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[Simple Real Continuous-Time System

Vi)

di

Vi) =Ri(t)+L— (D
o di

Vo)=L~ (2)

di V()

dt L )

Substitute (3) in (1)
Vi@)—Ri(t)-V,(t)=0;, KVL theorem



General Continuous-Time Systems

=7
o | o =Tew)

r Fig 17.2
x(8) —> y(¢)

a) Linear System Property
ax(t) + Bx, (1) —— ay, () + By, ()
b) Time - Invariant System Property
xX(t =) ——> ¥(t-1)
Filters satisfying both (a) and (b) are known as Linear Time

Invariant systems, these are an important class of filters



[Example 1
y(@) =[x

Linear System Property

ax, (t)+ Bx, () —>ay,(t) + By, (?)

x(£) = ax, (t) + B, (1)
y(@) = [ax,(0) + Bx, (O]
= &’ [x, O] + B [x, O +2a8x,t)x, ()

ay O+ By () = a[x O] +plx, O
Thus, y(t) # ay,(t) + By, (t); The system is nonlinear

If the input is x(t —t,), then output w(t) = [x(t —to)]2

w(t) = y(t —t,); Time invariant



[Example 2
dx(?)
dt
Linear System Property

() =

ax, (t)+ Bx,(t)—>ay,(t) + By, (?)
x(t) =ax, (1) + Bx, (1)

WE) = %[axl (6)+ By (0)]

= iowc (t)+i,3x () = aix(t)hﬁix (1)
odr ! a7 T ar! dr °
dx; (1) dx; (1)

dt th dt

Thus, y(t) = ay, (t)+ By, (t); The system is linear

ay )+ py,t)=«a



Example 2 contd...

b) Time - Invariant System Property
x(t —ty)——> y(t-1y)

x(t) =x(t—1t,)

d
w(t) = Zx(t —1,)

(t-ty) =L x(t-1,)
YA TRl T T

w(t) = y(t-t,)
Thus the system is Time — Invariant

This system belongs to LTI (Linear & Time — Invariant) type of systems



[Example 3

y(t) = _[ x(t)drt

—00

Linear System Property

ax, (1) + B, (1) ——> ay, () + By, (1)

x(t) = ax (t)+ Bx, (1)

(&)= [ [ax () + Bx, () [dr

—00

= j ax (t)dt + j Bx,(r)dt

—00 —00

ay, )+ By,)=a [ x,(t)dr+ B | x,(z)dr

—00 —00

Thus, y(t) =ay,(t)+ By, (t); The system is linear



Example 3 contd...

4

y(t) = j x(z)dr

—00

b) Time - Invariant System Property

x(t —1g) ——> ¥(t-1p)
w(t) = j x(z—t,)drt

let, 7—t,=0; dr=do, Thelimits haveto be changed

!

lower limit '—o0—t, = —0", upper limit't —t,'

t-t,

w(t) = | x(o)do = y(t-t,)

—0o0

Thus the system is Time — Invariant; LTI system



Example 4: Time-Varying systems

y()=x(t)cos(w,.t), amplitude modulator system
Time - Invariant System Property
x(t—1y)——> y(t-1p)

If the input is 'x(t —1,)";

amplitude modulator results in x(t -t,) cos(w.t)

W Y(E-ty) # x(t-ty)cos(w,t)

the system is a time varying system

Also this system is not a linear one, verify



[Unit Impulse Response ]

y()
h(t)

x(t)
o(1)

If the input x(t) is 6(r) the output y(t) is known
as impulse response ()

Just like the discrete-time system, continuous
LTI system can be characterized by its impulse
response.



Unit Impulse Response contd...

Discrete-time systems are described by difference
equations. Continuous-time systems are described

by differential equations

Consider a continuous —time system described by,

2
y(t) | dv(®)
dt dt

y(0)=y(0)=0
x(¢) = 5(¢), solving the equation leads to; h(t) =te 'u(t)

+ (1) = x(2)



Unit Impulse Response - Stability & Causality

a)A continuous —time LTI system is stable if and only if
[ |h(®)dt <

Example :

1 —10<7<10

MO =u(+10)~u@e=10)=|

o0 10

[ |h@®|dt = | 1dt =20
—00 —10

o h(t) is stable

b) A continuous —time LTI system is causal if and only if
h(t)=0 for t <0



Example

a) Find the impulse response of an integrator
t

y(t) = j x(t)dt
x(1)=0(), y(t)=h(?)
h(t) = jt' o(t)dt =u(t), recall the previous result

Thus unit step function is the impulse response of integrator

b) Find the impulse response of a differentiator; y(t) = d);(;)
x()=0(), y@)=~h(@)
_do(t) _
h(t) =—==35"(1)

o'(t) is a mathematical function known as a 'doublet'’



Unit Impulse Response & Unit Step Response

o Linear o
o(t), unit impulse @ : h(t), unit impulse response
, Iime - Invariant R

System (LT1)

_ Linear .
u(t), unit step s(t), unit step response
, I'ime - Invariant R

System (LTT)

Fig 17.4
du(t)
dt

follows that; h(t) =

"+ 8(t) =

ds(t)
dt




Example

Vi)

V() = Rz(t)+L%

Unit Step response (solve the differential equation);

s(t) = (1 o L )u(t)

o () = dzgt)

h(t) = %(e—Rf/L u(o)




LTI system output - Convolution integral

W LTI —h(r) —

Fig 17.6
o0

y(t) = I x(o)h(t—7)dr = T h(t)x(t—7)dt

The output of every LTI system can be described by
the above convolutional integral

V() = x(t) * h(t); standard notation

if x(t)=0(2),

y(t) = Ojo O(t)h(t—7)dt = Oj O(t)h(t—7)dt = h(t)
e 0-



[Examples
a) x(t) = o(t—1y)

