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[Fourier Transform ]

Motivation:

We need to define the frequency spectrum for
a more general class of continuous time signals.
Fourier Transtorm is at the heart of modern
communication systems

We have defined the spectrum for a limited
class of signals such as sinusoids and periodic
signals. These kind of spectrum are part of
Fourier series representation of signals



Fourier Transform : Definition

Forward continuous —time Fourier Transform

X(jw) = of x(t)e /" dt (1)

—00

Inverse continuous — time Fourier Transform

x(1) = L j X(jow)e’!™ dt (2)

Time domain Frequency domain

x() <«£ 5  X(jo)



Example

Determine the Fourier Transform of the one - sided
exponential signal, x(t)= e "u(?)

Forward continuous —time Fourier Transform

X(jo)= [ x(@t)e ' dt
= [ e "u(t)e™ ™ dt
— je_7te_jwtdt (notice the changein limits)
0



—(7+ja0
1 —(7+ja))oo
— =0
(7+jw) ( )
Time domain Frequency domain
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(7+ja))



[Fourier Series & Fourier Transform ]

Interpretation of Fourier Transform from Fourier

Series
x; (¢) periodic signal, with period @

Nl /\\/ M[\x%(t)/\ ~

SL2 -2, L2 <L, L2 O L2 T, Time‘’

Fig.18.1

Note that the shape of the signal 1s drawn arbitrarily



Fourier Series & Fourier Transform contd...

The periodic signal can be approximated by summing
up harmonically related periodic exponential signals
Fourier Analysis equation;

T, /2
1 ° o k27
a, =— | x, (e ’™dt, o, =ko,=—"—
1y _7 ) 1,
And the Fourier synthesis equation,
xTO (t) — Z ak ja)k /m\\lak‘
T S Spectrum
//T/ T T T w ‘\ ‘\ T \1\\1‘\ >
........... -0, -0, 0 o, 30 eooee Frequency,® = ka,



Fourier Series & Fourier Transform contd...

Now, assume that the period of the signal x(t) is infinite

[IX

. T N .
Fig.18.3 _TO/2 10 TO/2 Tlme ct)
lim x;, (£) = x(7)

1y —>0
Note that the above equation also implies that
all non — periodicsignals can be considered periodic

with a period of 'oo'



Fourier Series & Fourier Transform contd...

Consider the Fourier Analysis equation

| B2 |
a, =— j x;, (e '™ dt
Ly 7
Now define;
T,/2
X(jo,)=X(jko) = | x, (e dt =Ty,
—T5/2

X(Ja)k) — ]:)aka

_ X(jw,)
T

0

dy



Fourier Series & Fourier Transform contd...

Then from the Fourier synthesis equation,

o0
X;, (l‘) _ Z akejcokt
k=—o0

Joyt __

pay attention to the term, e

I , -
e X (¢) = T Z X(jao,)e™™
0 k=—o0



Fourier Series & Fourier Transform contd...
] & , -

X, (=— > X(jo,)e'™
1, =

Define;
2n(k+1) 27k 27
1, 1, 1

Aa)k =Wy, — W =

72T

" Ao,
substitute the result in the Sysnthesis equation,

AC() - 5 10)
0 K ZX(]a)k)— > ZX(]a)k)ef “Aw,
= k:—OO

xT



Fourier Series & Fourier Transform contd...

. 2
Im 7, = Aw, >0 ( Aw, = —ﬂj

Ty > TE)
21k

a)k:L:kAa)k
1,

Iim7, = w >

The above equation implies that the discrete —variable

! '

w,' can now be replaced with a continuous variable '®'
Going back to the original equation connecting the periodic

and non — periodic signals; lim x, (t) = x(¥)

Ty —o 0



Fourier Series & Fourier Transform contd...

6 (== X(jo,)e™ A,
’ 272’- k=—o0
;im x, () =x() = AlimoxT0 (2) = x(2)
1 o0

x(t) = — j X(jw)e'dw

o0

Because; I x(u)du = llmo Z X (kAu)Au

—00



Fourier Series & Fourier Transform contd...

Fourier Transform integrals

o0

X(jw) = j x()e ' dw Analysis (1)

x(t)=— j X(jw)e’”dw : Synthesis (2)
equations (1) and (2) exist if and only if, limx(¢) = 0;
that is | |x(0)ldt < o

Sufficient condition for the existance of X (jw)



Example

The periodicity 1s
increased to show the
effect of higher period.
Notice that for fig.c, no
repetition 1s visible 1n
the plot. Also the
spectrum plot for the
three cases shows an
interesting phenomenon.

AxTo (t) To = 2T (a)

— : _: T T T }
2T Ty z 0 LD Ty 2Ty t
AXTo (1) To = 4T (b)

_= T T T T :
To -2 293 > o 1
AXTo (1) To = 8T (©)




Example contd...

