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Oscillator Amplitude and Phase Modulation

0( ) cos( ( )) where ( ) are phase fluctuationsov t v t t tω θ θ= +

0( ) (1 ( )) cos( ) where ( ) are normalized amplitude fluctuationsov t v A t t A tω= +

0( ) (1 ( )) cos( ( )) with both amplitude and phase fluctuationsov t v A t t tω θ= + +
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Oscillator Phase Modulation Only

0 0 0 0( ) cos( ( ))  2 ( ) / exp( ( ( ))) exp( ( ( )))
 let's not worry about the negative frequency components (they will be complex conjugates of the positive ones)

ov t v t t v t v j t t j t tω θ ω θ ω θ= + → = + + − +

( ) ( )2
0 0

0 0 0

0 0

S

!

mall angle approximation  if ( ) 1 (radian): 

exp( ( ( ))) exp( ) exp( ( )) exp( ) 1 ( ) ( ) / 2 exp( ) 1 ( )

2 ( ) / exp( ) ( ) m) ultiplicax t on e ip(

t

j t t j t j t j t j t t j t j t

v t v tt j jj t

θ
ω θ ω

ω

θ ω θ θ ω θ

ω θ

<<

+ = ⋅ ≅ ⋅ + − ≈ ⋅ +

= + ⋅

Now suppose:
2 ( ) 2 cos( ) 2 sin( ) m m m mj t j t j t j t

c m s m c c s st t t e e j e j eω ω ω ωθ θ ω θ ω θ θ θ θ− −= + = + − +

0 0
02 ( ) /

2 2 2 2
m m m mj t j t j t j t j t j tc c s sv t v e e j e e j e j eω ω ω ω ω ωθ θ θ θ− − = + ⋅ + − + 

 

0 0 0 0 0( ) ( ) ( ) ( )
02 ( ) /

2 2 2 2
m m m mj t j t j t j t j tc c s sv t v e j e j e e eω ω ω ω ω ω ω ω ωθ θ θ θ+ − + −= + + + −
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Oscillator Phase Modulation Only

0 0 0 0 0( ) ( ) ( ) ( )
02 )

2
(

2
/

2 2
m m m mj t j t j t j t j tsc c sv t v e e ej j e eω ω ω ω ω ω ω ω ωθ θθ θ+ − + −= + + + −

0 02 ( ) / exp( ( ( )))v t v j t tω θ= +

Phase modulation produces upper and lower modulation sidebands.
Phase modulation sidebands are *skew Hermetian* (+/- real parts, equal imaginary parts)

2 2 2 2 2 2total sideband power
total carrier power 22 2 22

csc sc sθ θ θ θθ θ +       = + + + =       
       

( )2total sideband power total RMS phase modulation .
total carrier power

=

where 2 ( ) 2 cos( ) 2 sin( ) m m m mj t j t j t j t
c m s m c c s st t t e e j e j eω ω ω ωθ θ ω θ ω θ θ θ θ− −= + = + − +
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Oscillator Amplitude and Phase Modulation
0( ) (1 ( )) exp( ( ( )));       ( ) phase fluctuations;  ( ) amplitude fluctuationsov t v A t j t t t A tω θ θ= + + = =

2 ( ) 2 cos( ) 2 sin( )c m s mt t tθ θ ω θ ω= +

2 ( ) 2 cos( ) 2 sin( )c m s mA t A t A tω ω= +

0 0 0( ) / 2 ( ) ( ) ( )upper m lower mv j C Cω π δ ω ω δ ω ω ω δ ω ω ω= − + − − + − +

* *

upper amplitude phase

lower amplitude phase

C C C

C C C

= +

= −

/ 2 / 2
/ 2 / 2

amplitude c s

phase s c

C A jA
C jθ θ

= +

= − +

*

*

( ) / 2

( ) / 2
amplitude upper lower

phase upper lower

C C C

C C C

= +

= −

M. J. W. Rodwell, D. M. Bloom and K. J. Weingarten, "Subpicosecond laser timing stabilization," in IEEE Journal of Quantum Electronics, vol. 25, no. 4, pp. 817-827, April 1989, doi: 10.1109/3.17346.

