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Abstract—This paper investigates some relevant open issues
related to implementing Boolean associative memories using os-
cillator arrays. At the circuit level, the employment of a class
of MEMS-based oscillators which is ideal for large arrays re-
alizations is herein considered. At the system level, the crucial
problems of array connectivity and spurious patterns generation
are explored in detail. As a result, an enhanced training rule is
proposed which is able to simplify the array architecture while
improving memory association capability.

Index Terms—Cognitive memory, MEMS oscillators, pattern
recognition, phase-domain modeling.

I. INTRODUCTION

ARRAYS OF coupled oscillators are now attracting huge
interest for the realization of brain-inspired computing

machines implementing associative memories [1]–[4]. The
main advantage of these machines is their unprecedented poten-
tiality compared to sequential digital computers in processing
problems which are massively parallel in nature, such as data
classification and recognition.

Emerging nano-fabrication technologies, such as MEMS [6],
[7], metal-oxide [8]–[10], spin-torque devices [11], [12], and
memristors [13]–[15], are expected to allow manufacturing
large oscillator arrays in a few years. Nevertheless, realizing
oscillator-array associative memories by hardware still remains
extremely challenging. At the circuit level, open issues include
finding suitable oscillator devices and proper coupling methods.
At the system level, open issues include how to encode the
information within the array (e.g., using oscillators frequency
or phase) as well as finding suitable array architectures and
training algorithms. In the last years, compact oscillator models
and efficient computational tools for the analysis of oscillator
arrays have been developed [16]–[20]. They are expected to
play a key role in solving the open problems at both levels.

In this paper, we focus on the family of boolean associative
memories having regeneration capability, i.e., being able to
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regenerate the correct output pattern even though the input
stimulus pattern is distorted or incomplete. Such memories
have many applications in pattern recognition and cryptogra-
phy. Boolean associative memories can be implemented with
oscillator arrays where the encoded information is decided by
the oscillators relative phase differences achieved at synchro-
nization [1], [2], [12].

The feasibility of arrays made of CMOS resonant LC os-
cillators have been recently investigated [19]. However, the
large area occupied by the inductance poses severe restric-
tions on the number of oscillators that can be integrated in
standard CMOS technology. Another critical issue is how to
determine the proper number of connections among oscillators.
Some architectures with a few connections limited to nearest
neighbors oscillators tend to give small information storage
capability [21]. By contrast, a highly-interconnected architec-
ture can give larger storage capability at the price of higher
area occupation and power dissipation. More importantly, a
highly-interconnected array is prone to produce spurious output
patterns during the recognition/regeneration step. These faults
are caused by some unwanted equilibrium points that are not
associated to any memorized pattern. This work extends pre-
vious research [2], [12], [19] by addressing some of the above-
mentioned unsolved issues. Specifically, the novel contributions
of this paper include:

1) We consider the employment of an emerging class of
MEMS-based oscillators, referred to as resonant body
oscillators (RBOs) ideal for large oscillator arrays real-
izations. For this class of devices, we present an efficient
phase-domain modeling and simulation framework that
allows asserting the associative memory capability of the
array. We describe how such capability indeed depends
on the proper selection of RBO circuit nodes employed
to implement mutual couplings.

2) We investigate in details the mechanism of spurious pat-
terns generation by finding how it is associated to the
presence of critical “chain-like” connections among some
of the oscillators in the array.

3) Thanks to this understanding, we are able to provide an
enhanced training rule that can significantly reduce the
spurious patterns while removing many unnecessary cou-
plings. The novel algorithm leads to pattern-dependent
partially-interconnected array architectures with a few
nonlocal connections. In addition, it provides a practical
criterion to determine the maximum number of patterns
that can be memorized in the array for a given number of
oscillators.
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Fig. 1. RBO circuit model: it includes a resonant body transistor (RBT) [6]
followed by a phase shifter and a loop amplifier. Label “out” denotes the output
node employed to read the oscillator response while “in” denotes the input node
used for current injection.