Fourier Analysis equation;

| T2
@ = I xp. (e ' dt
0 —7,/2
T/2
a, T, = _f e ' dt
_T/2

(notice the change in limits for the present case)
e

iz 3 |:eja)kT/2 _eja)kT/2:|
_.ja)k —T/2 _.ja)k

_sin(w, T/2)
w2

—Jjt

a,l, =




Example contd...

arTo

The frequecncies, kw, = w,,

get closer and closer as

1, — oo and eventually ~2w9 0 2 ®
become dense in the interval ax To =gy ©®
—o0 < @ < o. The quatities

' ' >
a, 1, approach a continuous

envelope function @ 0 dwo z
. ai 1o ()
. 7/2 ¢ Tp = 8T
X(jow) = lim sin(@, 7'/2)
kwy—>w a)k /2
— Sin(@7/2) wo 0 8wp ®

/2

Fig.18.5



Fourier Transform Pair 1
x(t) = e "u(r)

x(t) = e “u(t)

Forward continuous —time Fourier Transform

X(jo)= | x()e“dt = [ e “u(@)e’dt

—00 —00

o0
— Ie_ate_mtdt (notice the change in limits)
0



Fourier Transform Pair 1 contd....

e—(a+ja))t »

—(a+ja)) 0

(e—(a+ja))oo B e—(a+ja))0 )

e—(a+ja))tdt _

O = 8

—(a i ja))
_ 1 ( e—(aﬂ'a))oo _ O)
(a + ja))
Time domain Frequency domain

1

—, Fourier transform is unique
(a+ jo)

e u(t) <«



Fourier Transform Pair 1 contd....
1

X(jw) =

(a+ja))
1
X(w)| = ;
iy pepw
| _1(1j
ZX (jw) = —tan o
4D
. 1 a— jw a— jw
X — —
: a - . —
Re(X(w)} = —5—5i Im{X(w) -

a +w a +w



Fourier Transform Pair 1 contd....

| | AMelX (o))
Re{ X (jw)} = . a (b)
—4a —a 0 a 4a Z
),
ImiX(jw)t = Sm{X(jw)}
{ (J )} 2. 2 A~ (©)
2a
a 4a
} t t
—4a —a 1 w
~ 2a




|-F0urier Transform Pair 2

Ax(t) (a)
1
_T 0 T t
2 2

Fig.18.8

x(t) =u@+T/2)—u(-T/2)]

Forward continuous — time Fourier Transform

X(jo)= Of x(t)e ™’ dt
=Ojo [u(t+T/2)—u(t-T/2)]e ' dt

—00



Fourier Transform Pair 2 contd....

sz _(ja)t)dt e_(jwt) e
— e —
~T/2 (—jo) 2

(oT12) _ lioT/2))

~(Jjo)

—2j7sm(wT/2 sin(w 1’/ 2 sin( 76
_ Z2/sml / ) s / ), 'sinc’ function; (76)
—jo /2 76
Time domain Frequency domain

sin(wT'/2)
)

[u(@+T/2)—u(t-T/2)] <«



Fourier Transform Pair 2 contd....
Ie.4@12)

(b)

T
sin(w T/2)

X(jo)=

/2
in(wT)/2 N
o 20 A0) = [ o / ). N
w—>0 (0/2 \
T/2cos(wT/2) _\

using L' Hospitals rule; X (j0) = lim
w—>0 1/2



Fourier Transtorm Pair 2 -- Synthesis

A

X(jo)

>
—), Wy, (0]

Fig.18.10

The frequency domain information is given above,
Find the corresponding time —domain signal
X(jw) = [u(a)+ a)b)—u(a)—a)b)]

1
x(t)=— j X(jo)e'dw : Synthesis equation



Fourier Transform Pair 2 — Synthesis contd...

x(t) = — | [u(@+@,) - u(@-,)]/" do
2w
1 % | o
_ - j e’ dw (notice the change in limits)
Ty
- e(]a)t) @p - (e(ﬂ%f) (Jwbt))
(27je)| (727t)

_ 2jsin(@,t)  sin(w,t)

N (j27zt) (72'1‘)




Fourier Transform Pair 2 — Synthesis contd...

(a)

>

2 t

@h Fig.18.11

Frequency domain Time domain

[u(a)+a)b)—u(a)—a)b)] PRI (@)
(7t)

Note : finite - time signals are infinitein frequeny domain

finite - frequency signals are infinite in time domain



Fourier Transform Pair 3

x(t) = Ad(t) AX(jw)
(4) A
> >
Fig.18.12 0 t Fig.18.13 0 ®
x(t) = AS(t)
X(jo)= [ x(t)e’”dt = [ A5(t)e ' dt
:Ae—ja)t :A
=0

A5(t) «—— A



Fourier Transform Pair 3 -- Synthesis

X(jo) = 275(w) L x(2)

(27) 1

> 0
Fig.18.14 0 @  Fig.18.15

x(t) =

X(jo)e'”dw : Synthesis equation

1 09)
)
iz 276 (w)e’” dw

it
=e]a)‘ =1

=0



Fourier Transform Pair 4
Let X(ja)) =270 (@ — wy)

x(t) = j X(jo)e'dw : Synthesis equation

j 2758 (w — )’ dew

—00

— e]a)t‘ — o/ !
Frequency domain Time domain
F 'yt
276 (w—wy) <«—> e’

2r0(w+ @) <—> e /X!



