
Distributionally Robust Circuit Design Optimization
under Variation Shifts

Yifan Pan1∗, Zichang He1∗, Nanlin Guo2 and Zheng Zhang1
1Department of Electrical and Computer Engineering, University of California, Santa Barbara, CA 93106

2School of Microelectronics, Fudan University, Shanghai, China
Emails: yifanpan@ucsb.edu, zichanghe@ucsb.edu, nlguo21@m.fudan.edu.cn, zhengzhang@ece.ucsb.edu

∗ Both authors contributed equally

Abstract—Due to the significant process variations, designers
have to optimize the statistical performance distribution of nano-
scale IC design in most cases. This problem has been investigated
for decades under the formulation of stochastic optimization,
which minimizes the expected value of a performance metric
while assuming that the distribution of process variation is
exactly given. This paper rethinks the variation-aware circuit
design optimization from a new perspective. First, we discuss
the variation shift problem, which means that the actual density
function of process variations almost always differs from the
given model and is often unknown. Consequently, we propose
to formulate the variation-aware circuit design optimization as
a distributionally robust optimization problem, which does not
require the exact distribution of process variations. By selecting
an appropriate uncertainty set for the probability density function
of process variations, we solve the shift-aware circuit optimization
problem using distributionally robust Bayesian optimization. This
method is validated with both a photonic IC and an electronics IC.
Our optimized circuits show excellent robustness against variation
shifts: the optimized circuit has excellent performance under many
possible distributions of process variations that differ from the
given statistical model. This work has the potential to enable a new
research direction and inspire subsequent research at different
levels of the EDA flow under the setting of variation shift.

Index Terms—Process variation; variation shift; distributionally
robust optimization; distributionally robust Bayesian optimization

I. INTRODUCTION

In semiconductor chip design, imperfect nano-fabrications
have led to dramatic performance degradation and yield loss.
These variations become even more pronounced in emerging
computing technologies. The EDA (electronic design automa-
tion) community has long been engaged in exploring variation-
aware simulation [1]–[5], modeling [6]–[8], and optimization
techniques [9]–[11] for the design and fabrication of integrated
circuits, MEMS and photonics.

In most existing approaches, it is assumed that the pro-
cess variations are described exactly by a probability density
function (PDF). Under this assumption, variation-aware circuit
optimization [9]–[14] has been formulated as a stochastic
optimization problem: the goal is to minimize the expectation
value of a cost function subject to some deterministic or
stochastic design constraints. Compared to robust optimization-
based design [15], [16] that optimizes worst-case circuit per-
formance, stochastic optimization leads to more accurate and
less conservative results by accounting for the PDF of process

variations. So far, stochastic optimization-based approaches
have achieved great success in the EDA field.

In this paper, we ask a fundamental question: what if the PDF
of process variations is uncertain and/or not exactly known?
This is a critical yet rarely explored question in EDA. In
practical EDA flow, the PDF of process variations is normally
extracted based on some measurement data of a foundry. As
will be explained in Section II-A, the given PDF often differs
from the actual one due to the limited size and low quality
of measurement data, as well as due to unavoidable errors
in the statistical modeling process. Even if the given PDF
is accurate enough at the beginning, the actual PDF may
still change significantly over time. We call the phenomena
of the given PDF differing from the actual one as variation
shifts. In this paper, we investigate how to optimize a circuit
design under such variation shifts. Definitely, worst-case circuit
optimization techniques [15], [16] can still be applied for some
cases when variation shift exists and the variation parameters
are bounded, at the cost of (probably tremendously) over-
conservative design. However, our goal is to develop a rigorous
problem formulation and a proof-of-concept solver for shift-
aware circuit optimization by considering both the statistical
nature and the unknown PDF of process variations.

Paper contributions. In this work, we investigate the prob-
lem formulation, numerical solver, and validation of shift-aware
circuit optimization. Our specific contributions include:

• We present, for the first time, a mathematical formulation for
the shift-aware circuit optimization problem. Starting with an
introduction of the typical sources of variation shifts in IC
design, we formulate shift-aware circuit optimization as a
distributionally robust optimization problem.