These contributions are organized as follows: Section II
describes the RBO model, the coupling circuit and proves
memory association ability. In Section III, we investigate the
phenomenon of spurious path mechanism, while in Section IV
we provide the enhanced training algorithm. Finally, Section V
is devoted to numerical experiments.

II. RBO ASSOCIATIVE MEMORY

RBOs are ultra-compact and low-power harmonic oscillators
that are monolithically integrated inside CMOS process. At the
heart of the RBO is the CMOS-MEMS resonant body transistor
(RBT). These are truly solid-state MEMS resonators, com-
pletely encapsulated inside the solid CMOS die. RBTs are fab-
ricated with regular MOS transistors and circuits as part of the
standard CMOS process, without any post-processing, or spe-
cial packaging requirements [5]. RBTs are capable of achiev-
ing moderate quality factors (Q ∼ 30) at high-frequencies
(> 10 GHz), with a foot-print smaller than 10 μm2 [6]. This
enables the realization of RBOs at 10 GHz, with power con-
sumption on the order of 2 mW in a 100 μm2 area. The
ultra-compact form-factor enables the realization of large RBO
clusters suitable for large oscillator arrays implementation. In
particular, the monolithic integration inside the CMOS die
leverages the multiple back-end-of-line metal layers available,
allowing sophisticated routing and inter-connection as required
for complex oscillator coupling that are otherwise unfeasi-
ble. Furthermore, the high-frequency operation ensures high
throughput from the oscillator cluster memory, which together
with the low power consumptions, results in highly power
efficient system with small energy per inference performance.
Fig. 1 shows the circuit model of the RBO that we will use in
our analysis where the RBT is described by the small-signal
model reported in the box in Fig. 1. The RBT model consists of
a mechanical resonator described by a RLC branch, followed by
a MOS transistor of transconductance gα. Elements Cf and Rf

represent feedthrough parasitics [6]. The RBT is connected to a
block (described, at behavioral level, with a transconductance

Fig. 2. Detail of the coupling circuit between the nth and jth oscillators:
(a) positive coupling gnj = gm; (b) negative coupling gnj = −gm.

gs and a capacitor Cs) implementing a π/2 phase shifter,
followed by an amplification stage in an oscillator feedback
loop. When properly dimensioned, the RBO exhibits harmonic
oscillatory responses at angular frequency ω0.

In order to construct an oscillator array, N such RBOs
are weakly coupled through transconductance elements gnj
implemented with transconductance amplifiers [22], as shown
in Fig. 2. The amplifier reads the output voltage V 0

j (t) of the
jth oscillator and injects a proportional current I0 = gnjV

0
j (t)

into the nth oscillator. In practical implementations, buffers
(not shown in Fig. 2) can be inserted at the output and input
terminals of the oscillators to isolate them from transconduc-
tance amplifier loading effects. The strength of coupling is
determined by amplifier transconductance factor gm while its
sign is decided by the amplifier terminal used for reading the
oscillator output voltage, as shown in Fig. 2.

The associative memory capability of RBO arrays critically
depends on the way the output and injecting nodes are selected.
The analysis developed in this section and the simulations
illustrated in Section V show that a proper selection consists
in using the drain of the RBT in Fig. 1 as the oscillator output
node and the input terminal of the loop amplifier as the current
injecting node. The small-amplitude harmonic output voltage
V 0(t) = VM cos(ω0t) is ideal to drive the transconductance
amplifier and realize weak coupling while the selected injection
point yields great phase sensitivity thus favoring mutual syn-
chronization. The resulting array architecture is shown in Fig. 3
and will be referred to as a fully-interconnected array if gnj �= 0
for any j and n with j �= n, or as a partially-interconnected
array if gnj = 0 for some n �= j.

Under weak coupling condition, the response of the whole
array can be described with a phase-domain model where the
output voltage of the nth oscillator

V 0
n (t) = VM cos (ω0t+ φn(t)) (1)

is determined by its time-varying excess phase φn(t) [16]–[18].
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Fig. 3. Oscillator array with transconductance couplings.