Amplitude modulation produces Hermetian sidebands (real equal, imaginary +/-)
Phase modulation produces skew Hermetian sidebands (real +/-, imaginary equal)

2

2

power in sidebandsFor amplitude modulation:  ( )
power in carrier

power in sidebandsFor phase modulation:  ( )
power in carrier

A t

tθ

=

=
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Oscillator Phase Noise

0 0
0 0 )2 ( ) / exp( ( ( ))) (t jj tv t v j t t e e j tωω θω θ= + ⋅≈ +

0 02
0

Multiplication in the time domain is convolution in the frequency domain.
4 ( ) 2 ( ) ( )VVS j S
v θθω πδ ω ω ω ω= − + −

[ ]
[ ]

Now suppose ( ) is a random process.
( ) ( ) ( )  autocorrelation function

( ) ( )   power spectral density

t
R E t t

S j R
θθ

θθ

θθ

θ
τ θ θ τ
ω τ

= +

= F

The spectrum of the phase deviations become modulation sidebands

( )2total sideband power total RMS phase modulation .
total carrier power

=
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Oscillator Phase Noise Spectral Density

0noise power, in 1 Hz bandwidth, at frequency ( + )( )
power in carrier

In the small angle approximation (but not otherwise)
( ) ( )

f fL f

L f S fθθ

ΔΔ =

Δ = Δ
2

10 

In linear units ( ) is expressed as (radians) / Hz or just 1/Hz,  as 
radians are dimensionless

In dB units ( ) is expressed as dB relative to carrier, in a 1 Hz 
bandwidth, i.e. 

( 100 Hz) 10 (1

L f

L f

L f −

Δ

Δ

Δ = =

( )10 
10 c

/ Hz) is written as

( 100 Hz) 10 log )1 Hz10 (1/ Hz)* =   100 d (1 HzB  L f −Δ = = ⋅ −

( )2total sideband power total RMS phase modulation .
total carrier power

=
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Phase noise examples

M. Urteaga, Z. Griffith, M. Seo, J. Hacker and M. J. W. Rodwell, "InP HBT Technologies for THz Integrated Circuits," in 
Proceedings of the IEEE, vol. 105, no. 6, pp. 1051-1067, June 2017, doi: 10.1109/JPROC.2017.2692178.

M. J. W. Rodwell, D. M. Bloom and K. J. Weingarten, "Subpicosecond laser timing stabilization," in IEEE Journal of Quantum 
Electronics, vol. 25, no. 4, pp. 817-827, April 1989, doi: 10.1109/3.17346.
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Leeson's phase noise formula

Let us see if we can derive this...
See also: W.P. Robins, "Phase Noise in Signal Soures", Peter Peregrinus Press, London, 1982  ISBN 978-0-86341-026-0
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Oscillator model

Note the strong nonlinearity in the negative 
conductance provided by the transistors
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Oscillator model: idealized
Transistor (or other active element) clipping
is modelled by a cubic I-V curve

3
1 3( )res res resI v a v a v= +

What oscillation voltage amplitude ?

0
3 3

1 0 0 3 0 0
3 3

1 0 0 3 0 0 3 0 0

( ) cos( )
( ) cos( ) cos ( )
( ) cos( ) 3 ( / 2) 2cos( ) ( / 2) 2cos(3 ) 0

res o

res

res

V t V t
I t aV t a V t
I t aV t a V t a V t

ω
ω ω
ω ω ω

=

= +

= + ⋅ + ⋅ =
3

1 0 3 03 ( / 2) 2 0aV a V+ ⋅ =

0 1 32 / 3V a a= ⋅ −

Amplitude stabilizes when the fundamental component of ( ) is zero.resI t

0 0 1 3

Steady-state amplitude (zero noise)

( ) cos( ) where 4 / 3res oV t V t V a aω= = −
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Voltage perturbation and resulting current change (1)

( ) ( )

