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Transfer function: 1%t Order IIR Filters
Consider the difference equation of a general

[" order IIR system

yln]=a,y[n-11+b,x[n]+bx[n—1]

Apply the Z —transform on both sides

/ {y[n]} =7/ {aly[n — 1]+ b x[n]+bx[n— 1]}

=Y(z)=az Y(2)+b,X(2)+bz" X(z)
Y(z)(1—a,z")= X(z)(b, + bz')



Y(z) (b,+bz") B(z)
X(z) (-az') A(z)
Unlike FIR, IIR filter transfer function is a ratio

H(z)=

of polynomials

B(z)... numerator polynomial is defined by the
weighting coefficients {bk} that multiply x| n]
and its delayed versions

A(z)...denominator polynomial is defined by
feedback coefficients
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An implementation view
yinl=ay[n—1]+bx[n]+bx[n—1]
Y(z) (b, + bz') B(2)
X(z) (-az) Az)
using the cascading property
H(z)=H (2)H,(2) = H,(2)H,(2)
]
A(z)

H(z) =

H\ (z) =

H,(z)=B(z)
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Example 1 _
Find the transfer function of the 1 order IIR system

y[n] = 2y[n-1]-x[n]+(3/4) x[n -1]
Apply the Z — transform on both sides

Z{y[n1} = z{2y[n—11-x[n] +(3/4) x[n - 11}
= Y(z) =2z Y(2)- X(2) +(3/4) 2" X (2)
Y(z)(1-2z") = X(z)(-1+(3/4)z")

Y(@) (1+ (3/4)z")
X(z2) (1-2z)

H(z) =
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Example 2 )
Find the transfer function of the I order IIR system

yn] = gyl I+ bxln] + gx{nC )

. . \ \ \ Y .
Directly pick the\n{tm\emtor and ¥enominator coefficients
\
N \

coefficients related wiﬂi n\mee tor

coeffigients related with y\\denoml

\
\\\

1 - Y(2) (mcz )

X/(Z)(J;»az
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Transfer function: 2" order IR Filters

Consider the difference equation of a general 2" order IIR system

ylnl=a yln-1]+a,y[n—-2]+bx[n]+bx[n—1]+b x[n—-2]
Apply the Z — transform on both sides
(aly[n —1]+a,y[n—2]+b x[n]+ b x[n- 1]

Y4 =7 1 >
{y[n]} +bx[n-2]

.

= Y(z) = CIIZ_IY(Z) + a22_2Y(Z) +b X (z)+ bIZ_lX(Z) + bzz_zX(Z)
Y(z)(1- azlz_1 — a22_2) = X(z)(b, + blz_1 + bzz_z)



- Y(2)

_ (b, + bz +b,z7")

H(z) =
X(z)

(l-az"' —a,z7)

w|n]| yln
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Example
Find the transfer function of a 2" order IIR system

y[n]=0.5y[n—1]+0.3y[n - 2]— x[n]+3x[n —1]-2x[n - 2]
Y(z)=Z{0.5y[n—1]+0.3y[n - 2]~ x{n] + 3x[n 1] - 2x[n - 2]}
= Y(2)=0.5z Y(2)+ 03z Y(2)- X(2)+3z X(2) -2z X(2)
Y(z)(1-0.5z" —03z" )= X(2)(-1+3z" -2z)
Y(z) (-1+3z" -2z7)
i X(2) : (1-0.5z" -0.3z")

H(z)



Transfer function: General expression

y[n] = Z a,yln—1] +Z b x|n—kj

Y(2) =) az'Y(2)+) bz "X(z)

ibkz_k
H(z)= r'(z) — kZON
X(2) 1 — Z alz_l

a, ... feedback coefficients
b, ... feed — forward coefficients
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Transfer function: Impulse Response

Transfer function is also Z —transform of impulse

response, H(z) = Z hln]z™"

Hn=—00

From previous lecture Impulse response of ,

yinl=a,yln—1]+b,x|n]+bx[n—1] is

h[n]=b,a'uln]+ba' uln—1

1
ca'u[n]<——>
l—az

—1
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1 1
H(Z)Zbo( 1j+b121£ lj
l—a,z l—a,z

—1
b, +bz
1

...same result

H(Z)Zl o
—d, z
1

In summary, except for polynomial functions
on both numerator and denominator, general

properties of Z —transforms are same for IIR

and FIR filters



Example 1: Application of inverse Z-transform
Find the impulse response of the feedback system

1—-3z"

H(z) =

(2) 1+2z"

1 377"

H(z) = —

(2) 1+2z7 1+2z7"
ca u[n]<—> — & z7' X (2) <> x[n—1]

1—az
1 P n 32_1 z n—1
-<—>(2) uln] & -<—>3(—2)" u[n—1]