The array response is governed by the following nonlinear
equations:

φ̇n(t) =ω0ΓM cos (ω0t+ φn(t) + δ) I inn (t) (2a)

I inn (t) =
N∑
j=1

gnjVM cos (ω0t+ φj(t)) (2b)

where the periodically-varying function

Γ(t) = ΓM cos(ω0t+ δ) (3)

has been used to describe the oscillator phase sensitivity to the
injected current I inn (t) [23]–[26]. For RBOs such a phase sensi-
tivity is a sinusoid with a relative phase difference δ with respect
to the output voltage V 0(t). In what follows we show how to
realize oscillator arrays having associative memory capability
such a relative phase difference should be δ = π/2, i.e., the
output voltage and sensitivity function waveforms should be in
quadrature. To assert this capability, we substitute (2b) into (2a)
and use averaging [27], obtaining

φ̇n(t) = ω0
ΓMVM

2

N∑
j=1

gnj cos (φn(t)− φj(t) + δ) . (4)

By denoting δ = π/2− ε (where ε measures the distance
from being in quadrature), (4) can be recast into

φ̇n(t) = H0

N∑
j=1

snj sin (φj(t)− φn(t) + ε) (5)

which is quite similar to the well-known Kuramoto’s model
[28], where

snj = ω0
ΓMVM

2H0
gnj (6)

are the coupling coefficients and H0 is a scaling factor. By
introducing the functions

Hnj(χ) = H0snj sin(χ+ ε) (7)

it is easy to verify that if coupling coefficients are selected sym-
metric, i.e., snj = sjn, (i.e., if coupling between any couple of
oscillators is bilateral and symmetric gnj = gjn) and provided

that ε = 0,1 then the function Hnj(χ) satisfies the property
Hnj(−χ) = −Hjn(χ) and thus the convergence theorem for
oscillatory neural networks applies [1, p. 285]. This theorem
states that the phase model (5) is the gradient of the energy
function

U(φ1, φ2, . . . , φN ) = −H0

∑
n

∑
j

snj cos(φj − φn). (8)

As a consequence, provided that oscillators remain syn-
chronized in frequency, the array dynamics is such that the
phase variables (φ1(t), φ2(t), φN (t)), always converge to an
equilibrium point, with φ̇1(t) = · · · = ˙φN (t) = 0, which is a
local minimum of U(φ1, φ2, . . . , φN ).

Such constant relative phase differences achieved at steady-
state can be used to store information. In a boolean memory,
a couple of (almost) in-phase oscillators, i.e., having phase
difference φn(t)− φj(t) ≈ 0, are conventionally assumed to
store a +1 while a couple of (almost) anti-phase oscillators, i.e.,
with phase difference φn(t)− φj(t) ≈ π, are conventionally
assumed to store a −1.

An array of N oscillators can store a binary word (describing
a pattern) �w = {b1, . . . , bN} where the value of the nth bit bn ∈
(−1, 1) is decided by

bn = sign {cos [φn(t)− φ1(t)]} (9)

with b1 = +1.
A single word �w can be encoded into the array by setting

coupling coefficients according to the rule [1]

snj = bnbj . (10)

Coefficients setting (10) corresponds to an energy function U
with a single minimum for phase difference values Δφnj =
φn(t)− φj(t) that are either 0 or π. Setting (10) can thus be
employed to initialize the array to any new input word �w =
{b1, . . . , bN} that should be recognized.

Similarly, a set of p words

�wk =
{
bk1 , b

k
2 , . . . , b

k
N

}
(11)

with k = 1, . . . , p can be memorized into the array by setting
the coupling coefficients with the well known Hebbian rule [1]

snj =
1

p

p∑
k=1

bknb
k
j . (12)

Setting (12) corresponds to an energy function U having a local
minimum for each memorized word.