• We present numerical methods to solve the shift-aware op-
timization problem by extending the traditional variation-
aware Bayesian circuit optimization methods [11], [14].
Specifically, we employ an uncertainty ball whose radius is
defined by φ-divergence to represent the distribution shift
of process variations. By leveraging recent advancements of
distributionally robust Bayesian optimization (DRBO) [17]–
[19], we can solve our shift-aware circuit optimization prob-
lem effectively and efficiently.

• We validate our approach on both photonic and electronic IC
benchmarks. Through numerical experiments on two realistic
design cases, we demonstrate that the proposed distribu-



Fig. 1. Various sources of variation shifts. (a): Insufficient and/or inaccurate measurement data can lead to inaccurate density estimation of process variations.
(b): An imperfect chosen (e.g., over-simplified) model can generate a distribution model that is far away from the true one. (3) The distribution of device
parameters can shift over time. In all cases, stochastic optimization can produce underperforming results when one uses a fixed PDF model (e.g., a nominal
PDF) that differs from the unknown actual one.

tionally robust optimization method can maintain excellent
performance metrics and high yield under various unforeseen
potential PDFs of process variations.

We regard this work as a first attempt to address the critical
issue of variation shifts. This research could enable a new
direction, and motivate the study of numerous shift-aware EDA
problems in the future.

II. PROBLEM FORMULATION

A. Variation Shifts

In classical statistical variation-aware circuit design, process
variations are assumed to be described precisely by a reference
probability density function (PDF) ρ0(ξ) (named nominal dis-
tribution in this paper). Consequently, a circuit optimization
framework seeks to minimize the expected value of a cost
function f(x, ξ) over a design variable x within its design space
X . This is mathematically expressed as:

min
x∈X

Eρ0(ξ) [f(x, ξ)] . (1)

A typical variation-aware design workflow consists of three
steps. (1) Testing engineers measure some data samples {ξi}Mi=1

of device parameters from specially designed testing circuits.
(2) A nominal PDF ρ0(ξ) is extracted from the testing data to
describe the process variations. (3) The extracted PDF ρ0(ξ)
is then used in an EDA tool to conduct statistical circuit
simulation, modeling, and optimization. However, the true PDF
of process variations, denoted as ρ(ξ), is rarely identical to
ρ0(ξ) due to the following reasons.

Poor data quality. Ideally, we can approximate the true
PDF ρ(ξ) with arbitrarily high accuracy if we have an infinite
number of i.i.d. data samples {ξi} that precisely follow the
distribution ρ(ξ). However, in practice, this ideal situation
rarely happens since the measurement data samples could be
very noisy [20]. Additionally, since fabricating and measuring
testing circuits can be costly, we typically only have access to a
limited number of data samples, further restricting the modeling
accuracy of ρ0(ξ).

Fig. 2. Comparison between traditional stochastic circuit optimization and our
proposed optimization. (a) In classical variation-aware optimization, ρ(ξ) is
assumed to be fixed and known, allowing for a unique determination of the
cost function Eρ(ξ) [f(x, ξ)] for any given design variable x. (b) Under the
presence of process variation shifts, the true density ρ(ξ) becomes unknown.
This consequently introduces uncertainty into the cost function Eρ(ξ) [f(x, ξ)],
complicating the optimization process.

Model misfit. In reality, process variations often have a com-
plicated (joint) PDF ρ(ξ) (e.g., Gaussian mixture distribution)
due to the multi-modal behavior and correlation among ran-
dom parameters [20], [21]. However, in engineering practice,
ρ0(ξ) is often chosen as a trivial distribution (e.g., correlated
or independent normal distribution) for simplicity [22], [23].
This inherently introduces a discrepancy between the true and
modeled distributions.

Time shift. It is well known that device parameters can
shift over time [24]–[26] due to many factors, such as relia-
bility issues and external environmental impact (e.g., radiation,
temperature fluctuations). This phenomenon (including but not
limited to the aging effects) implies that even if the initially
modeled ρ0(ξ) accurately describes the process variations, its
accuracy may decrease as time evolves.

Fig. 1 visualizes the mismatch between the modeled PDF
ρ0(ξ) and true PDF ρ(ξ) under the above three scenarios.