Fourier Transform Pair 5

Find the Fourier Transform for x(t) = sin(w,?)

Jogt _ _—Jjwyt
x(¢) = sin(@yt) = (6 ° J
2]

x(1) PELEENG ' (jw), use the identities from previous example

' F
e’ ! > 276 (@ — @)
— 7 F
e /N« T 275(w+w,y)
Time domain Frequency domain

ax, (1) + bx, () PREEEN aX,(jo)+bX,(jw)

sin(@w,?) PRRLIEN - jro(w—@y) + jro(w+ wy)



[Fourier Transform Pair 5 contd....
x(t) = sin(wot)

AN N
VA VARV

A X (o)

T(jﬂ) (=Jjm)

—w( 0 WO

Y



Fourier Transform Pair 6

Find the Fourier Transform for x(t) = cos(wyt?)

x(t) = cos(wyt) = ( >

x(1) PELEENG ' (jw), use the identities from previous example

e’/ PRRLEN 276 (w0 — @)

— 7 F
e /N« T 275(w+wy)
Time domain Frequency domain

ax, (1) + bx, () PREEEN aX,(jo)+bX,(jw)

cos(wyt) PREIEN 7o (w— wy) + mo(w + wy)



Periodic Signals

o0 .
x()= > a,e’
k=—0

Where: x(t)=x@+1,)

k2rx
w, =kwy =
1
{ T2 |
a, =— | x(t)e ' gy,
Iy _7. 12

x() <<t  X(jo)

F{x(t)} = F{ i akejkwot}
k=—o0



[Periodic Signals contd...

e’/ ! < s 278(w—w,)

;. e/t PN 276 (w — kawy)

X(jo)=Y 27a,8(w—kaoy)

k=—o0
Time domain Frequency domain
> a e’ — > 27ma, o(w—kwy)
k:—oo k:—OO



Example: Square Wave

x (1)
a3t 2t Lol 2T 3T 1
_ 1 1z — Jkayt
a, =— j x(t)e dt,
Iy _7/2

_1 e—jka)ot e 3 e—jka)OT/2_ejka)0T/2
Iy \ —Jjkay —jkayT

72




Example: Square wave contd...

Assume a 50% duty cycle, which means,

0
2sin(kaw, T/2) ) (sin(ﬂ k/2)j
kawyT, kx
T/2

1o _7/2 Iy 2

sin(z k/2) L0

4 =1
— k=0
2



Example: Square wave contd...

X(jo)
(2map)
(2ma-y) (2may)
(2ma_s) (2mas)
(2ma-9)y ‘ K S w A A
9 -5 —wy () @ 5 9 v
(2ma-11) ! (Zna*_7) 0 L ¢ ! (2*71517) . (2maiy)
Fig.18.18 (2ma-3) (2ma3)
- o, 1 F =
> a e’ — > 27ma,o(w—kwy)
k:—OO k:—oo

X(jo) = @)+ Y (Zsm(]’:k/ 2)

k=—o0

j5(a)—ka)o)



[Example: Impulse Train

p(t)
Fig.18.19 _2T —T s 2 T
p(t) = Z o(t—nT)
T/2 T./2 |
— i J' x(t)e_jka)otdt — i J’ 5(t)e—jka)stdt
TO ~T/2 T -T./2

4



Example: Impulse Train contd...

T, /2 |
_ L | 5(r)e‘f"”s’dt=i
Is 12 I
. 00 00 272-
P(jo)= D 2rad(w—ko)= > —o(w—kw,)
kZ—OO kI—OO KY
P(jw) (b)

_4m 2 0 21 4
Ts Ts TY TS

Fig.18.20



[Table 1: Fourier Transform Pairs

Time domain : x(t)

Frequency domain : X (jw)

e “u(t), (a>0)

(a + ja))
u(—1), (b>0) : _ljw)
u(t+T/2)—u(t—T/2) Sm(w/g /2)
a
sin(@?) w(0+ @) —u(w— o)
(7)
5(0) 1

ot—t,)

—Jjot
e] d




Table 2: Fourier Transform Pairs

Time domain : x(t)

Frequency domain : X (jw)

u(t) 7o (w) + L
Jjw
1 270 ()
e’ ! 276 (0 — w,)
Acos(wyt + @) ﬂAej¢§(a)—a)O) +7rAe_j¢5(a)+a)O)
cos(wy?) 70 (— wy) + w0 (W + @)
sin(wy?) -jro(w—@y) + jmo(w+ wy)

— ket
Z akej 25

> 2ra, 0(w—kay)

k=—o0 k=—o0
> O6(t—nT) > 27%5(0)—160))
n=—00 k=—00
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