As a conclusion, the association/recognition of an input word
is accomplished through a two step procedure. In the first
step, referred to as Initialization, the bits of the word to be
recognized are loaded into the coupling coefficients according
to setting (10). In this condition, oscillators array is allowed to
synchronize. In the second step, referred to as Recognition, the
coupling coefficients are switched to setting (12), accounting

1It is worth noting that for ε �= 0, it results sin(−χ+ ε) �= − sin(χ+ ε)
and thus the hypothesis of the convergence theorem does not hold anymore. In
practice the violation of the quadrature condition corresponds to a progressive
deterioration or completely lost of the associative memory capability.
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Fig. 4. Elementary chains composed of three oscillators: (a) with an even num-
ber of negative connections; (b) with an odd number of negative connections.

for all memorized words. In this condition, and provided that
oscillators keep synchronized, the relative phase differences
achieved during Initialization evolve towards the local mini-
mum of U which is closest according to the internal “metric.”
The final phase differences reached at steady state along with
(9) determine the recognized output word.

III. SPURIOUS PATTERNS AND CRITICAL CHAINS

Oscillator arrays trained with Hebbian rule present some
critical features. A first criticality is due to the fact that both
coupling settings (10) and (12) for initialization and recognition
steps, respectively, lead to a fully-interconnected network. As
a consequence, a large number N × (N − 1) of transconduc-
tance amplifiers are needed to implement coupling with a large
area and high power dissipation. A second and more tricky
criticality is due to the fact that fully-interconnected arrays with
variable coupling values, i.e., snj �= 0 for any n and j �= n,
tend to give energy functions U with undesired spurious local
minima not corresponding to any memorized pattern. This can
produce memory association faults.

To better investigate this second issue, we present the follow-
ing discussion summarized in four points:

1) A robust encoding with rule (9) of a set of boolean
words should be such that the local minima of the energy
function U occur for phase difference values close to zero
or to π, i.e., Δφnj ≈ 0 or Δφnj ≈ π. Vice versa, spurious
pattern associations can occur when the local minima of
U are placed at phase difference values distributed over
the interval (0, π). In this case, some input errors in the
bits of the word to be recognized or the unavoidable errors
due to numerical finite precision of simulation can drive
the array dynamics into one of such unwanted minima.

2) We focus on elementary chain arrays composed of three
coupled oscillators like the ones shown in Fig. 4. We first
observe that a positive coupling coefficient snj between
two oscillators correspond to an excitatory coupling that
tends to keep the two oscillators in phase, similarly a neg-
ative snj corresponds to an inhibitory coupling that tends
to keep the two oscillators in anti-phase. In fact, such rela-
tive phase differences minimize the energy function U by
contributing negative terms −H0snj cos(φj − φn) to (8).

With this premise, we can show that when the number
of negative connections in the chain is even (i.e., 0 or
2) then the local minima of U occur only for Δφnj ≈ 0
or Δφnj ≈ π. By contrast, when the number of negative
connections in the chain is odd (i.e., 1 or 3), then the local
minima of U correspond to phase differences critically
distributed over (0, π). Fig. 4(a) shows an elementary

Fig. 5. Energy function U for the chain array in Fig. 4(a).

Fig. 6. Energy function U for the chain array in Fig. 4(b).

chain with an even number of negative connections
while Fig. 5 reports the associated energy function U ,
calculated with (8), as a function of the relative phase
differences φ2 − φ1 and φ3 − φ1. The minima of these
function occur for φ2 − φ1 = 0 (i.e., O1 and O2 are in
phase) and for φ3 − φ1 = ±π (i.e., O3 is in anti-phase
with O1 and thus with O2). In other words, in-phase and
anti-phase relationships satisfy the excitatory/inhibitory
coupling constraints in an elementary chain with an even
number of negative connections. This conclusion does not
hold for an elementary chain with an odd number of nega-
tive connections, as that one shown in Fig. 4(b). In fact, let
us start from O1 and move clockwise along the chain: ac-
cording to the sign of connections, O2 would oscillate in
phase with O1, O3 would be in phase withO2 and thus O3

would be in phase with O1. However, this last condition
collides with the direct negative connection existing be-
tween O3 and O1. Fig. 6 shows the energy function U for
the array in Fig. 4(b) and confirms that, in this case, equi-
librium phase differences are critically distributed, i.e.,
φ3 − φ1 = π/3 and φ2 − φ1 = −π/3. We observe how
the analysis above continues to hold if the three oscillators
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Fig. 7. Two sequence of patterns where bits bn, bj , and br are strongly
correlated.

forming the chain are selected within a large array made
of N oscillators. In fact, even though oscillators from
O4 to ON will add new terms to the energy function (8),
these extra terms do not contain the phase differences
φ2(t)− φ1(t) and φ3(t)− φ1(t). As a result, the energy
function dependence on φ2(t)− φ1(t) and φ3(t)− φ1(t)
will remain that shown in Figs. 5 and 6. We conclude that
whenever three oscillators within an array form a critical
elementary chain with an odd numbers of negative
connections, spurious patterns can potentially occur.

