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The Frequency Response

Consider a continuous —time complex exponential

signal, x(t)= Ae’’e’”,

Sample x(t) to get the discrete —time signal,
An]=x(0),

x[n] = x(nT) then x[n]= Ae’’e’”"",

x[n]...discrete —time complex exponential signal

discrete —time frequency &= oT., x[n]= Ae’’e’”"



Pass the signal x|n] through a simple FIR
system described by the difference equation,

yn] = x{n]+2x[n—1]+ x[n 2]
x[n] = de’e™
y-n- _Ae]gé jon +2Ae]¢610)(” 1)_|_Ae]¢ jo(n-2)

= fe/? el [1 1 0p7/® +e‘ja’2]




yln] = x[n] [1 Dy e‘jm]
Let H(e)=1+2e"" +¢/*
H(e'”)...is known as the frequency response function

Thus
i.e, outhut is input multlplzed with the frequency

response



—!

y{n]=x[n]H (")

However, This is only true for complex exponential
input signals

H(e’”)...is a complex function

H(e’®) =|H ()&’

‘H(ejé))‘... Magnitude or gain

ZH(e’”)... Phase



H(e®)=1+2¢ 7% + ¢ /*°

= e /% 4 24 e’

.'.(2+2005((?)))ZO or —T<OT
‘H(ejé’)‘ o (2 + 2 cos(w

Also phase from e ',

ZH(e”)=-&



Plot of Frequency Response -

Magnitude of Frequency Response

Phase Angle of Frequency Response




Examplel: Frequency Response

For the system considered so far,
H(eja}) B RIS Do O S input frequency... /3

x:n: 2 2ej(7m/3+7z/4) Fll’ld y[n]?
y[n]=x[n]H (')
H(e'”)=(2+2cosd)e

— H(e"?)=(2+2cosd)e ’*

_3e—j7z/3

w=r/3

y[n] = (2ej(7rn/3+7z/4) )(3e—j7z/3) _ G/ (mn/3-n112)
x[n] H(e’) same output frequency, /3




Example 2: Frequency Response

H (ef‘”) iz

y-n: ](ﬂn/6+72'/4) Flnd x[n]?
y[n]= x[n]H (')
H(e’®)=(e"* e /®)e '

—jaA)

=2 jsin(w)e

=2¢/ sin(@)e '*

= 2sin(®)e 1



H(e’?) = 2sin(d)e 1?7

yin]
H(e’”)
The input frequency = The output frequency = /6

x|n] =

frequency response at @ = /6

H(e'?) = 2sin(@)e )

o=1/6
Sl (1/2) —j(7/6- ”/2) ]72/3
y[n] in e](ﬂn/6+7r/4)
ej(7m/6+7z/4) .
x[n] Sy ) e](ﬂn/6—7r/12)

N



Generalization of Frequency Response
M

y[n]:Zbkx[n—k], FIR filters
T

b, ... Filter coefficients
x[n]= Ae’’e’™ ... Discrete exponential signal
Pass the signal through FIR filter

e y[n] _Zb Ae]¢ Jjo(n—k)

M
s bAe]gé Jjon —]a)k
k=0



M - A . - A
- Z begrl s Ndeltel
k=0

= H(e’*)x[n]
Where,

H(e’”)... frequency response function

M
Hipl oy Nl 0
k=0

M . A
=Nk le
k=0

hlk]...impulse response coefficients

b, = h[k]...for FIR filters



]
yln]= 3 [x[n] +xln=1+x|n-2]+x{n—-3]+ x[n— 4]]
x[n]=e™ (4=1,4=0)
%y i e]a)n 4 e]a)(n—l) 0% e]a)(n—Z) 4 e]a)(n—3) 4 e]a)(n—4)
yn] 4[ :
= /" l|:1+€_jé) R +e‘j4‘b]
4

= x[n]H (')
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2jsin(56)/2) |

—j@2

 2jsin(@/2)
| sin(30/2)

sin(d/2)

... frequency response function




Plot of Frequency Response
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Fig.9.2




Where, D, (ej(b) & (

sin(@L/2)
Lsin(a/2)

PO il j _ ( sin(aA)L/Z)

Lsin(o/2)

j...Dirl’chlet Function

J




Dirichlet function plot with ‘L=11"

An even and symmetric function

Periodic with a period of 2

Maximum value of 1 obtained with L’Hospital’s rule
Minimum value at 7

The function has ‘L-1’ zero crossings

ADn(ej‘b)

1\
/\/\ LN Ny

7T 0w v e
Fig.9.3 (a)




H(ejé)) _ e—jd)(L—l)/2 ( sin(aA)L/2) j

Lsin(a/2)

With L=11
Notice the phase
part

A|H(ejé))|

AzH(.eﬂ?))
TIT
— [\ [\N[i\“,\‘ o \ k\%i\wl\\l[\” -
A N
(b)

Fig.9.4
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S "
Output of a FIR system if the input is a sum of
complex exponential signals
x[n]= A, + 4 cos(on+d¢)
Al Al

= A+ DL L L it gt
% 2

§ I Hfff@) yn]




—!

