ~ (+)
YD N 1< G LT D
Innovation x(n/yY ,,)
Filtered
C () e | estimate
x(72/ Ln—l )
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Initial Conditions :

£(0/y ) =FIX(0)]

K (0)=E[x(0)x!? (0)]= P
3_2(0/¥O)=Q ( you can choose to set )

3(1/y () =200y )
= ®(1,0)E[£(0))

K (10)=2(1,0) K(0)@"" (1.0)+Q, (0)
—(1.0) @ (1L0)+Q, (0)