3) According to Hebbian rule (12), the coupling coefficient
between two oscillators, with index n and j, measures the
correlation between the bits bn and bj over the p mem-
orized patterns. If such bits are strongly correlated in-
phase, i.e., bknb

k
j = 1 or in anti-phase, i.e., bknb

k
j = −1, for

all of the p patterns, then coupling coefficient snj will sat-
urate to +1 or−1, respectively. Vice versa, when such bits
are weakly correlated over a given set of patterns, i.e., for
some k bknb

k
j = 1 and for some other bknb

k
j = −1, then the

coupling coefficient snj will assume a fractional value.
4) It is possible to show how elementary chains storing

strongly correlated bits of a word (over a given set of pat-
terns) can only contain an even number of negative con-
nections. This property can be proved by observing that
the three bits, let’s say bn, bj , and br, have only two pos-
sible ways to be correlated. In the first way, the three bits
are equal bn = bj = br and thus the three interconnection
couplings are all positives. In the second way, two of the
three bits are equal and opposite to the remaining one.
This second way, which includes the three cases bn =
−bj = br, −bn = bj = br, and bn = bj = −br, leads to
two negative connection coefficients and one positive.
Fig. 7 shows two examples where each couple of bits
(over the three training patterns) are strongly correlated
according to the second possible way explained above.
In this figure, white boxes indicate +1 bits while black
boxes indicate −1 bits, the values of the resulting cou-
pling coefficients are reported on the right. For instance,
in the first example reported on top of Fig. 7, bit bj has al-
ways the same sign as br and the opposite sign of bn. This
results in coupling coefficients that saturate to +1 or to −1
with the number of such negative connections being even.

Fig. 8. A sequence of three patterns where bits bn, bj , and br are weakly
correlated.

By contrast, elementary chains storing weakly corre-
lated bits (over a given set of patterns) can contain an
odd number of negative connections. This is the case
for the example shown in Fig. 8 where bits bn and bj
have opposite sign in the first and third patterns while
they have the same sign in the second pattern. This leads
to fractional coupling coefficients and to a critical chain
array with a odd number of negative connections.

The conclusion of the analysis presented above is that: crit-
ical chains responsible for spurious patterns can be removed
by keeping only couplings coefficients +1 and −1 between
oscillators storing strongly correlated bits.

IV. ENHANCED TRAINING METHOD

Thanks to the understanding gained in the previous section,
we are now in the position to present an enhanced training
procedure. It consists in iteratively considering patterns subsets

Set1, = {�w1}
Set2 = {�w1, �w2}

. . .

Setk = {�w1, �w2, �wk} (13)

of increasing dimension k ≤ p.
For each subset Setk, coupling coefficients snj are first com

puted with the standard Hebbian rule (12) extended to the
k patterns, and then are updated according to the following
pruning rule:

s
(k)
nj =

⎧⎪⎨
⎪⎩
+1 if snj = +1

−1 if snj = −1

0 if − 1 < snj < +1

(14)

that leads to pattern-dependent partially-interconnected arrays.
In the array obtained at kth iteration, connections are not
necessarily among nearest neighbor oscillators. Furthermore,
the number of coupling connections can vary significantly from
one oscillator to another.