1+2z 1+2z

hin]=(=2)"uln]=3(=2)""u[n—1]
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Example 2

Find the impulse response of the feedback system

042
(z°+0.4z-.12)
N z(z+2)
(z=02)(z+0.6)
ClZ 022
= +
(z—-0.2) (z+0.6)
(z=0.2)

Z

H(z) =

zZ+2

= =2.75
02 (210.6)

¢, = X(z)

z=0.2
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Poles & Zeros
FIR filters had poles only at z = 0. However, IIR filters can

have poles anywhere, because the poles are nothing but the

roots of the denominator polynomial A(z)

b, + blz_1

—1

Consider a first order transfer function, H(z) =

l—alz

Zero...b, +blz_1 =0 = z;, =——

-1
Pole...1-az =0= p, =aq,
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Poles & Zeros — 2™ order IIR filter
H(z) = Y(2) _ (bO +blz +b22 )
X(z) (-az —az)

Convert the function as a function of 'z'

(b022 -+ blz1 +b,)

aiay=- ">
(z'—az —a,)

A polynomial of degree'N' has'N' roots

" order 2 polynomial will have 2 zeros and 2 poles



Zeros, from numerator:;

b022 +bz+b, =0

b, +\[b? — 4b,b,
2b

0

[z.2.]=

b ayb—4bb, b —\[b —abp,

Z1_ 922_

2b 2b

0 0

if (b7 —4b,b,)<0 or b <4bp,

Then the z and z, will be a complex conjugate pair



Poles, from denominator;

2
z°—az—a, =0

a ++la’ +4a
[pl,pz]z 1 \/1 2
2
a1+\/a12+4a2 al—\/a12+4a2
b= y) » y)

if(af +4a2) <0 or a, <-4a,
Thenthe p, and p, will be a complex conjugate pair

p, =D,
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Example 1
Find the poles and zeros of the feedback system

yln]=0.35y[n—-1]+ 2x[n]

2 . 2 Z pole-zero plot
H(Z) — T ' | e
1-0.5z z—0.5 08
06
Zero..2z=0 = z=0"——L >4
ool A~ _
3 R o S N
Pole...z—05=0= z=0.5| -] -/
\ - :
N "
Always convert the transfer |\ | yid
08t S
function as a function of z I

Real Part Fig 14.5
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Example 2
Find the poles and zeros of the feedback system

yln]=0.5y|n—-1]+3x[n —1]

pole-zero plot
32" 3 { -
08t ;
H(Z) — > — 06}
1-0.5z z—0.5 I
: _ _ [ — AR S—
Zero.llmH(z) =0 = z= f o=
Z—>00 B 04 /r —_ E
- Y
Pole...z—05=0= z=05 - _|
Ak eeiboeees
if all poles and zeros at I N

Fig 14.6
z =0 or «© are also counted, no.of poles = no.of zeros
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Example 3
Find the poles and zeros of the feedback system

2+2z"
H(z) =

—1 -2
11—z +2z

Convert H(z) into a function of z,

2+2z" z’ 2z° +2z
H(z) = : . —

l—z +2z7 )z zi—z 41

Zeros..2z  +2z=0; 2z(z+1)=0

— z, =0, z, =-1
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poles..z” —z+1=0

C14y1-4 1 3 -

+j—=e
P 5 ) J )
-V1-4 1 3 .,

p2 — = — — ] — =

2 2 2
The system function can now be written in factored form also

2z(z+1

H(z) = z(z +1)

(Z . ejﬂ'/3 )(Z . e—]ﬂ/3)
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2z(z+1)
(Z _ ejﬂ/3)(z _ e—jﬂ/3)

H(z) =

pole-zero plot
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Example 4
Find the poles and zeros of the feedback system

yln]l=yln—-1]+ y|n-2]+ x[n]+ x|n—-1]+ 2x[n - 2]
Y(z) N (1+ z7 + 22_2)

X(z) (1A-z"'-z7)

Convert H(z) into a function of z,

1-|—21+222jz2 zi 4z 42

H(Z){ —

H(z) =

2

— 2
-2z -z 7 z°—z—1

Zeros..z. +z+2=0
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1+N1-8 1 7
+ —

pole-zero plot
T

AR — — — 05t

2
“1-Vi-s 1 7
2 2 2

Imagifiary Part

2
Poles...z —z—-1=0 an -

1+~N1+4 1+~N5 7 1t //
p, = _ > .