B. Formulation via Distributionally Robust Optimization
Due to the variation shifts, we need to rethink the fundamen-

tal problem formulation of variation-aware circuit optimization.
As shown in Fig. 2 (a), in conventional problem settings, given
a particular x, the cost function Eρ(ξ) [f(x, ξ)] can be uniquely
determined, allowing the search for its minimum value. How-
ever, the exact ρ(ξ) is unknown due to variation shifts, which
introduces uncertainties to the cost function Eρ(ξ) [f(x, ξ)] as
shown in Fig. 2 (b). Even given a specific x, we cannot
determine the exact value of this cost function. Therefore, we
cannot simply minimize Eρ(ξ) [f(x, ξ)].

To address the above challenge, we propose a novel formu-
lation for a generic variation-aware circuit optimization under
variation shifts. Specifically, we describe the design optimiza-
tion as the following distributionally robust optimization:

min
x∈X

sup
ρ(ξ)∈P

Eρ(ξ)[f(x, ξ)], (2)

where P is an uncertainty set that includes all possible PDFs of
the variation parameters ξ. Intuitively, we will minimize the up-
per bound of Eρ(ξ)[f(x, ξ)] by considering the variation shifts.
In the extreme case where P={ρ0(ξ)}, our formulation (2)
simplifies to a standard stochastic optimization (1).

One important case is yield-aware optimization:

min
x∈X

Eρ(ξ)[fobj(x, ξ)]

s.t. Prob [gk (x, ξ) ≤ 0,∀k ∈ [n]] ≥ 1− τ,
(3)

where fobj is a design objective, gi(x, ξ) > 0 describes a
violation of the design specification, and τ is a risk tolerance.
This formulation aims to optimize the design objective while
satisfying a yield requirement [12], [13]. To handle the yield
constraints, we incorporate these constraints as a penalty term
into the objective function:

f(x, ξ) = fobj(x, ξ) + λI(x, ξ) with

I(x, ξ) =

{
0, gk(x, ξ) ≤ 0,∀k ∈ [n],

1, otherwise.

(4)

Here, I(x, ξ) is an indicator function for risk violations and
λ ≥ 0 is a parameter for penalizing the constraint violations.
The yield 1 − τ is defined as the probability that all risk
constraints are met, i.e., 1− Eρ(ξ)[I(x, ξ)]. The resulting cost
function f(x, ξ) can then be integrated in the shift-aware
optimization defined in (2).

III. DISTRIBUTIONALLY ROBUST BAYESIAN
OPTIMIZATION SOLVER

The distributionally robust circuit optimization as defined
in (2) may be intractable in practice because: (a) the uncertainty
set P may contain an infinite number of PDFs describing
process variations; (b) the min-max problem is inherently
hard to solve; (c) we do not have an analytical form for
f(x, ξ) and its simulation could be costly. To tackle these
challenges, we will first define the PDF uncertainty set P
appropriately. Subsequently, we utilize distributionally robust
Bayesian optimization (DRBO) [17]–[19], a recently developed
technique in the machine learning community, to efficiently
solve problem (2).

A. Distribution Uncertainty Set

In our approach, we model the PDF uncertainty set P as
a ball whose center is the nominal distribution ρ0(ξ) (which
is often an inaccurate PDF provided by a foundry) and whose
radius ε is measured by a distribution divergence D:

P := B(ρ0) = {ρ : D(ρ0, ρ) ≤ ε}. (5)

Here D(ρ0, ρ) measures the difference between ρ0(ξ) and ρ(ξ).
In practice, we can decide the value of radius ϵ based on
estimations of variation shifts.

Among several choices for the divergence D [27], we
choose the φ-divergence (also called as f -divergence) for its
advantages in computational efficiency. Let ρ and ρ0 be two
distributions such that ρ is absolutely continuous with respect
to ρ0, the φ-divergence from ρ to ρ0 is defined as [28]:

Dφ(ρ, ρ0)
∆
= Eρ0

[
φ

(
dρ

dρ0
(ξ)

)]
, (6)

where φ : R → (−∞,∞] is a convex, lower semi-continuous
function such that is φ(1) = 0 and dρ/dρ0 is a Radon-Nikodym
derivative. In this paper, we choose φ(u) = (u−1)2 to measure
the radius of P by χ2-divergence. According to [19], we can
simplify Problem (2) to a single-level optimization problem:

min
x∈X

Eρ0(ξ)[f(x, ξ)] +
√
ε · Varρ0(ξ)[f(x, ξ)]. (7)