We denote νave(k) the average number of coupling con-
nections that one oscillator has in the array (averaging is
done over all oscillators that form the array), and νmin(k)
the minimum number of connections of the “less connected”
oscillator in the array. At the first iteration k = 1, i.e., when
a single pattern is memorized in the array, all connections
are either s(1)nj = snj = +1 or s(1)nj = snj = −1 and νave(1) =
νmin(1) = N − 1. When k is increased, the rule (14) tends to
remove some connections and thus both νave(k) and νmin(k)
decrease with νmin(k) < νave(k) < N − 1. The procedure is
stopped when condition νmin(k) = 0 occurs. This condition
occurs when one or more oscillators in the array are isolated
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(they have no connections at all) meaning that the associated
bits of the input word cannot be regenerated by the associative
memory. The proposed iterative procedure yields a partially-
interconnected array, with an average N × νave(k) number of
couplings of values +1 and −1 (i.e., that can be implemented
with transconductance amplifiers having all the same gain gm),
and a practical criterion to fix the maximum number of patterns
that can be stored and retrieved in/from the memory.

So far we have focused on the memory capability to regener-
ate a corrupted input word. In some cases, recognition requires
to know the index of the memorized pattern that gives the best
degree of match (BDOM) with the input word. Commonly this
operation needs further elaboration and extra hardware [12].

With the proposed training procedure, instead, we are able to
show how the BDOM can be efficiently deduced by directly
looking at the relative phase differences achieved during the
recognition step, thus eliminating the need for extra circuits.
To explain the method, we observe that the addition of any
new word �wk+1 during the step from the kth to the (k + 1)th
iteration, should necessarily corresponds to the elimination of
at least one coupling snj . This means that there exists a couple
of indices nk and jk for which

s
(k)
nk,jk

= ± 1

s
(k+1)
nk,jk

=0 (15)

due to the fact that the associated bits bnk
and bjk are strongly

correlated over the first k words but they are not on the first
k + 1 ones, i.e.,

ak = sign
[
b(k+1)
nk

b
(k+1)
jk

]
�= sign

[
s
(k)
nk,jk

]
. (16)

At each iteration of the training procedure, the information
about nk, jk, and the sign ak are computed and stored. This in-
formation along with the phase differences values reached dur-
ing the Recognition step of a new input word, define the BDOM

BDOMk = sign [cos(φnk
− φjk)] · ak (17)

with respect to the words forming the set Setk+1.
If BDOMk = +1 it means that limitedly to Setk+1, the

pattern �wk+1 is the one that best matches the input word to
be recognized. Vice versa, if BDOMk = −1 it means that the
best matching word belongs to the set of smaller size Setk+1 \
{�wk+1} = Setk. As a consequence, the highest index km for
which BDOMkm

= +1 corresponds to the best matching word
�wkm+1. This last observation concludes the description of the
proposed training procedure for the Recognition step.

It remains to see how array connectivity can be simplified
during the Initialization step. To address this last issue, we
propose the following pruning rule to simplify coupling coef-
ficients snj computed with (10)

s0nj =

{
snj if j = 1

0 if j �= 1
(18)

The rule above, adopted for the Initialization step, leads to
a star network having as center the reference oscillator O1.
The reference oscillator is connected unilaterally to the other

TABLE I
RBO PARAMETERS

Fig. 9. RBOfree-runningresponseV 0(t), voltageVb (t)at theoutput of the loop
amplifier, and sensitivity function Γ(t) to current injection at the input node.

N − 1 oscillators through coupling coefficients s0n1 = bnb1 =
±1 that impose the relative phase differences of the word to be
recognized.

V. NUMERICAL EXAMPLES

The steady-state response of a single RBO, with the circuit
model shown in Fig. 1 and the parameters reported in Table I,
is first simulated. The loop operation amplifier is described as a
nonlinear block with the input-output relationship

Vb = Vlim tanh

(
Av

Vlim
Va

)
(19)

where Av = 10 is the amplification and Vlim = 2.0 V is the
voltage supply.