,

0 0

0 0 0 1 3

,0

33
1 3 1 ,0 3 ,0

Now assume a perturbation in the oscillation 

( ) cos( ) where 4 / 3
( ) ( )  

( ) ( )

l

( ) ( ) (

amp itude

 where cos( )

 )

res o

res res

res res res re

c

s r

c c

c es c

V t V t V a a
V t V t

I t aV t a V t a V t a V

V

t

V V t

V V

δ δ

δ δ

ω
δ ω

= = −
= +

= + = + +

=

+

( )3

3 3

3

3 2 1 2 3
1 ,0 1 ,0 ,0 ,0

3 2 2
1 ,0 ,0 1 ,0

3
1 ,0 ,0

( ) ( ) ( ) 3 ( ) 3 ( )( ) +( )

( ) ( ) ( ) 3 ( ) ( )

   but ( ) ( ) 0, so to leadi o

 

ng rder

res res res res res

res res res res

res res

re

c c c c

c c c

I t aV t a a V t V t V t

I Vt aV t a V Vt a V a V t O

aV t a V t

V V

I

V Vδ δ δ δ

δ δ δ

= + + + +

= + + + ⋅ +

+ =

3

3
1 ,0( ) 3 ( )c cs rest a a tV VVδ δ= + ⋅

( )

( )

3

3

3

3

3

2
1 ,0

32
1 0 0

2
0

1

0 0 0

0 0 0

0 01

0 0

2
0

2
0

1

0 0

cos( )

cos( )

cos( ) co

( ) 3 ( )

( ) 3 cos( )

3( ) 2cos(3 ) 6cos( )
8

9
( ) s

4
9

(

( )
4

)

res res

res

res

re

r

c c

c c

c c

cs

s

c

e

V V

V t V

V t V

V t V t

V

I t a a V t

I t a a V t

VI t a a t t

a V
I t a

a V
I t a

δ δ

δ ω δ

δ ω δ

δ ω δ ω

ω

ω ω

δ

= + ⋅

= + ⋅

= + ⋅ +

= +

 
= + ⋅  
 

3 1
1 0

3

1

0 0

0

0 0

9 4( )
4 3

( ) 2

cos( )

cos( )

cos( )

c

res

r s

c

ce

a aI t a
a

I t

t

V t

V ta

ω

δ ω

δ ω

 −= + ⋅ 
 

= − ⋅

1 0 0 0 0( ) 2 cos( )  given cos( )res c c cI t a V t V V tδ ω δ δ ω= − ⋅ =

1

So, an in-phase voltage perturbation sees
a positive conductance 
from the non-reactive elements ( )res

a
I t

−
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Voltage perturbation and resulting current change (2)

( ) ( )

,

0 0

0 0 0 1 3

,0

33
1 3 1 ,0 3 ,0

Now assume a perturbation in the oscillation 

( ) cos( ) where 4 / 3
( ) ( )  

( ) ( ) ( ) ( ) ( )

phase

 wher (e sin )
res o

res r s s ses

res res res res rs es s

V t V t V a a
V t V t

I t aV t a V t a V t a

V V

V

t

Vt

V

V

δ δ
ω

δ ω

δ δ

=
= = −

= +

= + = + + +

( )3

3 3

3

3 2 1 2 3
1 ,0 1 ,0 ,0 ,0

3 2 2
1 ,0 ,0 1 ,0

3
1 ,0 ,0

( ) ( ) ( ) 3 ( ) 3 ( )( ) +( )

( ) ( ) ( ) 3 ( ) ( )

   but ( ) ( ) 0, so to leading orde

 

r

s s sres res re

s

s res res

res res res res

res res

c

s

c s

s

I t aV t a a V t V t V t

I t aV t a V t a a V t O

aV t a V t

I

V V V V

V V V

δ δ δ δ

δ δ δ

= + + + +

= + + + ⋅ +

+ =

3

3
1 ,0( ) 3 ( )r se sss reV Vt a a V tδ δ= + ⋅

( )

( ) ( )

( )( )

