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i Z Transform: Review

Given a discrete-time sequence x[7]
X(z)= ) xn)z™"

X (z) exists if and only if the infinite series
converges
converging plane is called Region of

convergence ROC
x[n] <> X(z)
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The Inverse Z-Transform

o0

X(z)= z x[nlz™"

= ...+ x[2]2° + x[-1]2"' + x[0]z° + x[1]z"" +....
Inverse Z — transform is nothing but obtaining the
discrete — time samples from the polynominal X (z)
Examplel : X(z)=4z" +2+3z"" roc all z, except z = 0 &

Compare with the definition and pick out

the discrete - time samples
(20, x[~11, {01, x{1]} = {4,0,2,3}



{x[—2],x[—1],x[0],x[1]} — {4, 0, 2,3}
x[n]=0 otherwise

Writing it as an equation
x[n]=40[n+ 2]+ 20[n]+30[n—1]

co[n+n,|<——>z"




Example 2

0 n < 0
1 n =20
2 n =1
0 n =72
3 n =3
0 n =4
—1 n—=3>5
0 n > >5

x|n] = é|n] — 26|n — 1] 4+ 36[n — 3| — é|n — 5]




I le 3: Divis; hod

2
X(z) = z°+1

z°+z-2
The problem can be solved through expansion,
though this can be done in two ways;

X(Z)—Z nlz +Zx

n=—0a0
. J

Left.H Sequence nght H sequence

First consider a right handed sequence :

X(2)=x[0]+x[1)z”" + x[2]z + x[3]z" +......



1—z'4+4z7%2 -6z +.......
i ) z% +1
z°+z-2
I —z+3
—z—14+2z""
42771
4+4z' —8z7*
! 6z +8z72
L X(@)=1-z" 44z -6z +.......
By inspection,

{x[0], [1], x[2], x[3],.....

(1,-1,4,—6,...



Now consider a left handed sequence :
X(2)= .. + x[-3]2° + x[-2]2" + x[-1]2'
= (1/2) - (1/4)z=(7/8) 2" +......
D4z+2z 1+ 0z +z
1-(1/2)2-(1/2) 7
5 (1/2)z+(3/2) 2
(1/2)z-(1/4)z" —(1/4) 2’
(7/4)z" +(1/4) 7’
L X(2)=-1/2-(1/4)z—(7/8) 2" +......

By inspection,

(oo =21, 211} = {oerers = (7/8), - (1/4)}




1+2z" +z~
Exampled : X(z) = : =, find Right.h sequence x[n]?
l1-z +0.3561z
143z +3.643927 +2.57562 +.......
1-z +03561z"° 142z +z°

' 1-z'+03561z°

3z +0.6439z"
3z =327 +1.0683z"
3.6439z7° —1.0683z"

3.6439z7° —3.6439z° +1.297z"

2.575z° —=1.297z"

S X(2)=143z" +3.6439z" +2.5756z " +......
By inspection, {x[0],x[1],x[2],x[3],....} = {1,3,3.6439,2.5756,...}



Example 5: Partial Fraction Method

Z

X(z)=
=2y (=13)
_ Gz 6z
(z—1/2) (z-1/3)
(z—1/2) z
= X(z — —
C - < 2=1/2 (Z —l/ 3) 2=1/2
(2—1/3) z
— = X(z - -2
. (2) z s (z—1/2) s
X(z) = 3z 5 2z

(z—-1/2) (z-1/3)



Continued Example 5

3z 2z

(z=1/2) (z-1/3)

Depending on ROC multilple results are possible
if ROC is |z|>1/2

x[n]=3(1/2)" u[n]—-2(1/3)" u[n]

if ROC is |z|<1/3

x[n]=-3(1/2)" u[-n—1]+2(1/3)" u[-n —1]

if ROC is 1/2<|z|<1/3

x[n]=3(1/2)" u[n]+2(1/3)" u[-n—1]

X(z)=



Example 6: Partial Fraction Method

z

X(2)=

1-0.25z"" —0.375272

Multiplying the numerator and denominator by z2,

z z
X(Z): 5 —
z©—0.252-0.375 (z2-0.75)(z+0.5)
X(z)= =
(z—0.75)(z+0.5)
Gz N C,z
z—0.75 z+0.5
X —0.
¢, =XD e, _g75 2207
z =075 (2—0.75)(z+0.5)| _, .
_ 1 e
z+0.5],975 3




Continued Example 6

_X(2)