The RBO circuit oscillates at frequency ω0/(2π) = 10 GHz.
Fig. 9 shows the output voltage V 0(t) at the RBT drain and the
phase-sensitivity curve for an injected current entering into the
input node: the two curves are sinusoids with the prescribed
π/2 relative phase shift requested to form oscillator arrays
with associative memory capability. Fig. 9 also reports the
(scaled) voltage Vb(t) at the output of the RBO loop amplifier.
We observe how Vb(t) is in phase and not in quadrature with
the sensitivity Γ(t) (for the selected injecting node) and thus
it is completely unsuitable to form oscillator arrays having
associative memory capability.
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Fig. 10. Steady-state response of the elementary chain array in Fig. 4(b).

Fig. 11. Patterns to be memorized.

As a preliminary example, we analyze the output response of
the elementary chain array shown in Fig. 4(b). Oscillators are
weakly coupled through bilateral transconductances of magni-
tude gnj = 20 μS and with the signs described in Fig. 4(b), i.e.,
a single negative connection is realized between O1 and O3

while other connections are positive. From the array response
obtained with detailed circuit-level simulations as shown in
Fig. 10 and from a comparison with Fig. 9, we are led to
the following conclusions: i) for weakly coupled oscillator
arrays, amplitude modulation effects are indeed negligible,
ii) the relative phase differences among oscillators are π/3
and its multiples as predicted by the phase-domain analysis,
thus confirming that this chain array is critical for boolean
associative memories.

Hence, we proceed to analyze an oscillator array made of
60 coupled RBOs where, as illustrative example, we want to
memorize a set of boolean words described by the patterns
reported in Fig. 11 [29]. The 10 × 6 binary image pixels
are associated to the 60 oscillators in a column-wise way
starting from the top-left hand pixel which corresponds to O1.
Two cases are considered: a) a fully-interconnected archi-
tecture where coupling coefficients are determined with the
standard Hebbian rule (12), b) a partially-interconnected archi-
tecture where coupling coefficients are found with the proposed

Fig. 12. Average and minimum number of oscillator connections as a function
of the patterns set dimension.

Fig. 13. Connection matrix of the partially-connected array.

iterative procedure based on rule (14). In Case a), the array
has N × (N − 1) = 3540 coupling connections. In Case b)
instead Fig. 12 reports the average and minimum number of
connections νave and νmin that one oscillator has in the array as
a function of the patterns set dimension k.

For k = 5, i.e., for a set including the first five images
shown in Fig. 11, we find νmin = 1 and νave ≈ 4.4. This means
that for the given number of oscillators N = 60 and given
patterns, k = 5 is the maximum number of words that can be
completely regenerated by the associative memory.2 In fact, for
k = 6 it results νmin = 0 with three oscillators that are isolated
Fig. 13 shows a picture of the N ×N connection matrix,
for k = 5 stored patterns, where the presence of a (nonzero)
coupling snj = ±1 is indicated with a dark box at position
(n, j). Connection matrix is quite sparse with only 260 coupling
connections.

2The maximum number of patterns that can be stored and correctly retrieved
by the memory indeed depends on the type of patterns to be memorized.
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TABLE II
SUCCESS RATE IN RECOGNITION

Fig. 14. (Left-hand side) corrupted Input “1”; (right-hand side) wrong Output
word supplied by the fully-interconnected array trained over k = 4 patterns:
only a subset of the corrupted bits are correctly regenerated.

Hebbian rule adopted to train oscillator arrays is just an
heuristic and it does not always guarantee successful storage of
patterns. For this reason, extensive simulations of the fully and
partially interconnected arrays are needed to check and com-
pare associative memory performance. To this aim, we repeat a
sufficiently large number of simulations (i.e., 200 runs) where
the Input patterns are generated from the memorized ones by
corrupting (i.e., a +1 bit is transformed into a −1 and vice
versa) ten randomly selected bits (i.e., the pattern and the bits
are selected randomly with uniform probability). From the sim-
ulated responses, we calculate the success rate in recognition as
a function of the number k of memorized patterns. A pattern
is successfully recognized by the arrays when all of the bits are
correctly regenerated. In our simulations, we also consider 10%
random variations of the coupling transconductance values gnj
that account for potential mismatch of the circuit components.