B. DRBO Workflow

Next, we explain how to solve (7) via DRBO with a few
circuit simulation samples. Similar to a standard Bayesian
optimization (BO), DRBO sequentially builds a probabilistic
surrogate model of f(x, ξ) and explores the design space by
minimizing an acquisition function. The algorithm is summa-
rized in Algorithm 1, and the key steps are explained below.
• Step 1. Build a probabilistic surrogate model of f(x, ξ). Here

we choose a Gaussian process model, which has been widely
used in BO-based circuit optimization.

• Step 2. Minimize the acquisition function A(x):

x = argmin
x∈X

A(x). (8)

We use the lower confidence bound (LCB) to define A(x).
This approach allows us to effectively balance between
exploiting promising current designs and exploring the design
space characterized by significant model uncertainty:

A(x) :=
1

L

L∑
l=1

[µ(x, ξl)−
√
βσ(x, ξl)]+√√√√ ε

L

L∑
l=1

(µ(x, ξl)− µ̄)
2
,

(9)

where µ(x, ξ) and σ(x, ξ) represent the predictive mean
and standard deviation offered by the probabilistic surrogate
model, and β is a balancing factor. A finite number of
samples {ξl}Ll=1 sampled from ρ0 are used to estimate the
performance mean and variance over the nominal variation
and µ̄ = 1

L

∑L
l=1 µ(x, ξ

l) denotes the performance mean.



Algorithm 1 Overall DRBO algorithm

Input: Initial sample set S0 = {xi, ξi, f(xi, ξi)}Mi=1, nominal
PDF of variations ρ0, uncertainty ball radius ε, maximum
iteration T

Output: The optimal circuit design x⋆ for Problem (7)
1: for t = 1, 2, ..., T do
2: Construct a probabilistic surrogate model based on
St−1

3: Solve the next query point xt via (8) with acquisition
function (9)

4: Sample variation ξt ∼ ρ0 and simulate f(xt, ξt)
5: Augment data set St ← St−1 ∪ (xt, ξt, f(xt, ξt))
6: end for
7: Return the optimal design x⋆

• Step 3. If convergence is not achieved, we draw a new
sample from ρ0 and augment the existing sample set. Then
the algorithm returns to Step 1.
Remarks. Compared with standard BO, the DRBO algo-

rithm aims to find a robust solution under shifted variations by
penalizing an additional term associated with the variance. In
other words, without the second term in (7) and consequently
in (9), DRBO would simply reduce to standard BO.

IV. IMPLEMENTATION DETAILS

In this section, we explain some implementation details of
the DRBO algorithm.

Probabilistic surrogate model. We choose the commonly
used Gaussian processes (GP) as the probabilistic surrogate
model. For simplicity, we denote θ = (x, ξ). Let Θ = {θi}Mi=1

be a set of training samples, and let y = {f(θi)}Mi=1 be their
simulation outputs. Given a pre-specified prior mean m(θ) and
a kernel function k(θ,θ′), a GP model assumes that the output
y follow a Gaussian distribution:

Prob(y) ∼ N (y|m,K), (10)

where m ∈ RM is a mean vector, with the i-th element being
m(θi) and K = k(Θ,Θ) ∈ RM×M is a covariance matrix
with the (i, j)-th element being k(θi,θj). For a new data θ′,
we can predict its posterior mean and variance from the GP
model as follows:{

µ(θ′) = k(θ′,Θ)
T
K−1y

σ2(θ′) = k(θ′,θ′)− k(θ′,Θ)
T
K−1k(Θ,θ′),

(11)

We set the prior mean as m(θ) = 0 and the kernel as a
Matern function. The hyperparameters in the GP model are
optimized by maximizing the log marginal likelihood.

Improved modeling of the cost function. The penalty
term in (4) may become non-smooth, introducing additional
challenges for Gaussian process modeling. To address this
issue, we employ two distinct GP models to separately estimate
circuit performance and feasibility, with the feasibility being
estimated by a Gaussian process classifier [29].