3

3

3

3

0 0 0 0

0 0 0

0

2
1 ,0

22
1 0 0

2
2

0

0
1 0 0 0 0

2
2 20

1 0 0

1

0

sin( ) sin( )

sin( )

sin( )

1

( ) 3 ( )

( ) 3 cos( )

3( ) / 1/
8

3( ) 2 1/ 1/
8

( )

s s

s s

s

res res

res

res

res o o

s

res

s

s s

I V V

V t V t

t a a V t

I t a a V t

VI t a a z z z z
j
VI t a a z z z z
j

I

V t V

V t V

Vt a

δ δ

δ ω δ ω

δ ω δ

δ

ω

ω δ

δ

= + ⋅

= + ⋅

= + ⋅ + −

= + ⋅ + + −

= ( )

( )

( )

3

3

3

3

2
3 30

0 0 0 0 0

2
3 30

1

0

2

0

1

0 0

0

2

0 0

0 0

0 0 0

0 0 0

0

0
1 0 0

0

3 2 2 / 1/ 1/
8

3( ) 1/ 1/
8

3( ) sin(3 ) sin(

sin( )

sin( )

4

sin( )

sin( ) sin(

4

)

)

3
( )

o

res o

res

res

re

s

s s

s s

s s

Va z z z z z z
j
VI t a a z z z z

t V

V t V

V t

t

j
VI t a a t

I

V

VI V t

t

a V
t a

ω δ

δ ω δ

δ ω δ

δ ω

ω

δ ω

ω

+ ⋅ − + − + −

= + ⋅ − + −

= + ⋅ +

= +

3

3 1

0

1

0

0

2
0

1

3
0 01

0

si

0

n( )

sin( )

(

i

3
( )

4

3 4( )
4 3

3 4( ) 1 0 !
4 3

)

s n( )

s

res

res

s

res

s

s

a V
t a

a aI t a
a

I

I

V t

V t

V tt a

t

δ ω

δ ω

δ ω

 
= + ⋅  
 
 

= − ⋅ 
 
 = − ⋅ = 
 

=

0 0 0 0( ) *0* sin( )  given sin( )res s s sI t V t V V tδ ω δ δ ω= ⋅ =

So, a quadrature-phase voltage perturbation sees
a conductance of *zero*
from the non-reactive elements ( )resI t
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Voltage perturbation and resulting current change (3)

( ) ( )

,

0 0

0 0 0 1 3

,0

33
1 3 1 ,0 3 ,0

Now assume a perturbation in the oscillation 

( ) cos( ) where 4 / 3
( ) ( )  

( ) ( ) ( ) ( ) ( )

phase

 wher (e sin )
res o

res r s s ses

res res res res rs es s

V t V t V a a
V t V t

I t aV t a V t a V t a

V V

V

t

Vt

V

V

δ δ
ω

δ ω

δ δ

=
= = −

= +

= + = + + +

0 0 0 0( ) *0* sin( )  given sin( )res s s sI t V t V V tδ ω δ δ ω= ⋅ =

So, a quadrature-phase voltage perturbation sees
a conductance of *zero*
from the non-reactive elements ( )resI t

Finding this result without calculation:
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Adding oscillator noise current

( )0
0

0

0

Add noise current with spectral density ( )

Without noise, the oscillation is ( ) Re

Consider the noise current at frequencies ,  
at offsets  from the oscillation frequency . 

Thes

n nI I

j t

S jf

V t V e

f f
f f

ω=

± Δ
± Δ

( ) ( ) ( )0 0( ) ( )
0 0

e noise currents will contribute sidebands to the oscillation.
Half the power of these sidebands will be in-phase with the carrier (AM).

 ( ) cos ( ) cos ( ) Re

Hal

j t j t
n n n n nI t I t I t I e I eω ω ω ωω ω ω ω +Δ −Δ= + Δ + − Δ = +

( ) ( ) ( )0 0( ) ( )
0 0

f the power of these sidebands will be quadrature-phase with the carrier (PM). 