2
- Fig 14.8
1-1+4 1-+/5 -~
= — -
p, = =
2 2
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Example 5
Find the poles and zeros of the IIR filter

yvin]|=2y[n—-1]-3y[n—-2]+3x|[n]+2x|[n—-1]+ x[n —2]
Y(z) (B+2z +z7)

X(z) (1-2z"'+3z7)

Convert H(z) into a function of z,

3+2z +z7 Jzz B 3z +2z+1

H(z) =

2

1-2z"'43z7 )z N z°—2z+3

H(Z)=(

Zeros..3z  +2z+1=0
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24+4-12 ]2\/___1”\/—

zZ = :—

2 =<

zZ, = - |
2 2 Nl R
H

— - - 1.5—\\‘ | | ; | A;(
2 4 12 ]2\/7 1. J\/E\ N 1/

Poles..z" —2z+3=0

2++/4-12 2+ ]\f N S
1+ |

2 2 Nl ./

P, =

2-Ja-12 2- /8 L f ~ __ o
— il

2 2 T~ — /

P, =
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Poles locations & Stability

* All FIR filters are stable
* The location of poles plays an important role in
the stability of IIR filters due to recursion

Consider the system function

H(z) = ——— the impulse response,

h[n]=ba'uln]+ba" uln—1]
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(

0 for n< 0
h[n]=< b, for n=0

(b0+b1a1_1)a1” for n>1

L

Consider the part with n =1, (bo +ba;’ )al’“
let (b, +ba;' )=k

limka' -0 if|a,|<1

n—oo
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limka' — o0 if |a|>1

n—oo

It is desirable to have the impulse response die
down as n — o, otherwise an unbound output results
even from a few input samples
|a1| <1 implies that the pole will be inside the unit
circle in z — plane
Thus a causal LTI IIR system with initial rest conditions

is stable only if all the poles lie inside the unit circle
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Example 1
Comment on the stability of the IIR filter with transfer function

—_— === e

1-2z" e N
H(Z) — > ' | | | pole-z}qplot |
1-0.8z e S N
zero.. 1-2z"'=0=z=2 | o NSO N
— . E3P| I S N S
pole...1-0.8z7 =0=2z=0.8|
‘0.8‘ <1, inside unit circle. o |
The filter is stable e e
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Example 2

Comment on the stability of the filter with diferrence equation
yvln]=2y[n—-1]+ x[n]—0.8x[n —1]

VS
1-0.8z" N

_ N
(z) = : \ \\\\\.:\‘\ s
12 \ \ | \\\\\
-1 5
zero..1-0.8z7 =0=2=0.8 - i~
ol | . ~
pole..1-2z —0=>z=2 N
2| > 1, outside unit circle. e |
The filter is unstable | |
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Example 3
Comment on the stability of the feedback system

yn]=—=yln=2]+ x[n]
H(z)= :
1+z

1 2 2
B AN
(1+22j22 z> +1

zeros..z =0=|z,z,|=[0,0]

2

poles..z +1=0



=z=2v-1=|p,p,|=[-Jj,J]

‘j‘ =1, on the unit circle.

The filter is unstable

2nd grder
Zero

1

Imaginary Pa

pole-zero M /
T T r

1 1
-1 0.5

1 1
0 05 1
Real Part

Fig 14.13
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Example 4

Comment on the stability of the feedback system
vin]=y[n—-1]1-2y[n -2+ x[n]-2x[n—1]+3x[n—-2]
1-2z" +3z"
11—z +2z~
1-2z" +3z" \z°
:( 11—z +2z~ jzz
_22—22+3

H(z) =

i —z42



zeros..z. —2z+3=0

2 _I_ ’4 . 12 . e ' | | pole-ze;ro plot , C.)
zZ, = = 1+]\/5 e
S
2-~Ja-12 N
_LTNRT A L N VAR N _
2 o5t / ;
2 /
poles..z" —z+2=0 P 5
AT S et S
1 + A /1 . 8 1 ]\/;// 15 1 jS/ReaIDF'art 0.5 1 15
P, = =+ - Fig 14.14
2 2 2 - ¢

~
| _-" Unstable system
1-\1-8 1 j/7-
p2: -
2 2 2
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Example 5
Comment on the stability of the IIR system

4y|n]=yln—-1]-2y[n—-2]+ x[n]—5x[n—1]+ 6x[n — 2]

1-5z" +6z"

4—z"' 427
1-5z"+6z" \z°
4—z"'+2z7 )7

z2—52+6

H(z) =

- 4z° —z+72
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Zeros..zo =5z+6=0, (z—=2)(z-3)=0

:>[Z 2]2[2,3] S

1272 15}

Poles...4z" —z+2 =0 |

os5F

= : )

[ " : By

a , : .

= : i :
1+1=32 1 31 | foopi e — :

=) . ! H

i ' ' "

= — j - £ ost
3 8 3 A

I=v1-32 1 \/i J IR S

— — = ] — Real Part

P

P,

8 8 8 Fig 14.15

Magnitude of poles =0.707 Stable system
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