Stop criteria. Choosing the optimal x after multiple it-
erations of sampling is not a trivial task, since our cost

Fig. 3. The schematic of a third-order Mach-Zehnder interferometer.

function involves an expectation over the variations, specifically
Eρ0(ξ)[f(x, ξ)]. Estimating this expectation through simulating
f(·) would be computationally expensive. To address this, we
select x with the minimal value of (7) according to the posterior
distribution of f̂(x, ξ). This is a common strategy in such
contexts [30], [31]. An alternative strategy for early stop is
to return a stable solution after several consecutive iterations.

Minimizing the acquisition function. Many numerical
optimization algorithms can be employed to minimize the
acquisition function (8). We simply adopt another Bayesian
optimization as the optimizer.

In Line 4 of Algorithm 1, only one variation sample is
drawn from the nominal PDF ρ0(ξ) under the newly determined
design xt. We found that a batch-wise strategy of sampling
variations can accelerate convergence. This strategy groups
multiple variation samples with the newly acquired design
sample, which helps the GP model to model the cost functional
around the new design. Note that the grouping strategy is
different from batch-wise Bayesian optimization, where a batch
of design variables is determined from the acquisition function.
A batch-wise version in solving x could potentially improve the
DRBO efficiency and be of independent interest.

Given the stop criteria of selecting the optimal x based on
the posterior distribution, an augmented sampling set improves
the estimation of this distribution, which in turn assists the
algorithm in identifying the optimal design. The sample set can
be augmented either by grouping more variation samples or by
conducting more rounds of iterations. Further investigation is
needed to achieve a good balance between these two strategies
in terms of computational efficiency.

V. NUMERICAL RESULTS

We apply the proposed method to optimize a photonic IC
and an electronic IC under various variation shifts.

Baseline: We compare the proposed DRBO algorithm with
a standard LCB method [32], which serves as our baseline.
LCB method assumes that the process variation follows a fixed
distribution ρ0(ξ), whose acquisition function (9) degenerates
to A(x) = 1

L

∑L
l=1[µ(x, ξ

l)−√βσ(x, ξl)]. Therefore, it does
not consider the variation shifts and thus operates as a standard
Bayesian optimization method. Sharing a similar computational
cost, it can also be viewed as a DRBO with ε = 0. Specifically,
this is exactly what existing Bayesian optimization solvers do
in statistical circuit design optimization.

Algorithm evaluation. In this comparison, both DRBO
and LCB are implemented with the same nominal variation
distribution ρ0(ξ) and with the same initial setup to search
optimal designs. To evaluate the robustness of these designs
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highly shifted one at t = 100.

against distribution shifts, we then test the resulting designs
under various unforeseen variation distributions.

We have introduced three kinds of variation shifts in Sec-
tion II-A. For the photonics benchmark, we assume that the
variation shifts arise due to time shift. In the electronic IC
benchmark, we assume that the variation shifts arise from poor
data quality and model misfit. In realistic applications, it is
highly possible that all three scenarios would coexist.

A. Photonics IC: Mach-Zehnder Interferometer

Setup. We consider a third-order Mach-Zehnder interferom-
eter (MZI) which consists of three port coupling and two arms,
as shown in Fig. 3. By fixing the first gap parameter, we design
the other two gap parameters x = [g1, g2] ∈ [100, 300]

2 nm of
the two arms under variations ξ ∈ R2. We aim to maximize the
expected 3-dB bandwidth (BW, in GHz) with risk constraints
on the crosstalk (XT, in dB) and the attenuation (α, in dB)
of the peak transmission. The design objective is defined as
f(x, ξ) = −BW(x, ξ) + λI(x, ξ) with

I(x, ξ) =

{
0, XT(x, ξ) ≤ XT0, α(x, ξ) ≤ α0

1, otherwise.
(12)

Here, we aim to evaluate the design robustness under the
time shift of the variation distribution. Without loss of gener-
alization, we assume the PDFs of the two variations follow the
same time-dependent Gaussian distribution

ρ(ξ1(t)) = ρ(ξ2(t)) ∼ N (µ(t), σ(t)) with
µ(t) = t/300, σ(t) = 2 + 0.005t.