V(1) = T x(Dh(t—7)dt = O_‘? o(t—tyh(t—7)dr
= t_(f o(T—tyh(t—t)dr =h(t—1y)
b) x(1) 0: u(t), h()=0o()
y()=x(t)*h(t) = Of x()h(t—71)dr
= Of u(t)o(t—r)dr = ? u(t)o(t—r)dr =u(r)

A



[Examples
¢) h(t) = 6(t)

y(t) = T x(o)h(t—7)dr = T x(r)o(t—r)dr

—00

= (@3~ )dr = x(1) = x(1) #5(0)

d) x(t) = u(t), h(t)=u(t)

y()=x(t)*h(t) = j u(t)u(t—r)dr

—00

t t>0
0 <0

cu(t—r)=1 fort—t>20o0r r<t

o0 t
=_[u(t—f)dfzjl dr =
0 0



Example
e) x(t) =tu(t); h(t)=e "u(t

o0

y(t) = _[ x(o)h(t—7)dt

—00

= T tu(0)e " u(t—1)dr = T re " u(n)u(t —7)dr

5 —0
1 720 1 T <t
u(t) = N u(@—17)= , for limits
0 <0 0 7>t

t t t t
= j re U dr = j re le’dr=e ' [retdr =e_tfrerdr
0 0 0 0

—e! [ef (r —1)} ; —e [zef P 1]u(t) - [z 1+ e—f]u(z)




[Example
) x@)=0@-1); ht)=06(-1,)

Q0

y(t) = j x(Dh(t—7)dr

—00

= Of o(t—t)o(t—t—ty)dr

= tj‘ o(t—4)Y(t—7t—-ty)dr=0(—-t —t,)
o(t—t)*o(t—t,)=0o(t—(4 +1,))
Practice, [5(t—5)+8(t—5)|*[5(t—0.5)+35(1)| =
=0(t—5.5)-306(t-5)+0(t+4.5)—-36(t+5)



Example
g) x()=u@®)—u@-1); h@)=e u@)

x (1) h(r)
S — ——

0 1 2 t 0) 4

Fig 17.7

y(t) = I x(o)h(t—7)dr

—00

0 : /

T 0 ¢ T




The problem has 3 parts to it;

t<0; y()=0 fort<O0;

since there is no overlap between the two functions
0<¢r<l1

t t
y(t) = je_(t_f)df =e '[e"dr
0 0

=’ [eT ]; =’ [et —1] =1-¢*

1

0<s<1 h(r—r)/ﬁ x(7)
4/& >

T
Fig 17.9 0 4 -




r>1

Fig 17.10

() =+




Practice Example 1

4 4
x(1) =
1 _______ — —
/i N 1‘ h(t) =S5(t—1)
|
|
>
0 I1 T 0 1 t
Fig 17.12 Fig 17.13
- 4
0) t <1
yv(@)y=<4t—1 1<¢r<2 L i »(1)
0 t>2
Output is shifted version 0 1 5 >
of input




Practice Example 2

A

x(¢)

>

0 1 [

Fig 17.15

(1) = x(2) * h(2)

h(?)

>

2 4 4

Fig 17.16




A look at Discrete Convolution

o0

y(t) = J x(o)h(t—7)dr

y[n]= i x[klh[n—k] for —oo<n <o

k=—00

The format of getting the output is same for
both continuous and discrete —time sequences

R hn]

O N £

01 n

Fig 17.18



<~—uln—k—1]

k



Demo: Discrete-Time Convolution

1 _Signa/ PPVVDOPOOD
0.8 |.Flipped Signal 1 Input 08 Impulse Response
T 0.6
0.6
05 0.4
0.4
0.2
0.2 0 n 0 n
0 5 10 0 5 10
0 1 1 1 1 1 1 k ]
Tn=2
ann Get x[n] Get h[n]
06 _Mu/tipl/'cation
0:5 = © Flip x[n] & Flip h[n]
0.4
0.3 = -
ol Signal Axis:
01 o = x[K]
mm nd' 0 1 I I 1 1 1 | 1 K, o= h[n'k]
S lnlse I{n=2 Multiplication Axis:
dconvdemo s [ Linear Convolution ol lle X[K]h[n-K]
af ® ® Convolution Axis:
sl y[n] = =x[k]h[n-K]
2l 3
1 Close Help
0 1 1 1 1 TT ITT 1 n ]
25 20 15 10 5 0 5 10 15 20 25

Fig 17.20




Demo: Continuous-Time Convolution

Signal Input Impulse Response
Flipped Signal 1 1
05} 0.5 0.5
0 1 0 1
o . 5 0 5 10 15 5 0 5 10 15
. Tt=2.00 Get x(t) Get h(t)
Multiptication
& Flip x(t) € Flip h(t)
05}
Signal Axis:
h(z) = blue
. 0 1 . LT x(t-t) =red
command: ; lt=2.00 Multiplication Axis:
cconvdemo [ Convoiution h(x)x(t-t)
Convolution Axis:
05| y(t) = Ih(z)x(t-t)d<
Close Help
i t

Fig 17.21




Summary

Linear Time - Invariant
System (LTT)

/

Continuous Time
(LTT) systems
Differential equations

k k
g L0, d )

k=0 dt* k=0 dt*

Output : Convolution integral

o0

y(t) = I x(o)h(t—7)dr

—00

\

Discrete — Time
(LTT) Systems

Differenceequations

N M
Z a,yln—k]= Z by x[n—k]
k=0 k=0

Output : Convolution sum

o0

yvinl= 2. x[klhln—k]

k=—o0

for —oo<n<oo
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