Table II shows the simulation results: for k = 2 and k = 3,
the partially interconnected and the fully-interconnected arrays
are both very close to 100% successful recognition. For k = 4,
instead the fully-interconnected array has a dramatic deteri-
oration of its associative memory capability. Fig. 14-(right-
hand side) shows, as an example, the Output word generated
by the fully-interconnected array when the corrupted Input
pattern “1” shown in Fig. 14-(left-hand side) is applied: the
array correctly regenerates only some of the corrupted bits. By
contrast, Fig. 15 shows the successful Output produced by the
partially-interconnected array for the same Input.

For k = 5, the fully-interconnected array has no more recog-
nition capability and it always converges to spurious Output
patterns. As an example, Fig. 16-(right-hand side) shows the
Output word generated by the fully-interconnected array for
k = 5 when the corrupted Input pattern “2” in Fig. 16-(left-
hand side) is applied. For such a case, Fig. 17 also shows
how the phase variables φn(t) of the fully-interconnected array
evolve during the Recognition step: starting from the 0 or ±π
values achieved during the Initialization step, phase variables
tend to be critically distributed over the whole (−π, π) interval.

Fig. 15. (Left-hand side) corrupted Input “a”; (right-hand side) correct Output
word supplied by the partially-interconnected array trained over k = 4 patterns.

Fig. 16. (Left-hand side) corrupted Input “2”; (right-hand side) wrong Output
word supplied by the fully-interconnected array for k = 5: this spurious word
is a mix of images “0,” “2,” and “3.”

Fig. 17. Phase variables during the Recognition step in the fully-
interconnected array for k = 5.

By contrast, when the corrupted Input word is applied to the
partially-interconnected array, the phase variables during the
Recognition step shown in Fig. 18 approach steady-state values
that are close to either 0 or π (or −π).

When the steady-state phase differences in Fig. 18 are
plugged in (9), they lead to the correct output word shown
in Fig. 19-(right-hand side). Fig. 19 also reports the BDOM
vector: correctly, the highest index with a +1 is for km = 2
meaning that km + 1 = 3 is the index of the pattern in Fig. 11
that best matches the input word.
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Fig. 18. Phase variables during the Recognition step in the partially-
interconnected array for k = 5.

Fig. 19. (Left-hand side) corrupted Input “2”; (right-hand side) correct Output
word supplied by the partially-interconnected array for k = 5.

Fig. 20. (Left-hand side) corrupted Input “5”; (right-hand side) Output word
supplied by the partially-interconnected array for k = 6.

As a final example, we show what happens when all six
patterns in Fig. 11 are memorized in the array with the proposed
training method. In this case, three oscillators remain isolated
and the whole array has only 190 coupling connections. The
application of the corrupted Input pattern “5” shown in Fig. 20-
(left-hand side) results into the output word shown in Fig. 20-
(right-hand side): the array is able to correctly regenerate the
word with the exception of the third pixel which corresponds
to one of the isolated oscillators. The BDOM vector has a +1
at km = 5 which correctly identifies the best matching word in
the pattern with index km + 1 = 6. Therefore, even though the
regeneration capability is lost in some bits, the array continues
to correctly recognize the input word.

VI. CONCLUSION

In this paper, we have analyzed some relevant design issues
regarding the realization of boolean associative memories using
large oscillator arrays. An efficient phase-domain modeling ap-
proach has been exploited to investigate the behavior of arrays
made of MEMS-based oscillators. We have proved that the
associative memory capability of such systems indeed depends
on the oscillator nodes that are employed to implement mutual
coupling. Besides that, we have investigated the tricky mecha-
nism of spurious patterns generation that in many cases can de-
teriorate the memory performance and cause association faults.
We have shown how spurious patterns are due to the presence of
critical interconnections among oscillators storing weakly cor-
related bits. An improved training method has been presented
which consists in removing many of such critical interconnec-
tions. This yields a simplification of the array architecture and
reduces the occurrence of spurious patterns. We have shown
how the array of resonant oscillators, when trained with the pro-
posed algorithm, is able to regenerate corrected patterns from
corrupted input words. Furthermore, we have described how
the proposed algorithm can provide the index of the memorized
pattern that best matches the input word to be recognized.
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