The PDFs of the resulting time-shift variations are shown in
Fig. 4. Specifically, the nominal distribution ρ0 corresponds to
the variation PDF at t = 0.

For this benchmark, which involves two-dimensional design
and variation variables, we begin by randomly selecting an
initial sample set of 200 pairs of (x, ξ). Here, x is uniformly
sampled from the design variable range, and ξ is sampled from
the nominal distribution. We conduct experiments using five

different sets of initial samples for all algorithms, reporting
the mean and standard deviation of the results. To accelerate
the learning process, after determining the next design in an
iteration, we use the grouping strategy to pair this design with
a batch of 5 variation samples from the nominal distribution to
augment the sample set. For all algorithms, we use L = 300
samples in evaluating the acquisition function and set the
maximum iteration count T = 150 as the stopping criterion.

Results. We report the cost f(x, ξ) and yield of each itera-
tion under shifted variations in Fig. 5. In terms of evaluation,
a lower cost function is more desirable, while a higher yield
is better. Specifically, we compare the performance among
the LCB and the DRBO algorithm, using uncertainty set
radius of ε = 0.25 and ε = 0.1. At each time step t, we
obtain a design (not a query point) based on the model’s
posterior distribution and evaluate its performance and yield
under the shifted variation distribution. The results at specific
time points are detailed in Table I. Initially, at t = 0, the
LCB outperforms the DRBO since the testing (true) distribution
is exactly the nominal one. However, as t increases, and the
testing distribution begins to diverge from the nominal one,
LCB begins to degrade, eventually becoming worse than DRBO
after t > 30. In contrast, the DRBO algorithms demonstrate
increased robustness to variation shifts over time. Specifically,
when the shift is relatively limited (e.g., when t < 60), the
DRBO with ε = 0.1 performs better than the one with ε = 0.25
since a larger uncertainty set leads to a more conservative
design optimization. However, when the shift becomes more
pronounced, a larger ε shows beneficial.

Parameter Analysis. We analyze the sample size L used
in evaluating the acquisition function (9). For each setting,
we present the mean and standard deviation of five repeated
experiments with different initial samples. Given that we use a
finite number of samples to estimate the nominal distribution,
more samples from the distribution lead to a more accurate
estimation, and consequently, more robust optimization and
design. As shown in Table II, with the increase of L, the design
performance generally improves, evidenced by a lower mean
and smaller standard deviation in the cost function f(x, ξ).

However, increasing the number of samples L in estimating
the mean and standard deviation inherently takes more compu-
tational time, leading to a trade-off between computational time
and robustness. In the benchmark presented, the problem size
is relatively small, so the inference time in a GP model can be
almost ignored. However, for higher-dimensional problems, the
computational cost could become a significant factor. There are
also many potential accelerations towards the DRBO solvers,
such as parallelizing the optimization of the acquisition function
by starting from different initial points, using the strategy to
augment the sample set as previously discussed, and so forth.

B. Electronics IC: Two-stage Amplifier

Setup. We consider a two-stage operational amplifier (Op-
Amp) whose schematic is shown in Fig. 6. Let Wi denote the
width (in µm) of the transistor Mi. To reduce the systematic
offset voltage, we enforce W1 = W2, W3 = W4, and set a ratio
R = W7/W5 = W6/2W3. We consider x = [W1,W6,W7, R]
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TABLE I
PERFORMANCE OF THE DESIGNS IN THE MZI BENCHMARK TESTED UNDER VARIATIONS AT DIFFERENT t.

Time step Method Cost function Yield (%)

t = 0 (Nominal)
Proposed (ε = 0.25) -189.69±0.099 99.9±0.11
Proposed (ε = 0.10) -189.74±0.085 99.6±0.36

LCB [32] -189.80±0.015 99.1±0.41

t = 30
Proposed (ε = 0.25) -189.68±0.087 99.7±0.21
Proposed (ε = 0.10) -189.71±0.049 99.4±0.64

LCB [32] -189.71±0.044 98.6±0.61

t = 70
Proposed (ε = 0.25) -189.65±0.069 99.5±0.35
Proposed (ε = 0.10) -189.65±0.037 98.9±0.96

LCB [32] -189.57±0.094 97.5±0.92

t = 100
Proposed (ε = 0.25) -189.61±0.059 99.3±0.57
Proposed (ε = 0.10) -189.57±0.093 98.3±1.45

LCB [32] -189.45±0.124 96.6±1.17

TABLE II
RESULTING COST FUNCTION OF DRBO WITH ε = 0.25 WHEN USING

DIFFERENT L IN OPTIMIZING THE MZI.