Use the principle of superposition to calculate

output
jon A g jon A ik o
x[n]=A,e +7e e’ +—e e

nl= H(e®) 4,e™ + H(e™) % oI i

i H(e—j@l ) ﬁ o I o ion
2
Notice that the frequencies are preserved in the

output, only amplitude is scaled



Example

xlnli=2 cos(% n— %)

y[n] = x[n]+2x[n—1]+x[n-2]... FIR filter
He®) = [1 + 2010 e‘jm]
= /(24 2cos D)

Express the input as complex exponential signals

j(zn_zj i j(zn_zj
3 2 +e 3 2

x|n]=e



T
Frequency response at —

3
H(e 3 ) = e—]5 (2+2cos %) 38—]_
i omplex conjugates
Frequency response at — z

_J_

H(e 3)—63(2+2(:OS——) 3e



), AE
DAL ey SR

xlnl=e
yinl=H (e]g )e_]ﬂe]3 + (e_J3)€]ﬂ€_]73z
= 36—]%6_]%6]% 0 3e]£e]£e_%
e e
\ y



Conclusions

For a sinusoidal input to an FIR system
* OQutput frequency is same as input

 Amplitude of the output is input’s amplitude

multiplied by the absolute value of frequency
response function

* Output sinusoid’s phase is shifted by the amount
of phase in the frequency response function



Generalization

If the input signal x[n] to a linear discrete —time

system is a real signal,

N
xn]= X, + > |X,|cos(dn+ £X,)
k=1

IR ot S L e
:XO _I_Z_ke]a)kn _I__ke—]a)kn
2 2
Where,
Ly i Kl | NS | R
ol | HE®)
Fig.9.




The output of the system to this input,

*k

X _l_z k ]a)kn )gk —jayn

J/[I’l] :H(QJO)XO +Z({H(eja3k)%ejé)kn}

4 * N
e H(e_j@k ) ﬁ g I >}

N
£ H(ejo)Xo +Z‘H(ej”k) IXkleja”“" cos(w.n+ £X + ZH(e™))
k=1

Hielh )= H ()



Example

T T ¥/
xlnl=4+3cos(—n——)+3cos(—n
[1] (3 2) (8 )

y[n]=x[n]+2x[n—=1]+ x[n—-2]... FIR filter
H(e’?)=|1+2¢7" +¢77% |
e

“(242c0s D)

—y[n]=H(")X, + Z ‘H(ej‘b" WX |’ cos(@d,n+£X, + ZH (™))
k=1

H(e")=4



H(ef") =4

y[n]=4.4+3. 3cos(zn—£—zj+0 1502 3cos(7—ﬂn—7—ﬂj

g 3 3

yln]=16+ 9cos(%(n —1) _%j +0.4567 003(7; (n l)j



Hgl et

2CoS @)

This frequency response represents a low pass filter

AH ()]
4
I _ T _1m 0 Tz Iw TG
—% 2 T3 3 2 =
(a)
Auqr(efa‘))
....................... -
T I
3 S
4 t + >
7 _n _z 3 T
_% > 3 0 > : w
LTS
Fig.9.7 (b)

All frequencies
around pi and -pi
are attenuated

A slope of -1’ in
the phase plot
indicates a delay of
1 sample



Oscillations

seem to have

an amplitude

of 9 and a period
of 6, this may not
be exactly true
as there iIs some
contribution
from another
frequency

x[n]

A[n]=4+3 cos(% n—)43 cos(%[ )
10+
5¢ T??- * [ _ T.T ?T 9 T?
L LT [T Teel 1 Yol (T ITIIJ\
LA . Y .
0 5 100 15 20 25 30
(a) ‘DC’ value
v ol ele ¢ r////j
il
100 15 20 25 30
Time Index (n)
(b) Fig.9.8

y[n]:16+9cos(

/A

3

(n=1)

7T

- —j 1+0.4567 003(7—72(;1 —1))
2 8



s ommy EE

Time Domain

< Frequency Domain
yn]= D baln—k]
k=0

» EHicli)= fh(k)e—f@k
hln]=> holn—k] il



| Frequency response function can be directly
derived from the impulse response, which in
the case of FIR filter are filter coetficients

Example 1
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Example 2
yin]=xn|-x[n-1]

{bk} 5 {1’_1} 9
Implies = {h[k]}
yln]=o[n]-o[n-1]

M
H(e™) =) h(k)e '™
k=0

1)

= Zh(k)e‘j"}k =] 7/?



—!

H(e™)=1-¢""
_ o /92 [ olo2 _ e—jc?)/zj
= ¢ 7?2 jsin(®/2)
— 2e /PR () 2)
H ()| =[2sin(@/2)
w/2—w/f2 O<o<rx

ZH (') = {

—7/2— /2 -T<@w<0



Only Magnitude,
an example of
high pass filter

Magnitude along
with phase for halft
a cycle ‘0’ to ‘pv’
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1.8

1.6

14

1.2

0.8

0.6

04

0.2

Frequency Response Function

1 1 1 1

-4 -2 0 2 4
Discrete frequency

Magnitude {dB)

Phase (degrees)

20

-60

100

Frequency Response Function From 0 to pi

]
02 0.3 04 05 0.6 0.7 0.8
Normalized Frequency (x= rad/sample)

0.2 0.3 04 0.5 0.6 0.7 0.8
Normalized Frequency (<= rad/sample)




Example 3
The frequency response of a FIR system is,

H(e)=e""(3-2cos(d))

e 7 s D
3_2[e te }
\ 2 y

_j2é

_]aA)

.

=€

_]a")

=—143e

— kD) = {13, -1) = by
The difference equation for the filter,
yln]=—x[n]+3x[n-1]—x|n—-2]

gL
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Summary: Properties of H(e’®)

Periodicity
H(ej(aB+27rk)) e H(ejc?))
Conjugate Symmetry
H(e’*)=H"(e)
M e
H' (") = (Z bkejc?)kj b szejfok
k=0 k=0

M
=Nib e b Hie)
=

0



Notice the phase

/
-
/
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Summary: Properties of H(e’®)

Magnitude is an even function

H(e )| =|H(e")

Phase is an odd function

ZH(e ) =-/H(e™)

fRe{H(e‘j‘b)} - iRe{H(ej“})} ...cosine part
Im {H(e‘jé))} =—3m {H(ej&’)} ...Sine part
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