Z

1
z=—0.5 z—0.75 z=—0.5 S

- X(2) = (4/5)z 5 (4/5)z _ (4/5)[ z oz }
z-0.75 z+0.5 z—0.75 z+0.5

if ROC is |z|>0.75

A= (4/5)((0.75)" il (—O.S)”u[n])
if ROC is |z|<0.5

C,

(z+0.5)

x[n]=(4/5) (—(O.75)n u[—n—1]+(=0.5)"u[—n — 1])

if ROC is 0.5<|z|<0.75
x(n) = (4/5) ((0.75)"u[n] +(=0.5)" u[—n — 1])



Example 7: Partial Fraction Method

2 +blz_1
X(z2) = . —, ROC |Z|>CZ1>1
(I-az )1-2z ")
A B
X(z2) = —+ -
I-az") (A-z7)
5 1 5 b, +blz_1
A=Xz)1—-az ) = 1
= a-2h |,
B b, +b1a1_1
(I-a)
1 b, +blz_1
B=Xz)(1-z ") = -
= (=az )| _,

_ b, + b,
(I-a))




Continued Example 7

b, + 2’912_1

X(z) = — ——, ROC |Z|>CZ1 > 1
(I-az Y-z ")
-1
X(2) = b, +b1c_z1 1 - bo_+b1 1_1
(1-q, ) Q-az") (-a) -z
b, +ba, b, + b,
x[n]=2""Z2= "uln]+ uln]
—a ) (1—a)
| by + by by +b
— {(1—%1) Ty [

Always try to resolve the given equation into library functions

so that it is easy to obtain the inverse Z — transform



Example 8: Partial Fraction Method

— =08 (1+0.5z7))

1-2.1z7"
1-03z7'—04z7%"°
1-2.1z7" A B

(1+0.527)(1-0.827") ) (1+0.5z7") . (1-0.8z7")

_1-21z7" _1+42

=05 (1-0.8z71) y 1416

X(z)=

ROC |z]>0.8

X(z) =

A=X(z)1+0.5z7" 2

o 1-2.1z7" 1-2.1/0.8

B=X(z)1-0.8z7") = 170508

z=0.8
2 1

(1405271 (1-0.8z71
x[n] = (—(—0.5)" +(0.8)" )u[n]

X(z)=




Z Transform: Properties

Superposition

Since the Z —transform is linear

ax;[n]+ bx,[n]<——aX,(z) +bX,(z)

Shifting

x[n—nyl«——z " X (2)
n—1]«=2->z"1X(2)
n+1]«=->z X (2)

n+2]«=>2z2X(2)

n—2]«=2->z72X(2)

SR R T



Unit Delay

Symbolic Notation

x[n] :-y[n] = x|n-1]

Mathematical Notation

x[n] :-y[n] = x|n-1]

1

v O[n—1]<«———>z"

x[n] :-y[n] = x|n-1]




Example 1

Consider the first difference of two successive signal values
yn]=x[n]—x[n—1]
Apply the Z —transform on both sides
VA {y[n]} =7 {x[n] —x[n— 1]}
= Y(2)=X(2)-Z'X(2)
Y(2)=X()(1-2Z1

Computational > l >§<)—
structure for the X (2)

I)"
above system 7!

/)1

Unit X ()| x[n-1] yln]
Delay Hé_’
Fig.11.2




Example 2

)®ﬂ=%ym—ﬂ+xM]

Apply the Z —transform on both sides

Z{wm}:Z{%ym—u+xmﬁ>

= Y(z) = %ZIY(Z) + X (2)

Y(z)— % Z7%Y(2) = X(2)

— 1

Y(z)(1— Ez—l) = X(2)

X(z)

(1-%2—1)

Y(z)=




Continued Example 2

yn] = %y[n 1]+ 2]
X(2)
LR
(EEV
Let the input be x[n] = o[n],

Y(z)=

the output will be the impulse response y[n] = h[n]
s o[n]«——1, X(2)=1

Y(z)=H(z)
H(z)= 11 »
U==4 )

hin]=2Z""'[H(z)]



Continued Example 2

1

(1-%2—1)

H(z)=

With ROC |Z| > %

h[n]=(1/2)" u[n]

With ROC |z| < %

Aln]=—(1/2)" u[-n—1]

A standard notation for Transfer function

Y(2)
X(z2)

H(z) =



Example 3

Find the transfer function for the system described by

Jin]= —%y[n—1]+x[n]+x[n—1]

Apply the Z —transform on both sides

VA {y[n]} = Z{—%y[n — 1]+ x[n]+ x[n — 1]}

= Y(z)=— % ZYD)+ X)) +z2 ' X(2)

— 1

Y(z)(1+ > ZHh=Xx=0+z"

Yz (+z7h

. X(z) . (1_52—1)

H(z)
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