L t = 0 t = 30 t = 70 t = 100

100 -189.68±0.104 -189.65±0.093 -189.58±0.135 -189.52±0.161
200 -189.70±0.058 -189.67±0.039 -189.62±0.065 -189.57±0.125
300 -189.69±0.094 -189.68±0.087 -189.65±0.068 -189.61±0.056
400 -189.70±0.085 -189.69±0.070 -189.66±0.051 -189.62±0.026
500 -189.75±0.038 -189.72±0.021 -189.68±0.016 -189.62±0.036

as the design variables for optimization. However, due to the
process variations in manufacturing, the enforced equalities
may not hold true. Consequently, we consider ξ = [ϵ2, ϵ4]
as the process variations, where W2 = (1 + ϵ2)W1 and
W4 = (1 + ϵ4)W3. These variations have been found to
significantly impact the circuit’s performance [33]. Here we aim
to minimize the power (in mw) while having risk constraints
on the gain (in dB), unity gain frequency (UGF, in MHZ), and

phase margin (PM, in degree). The design objective is defined
as: f(x, ξ) = −power(x, ξ) + λI(x, ξ) where I(x, ξ) = 0
when gain(x, ξ) ≥ 30, UGF(x, ξ) ≥ 120 and PM(x, ξ) ≥ 60
are satisfied, otherwise I(x, ξ) = 1.

We assume that the true parameter distribution ρ(ξ) follows
a (multivariate) Gaussian mixture model (GMM), which is a
weighted sum of multiple (multivariate) Gaussian distributions:

ρ(ξ) =

n∑
i=1

αiN (µi,Σi), with
n∑

i=1

αi = 1.

In this study, we set n = 2. The variables µ1 and µ2 denote
the means of the two Gaussian distributions, Σ1 and Σ2 denote
their covariance matrices, and α1 and α2 represent their respec-
tive mixing weights. Specifically, we set µ1(ξ) = −µ2(ξ) =

[0.008, 0.008] and Σ1(ξ) = Σ2(ξ) = 10−2

[
0.8 0.1
0.1 0.8

]
.

To simulate variation shifts due to model misfit and poor
data quality, we draw 500 noisy samples from the true GMM
ρ(ξ) and fit a single Gaussian distribution to these samples.



Fig. 6. The schematic of a two-stage amplifier.
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Fig. 7. PDFs of the nominal Gaussian distribution ρ0(ξ) and the true Gaussian
mixture distribution ρ(ξ). We consider three cases where the true variations
are a mixture of two Gaussian distributions with α1 = 0.3, 0.5, and 0.7.

This fitted Gaussian serves as our nominal distribution ρ0(ξ).
The poor data quality is represented by adding noise to the
samples from the true distribution: ξnoisy = ξ + η, where
η ∼ N (0, 10−4I). In Fig. 7, we can clearly see the divergence
between ρ0(ξ) and ρ(ξ) under different mixing weights α1.

Similar to the previous MZI example, for this benchmark
involving four design variables and two process variation
variables, we randomly select 500 pairs of (x, ξ) as the initial
samples. During the Bayesian iterations, we group each query
point with 10 ξ. We repeat the experiments using five different
sets of initial samples for all algorithms, subsequently reporting
the mean and standard deviation of the results. We set the
maximum iteration T = 160, and use L = 300 for (9). To
further stabilize the design solution in this benchmark, we take
the final optimal design as the output design with the lowest
cost function from the last five Bayesian optimization iterations.

Results. We evaluate the design performance of both LCB
and DRBO with ε = 0.05 under three specific cases of varia-
tion shifts, namely, where the true distributions have different
mixing weights α1 = 0.3, 0.5, and 0.7. Additionally, we also

TABLE III
PERFORMANCE OF THE DESIGNS IN THE TWO-STAGE AMPLIFIER

BENCHMARK TESTED UNDER DIFFERENT DISTRIBUTIONS.

α1 Testing ρ(ξ) Method Cost function Yield (%)

0.3
Nominal Proposed 0.2088±0.0037 93.32±1.36

LCB [32] 0.2124±0.0034 91.73±2.02

True Proposed 0.2195±0.0043 91.63±2.02
LCB [32] 0.2282±0.0159 86.63±4.01

0.5
Nominal Proposed 0.2142±0.0035 91.91±2.91

LCB [32] 0.2182±0.0047 90.70±2.20

True Proposed 0.2191±0.0039 91.36±3.04
LCB [32] 0.2290±0.0115 87.78±1.47

0.7
Nominal Proposed 0.2241±0.0067 88.09±0.98

LCB [32] 0.2256±0.0112 88.07±3.19

True Proposed 0.2231±0.0104 88.13±1.76
LCB [32] 0.2287±0.0144 87.11±3.72

TABLE IV
PARAMETER ANALYSIS ON THE RADIUS ε OF THE UNCERTAINTY BALL

UNDER TRUE DISTRIBUTION WITH α1 = 0.3.

Radius ε Cost function Yield (%)

0.15 0.2287±0.0144 92.71±0.94
0.10 0.2181±0.0044 92.54±1.61
0.05 0.2195±0.0043 91.63±2.02
0.01 0.2257± 0.0057 88.71±1.17

0 (LCB) 0.2282±0.0159 86.63±4.01

test the design performance under the nominal distributions as
a reference. For each design, its cost function and yield are
estimated based on 5 × 103 simulated samples. The result-
ing design performance and comparisons are comprehensively
outlined in Table III. When we evaluate the designs under
the nominal distributions, both the DRBO and LCB methods
achieve comparable results, with a similar cost function and
yield. This shows the effective optimization of two methods
in the absence of variation shift. However, when we evaluate
the designs under the true distributions, the DRBO solution
demonstrates significantly better robustness under the shifts.
This is evidenced by the lower cost function and higher yield
associated with the DRBO solution. The observations are
consistent across all three true distribution cases.

Parameter Analysis. We analyze the impact of the radius ε
of the uncertainty ball under the true variations where α1 = 0.3.
The radius ε represents our estimation of the potential variation
shifts. In this testing case, the true χ2-divergence between the
true PDF and nominal PDF is approximately 0.1. Table IV
depicts the results obtained from DRBO with different values
of ε. As we can see, with the increase in ε, the obtained cost
function first decreases and then increases. The optimal cost
function is achieved when the value of ε is closest to the
actual divergence. It indicates that in real-world applications,
users should select the value of ε based on their estimation of
variation shifts. While we observe a consistent improvement
in yield as ε increases in this case, the monotonic relationship
between the radius ε and the yield is not strictly guaranteed
in our yield-aware optimization problem. To prioritize yield
optimization, we can simply assign a large value for the penalty



factor λ. Meanwhile, other variants of distributionally robust
yield optimization formulations deserve further investigation.

VI. CONCLUSION

In practical IC design, we only have limited and inexact
statistical knowledge of process variations. Therefore the actual
PDF of process variations is quite uncertain, and it often differs
from the given statistical model. In this paper, we outlined three
possible scenarios of variation shift - poor data quality, model
misfit, and time shift - which are likely to occur concurrently in
real-world applications. To find a design that is robust against
such variation shifts, we formulated a novel shift-aware circuit
optimization problem as a distributionally robust optimization
problem. This formulation optimizes the circuit design when
the actual variation distribution is different from the nominal
one. With the appropriate modeling of the uncertainty set for
variation distributions, we effectively and efficiently solve the
proposed shift-aware circuit optimization via a distributionally
robust Bayesian optimization (DRBO) approach. We validate
the proposed method using two IC benchmarks - a photonic
IC and an electronic IC. Our approach successfully solves out
designs that demonstrate greater robustness against variation
shifts, whereas traditional stochastic optimization methods sig-
nificantly underperform under the variation shifts.

Possible extensions include but are not limited to: (i) de-
termining the radius of the uncertainty ball, (ii) techniques to
handle high-dimensional design variables and process varia-
tions in complicated circuits, and (iii) further acceleration of
the distributionally robust Bayesian optimization algorithms.
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