( ) sin ( ) sin ( ) Re j t j t
n n n n nI t I t I t jI e jI eω ω ω ωω ω ω ω +Δ −Δ= + Δ + − Δ = − −
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In-phase (AM) vs. quadrature-phase (PM) sidebands

0j te ω

0( )j te ω ωε +Δ⋅

0( )j te ω ωε −Δ⋅

0 0

0

( )

( )

j t j t

j t

e e
e

ω ω ω

ω ω

ε
ε

+Δ

−Δ

+ ⋅

+ ⋅

0 0

0

( )

( )

j t j t

j t

e j e
j e

ω ω ω

ω ω

ε +Δ

−Δ

− ⋅

− ⋅
Stated approximately, 
In-phase sidebands AM
Quadrature-phase sideband PM

→
→

Earlier in this note set, we had shown
how to decompose sidebands into
AM and PM sidebands:

0 0 0( ) / 2 ( ) ( ) ( )upper lowerv j C Cω π δ ω ω δ ω ω ω δ ω ω ω= − + − − Δ + − + Δ
*

*

( ) / 2

( ) / 2
amplitude upper lower

phase upper lower

C C C

C C C

= +

= −
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Decomposing current noise into AM vs. PM
0

*
0 0

0 0

0

*
0 0

PM current noise at offset  from :
1 1( ) ( ) ( )
2 2

( ) ( )
( )

4 4
AM current noise at offset  from :

1 1( ) ( ) ( )
2 2

n n n n

phase

amplitude

phase n n

I I I I
I

amplitude n n

I

I I I

S S
S

I I I

S

ω ω

ω ω ω ω ω

ω ω ω ω
ω

ω ω

ω ω ω ω ω

Δ

Δ = + Δ − − Δ

+ Δ − Δ
Δ = +

Δ

Δ = + Δ + − Δ

0 0( ) ( )
( )

4 4
n n n nI I I IS Sω ω ω ω

ω
+ Δ − Δ

Δ = +

, 1

,

The AM current noise sees a low impedance
( ) || || (1/ )

This will produce only a small AM voltage, generally neglected.

The PM current noise sees much higher impedance
|| (1/ )

load AM

load PM

Z a j L j C

Z j L j C

ω ω

ω ω

= −

=
This will produce a substantial PM voltage, producing phase noise
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Computing the PM noise voltage and Phase noise (1)

*
0 0

1/2 1/2 1/2 1/2
0

0 0
2 2 2

0

Phase component of current noise:
1 1( ) ( ) ( )
2 2

Resonator impedance, where  and 
( / ) 1 /( )(1/ )( )

( ) (1/ ) 1 1 / 1

phase n n

r

r
res r

I I I

L C Z L C
j Zj L j C j LZ j jZ

j L j C LC

ω ω ω ω ω

ω
ω ω ω ωω ω ωω

ω ω ω ω ω

− − −

Δ = + Δ − − Δ

= =
+ Δ= = = =

+ − − − 2
0

0 0
02

0 0

*
0 0 0 0

*0 0
0 0

(1 / )
1 /( ) for  

2 / ( / ) 2
Resulting quadrature voltage

1 1( ) ( ) ( ) ( ) ( )
2 2

( ) ( ) ( )
4 4

r r
res

phase n res n res

r r
phase n n

jZ jZZ j

V I Z I Z

jZ jZV I I

ω ω
ω ω ωω ω ω

ω ω ω ω ω

ω ω ω ω ω ω ω ω ω

ω ωω ω ω ω ω
ω ω

+ Δ
+ Δ− −= ≅ Δ <<

Δ + Δ Δ

Δ = + Δ + Δ − − Δ − Δ

− −Δ = + Δ − − Δ
Δ −Δ

*0 0
0 0

0 0 0

Resulting phase deviation
( )

( ) ( ) ( )
4 4

phase r r
n n n

V jZ jZI I
V V V

ω ω ωθ ω ω ω ω ω
ω ω

Δ − −Δ = = + Δ − − Δ
Δ −Δ
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Computing the PM noise voltage and Phase noise (2)

( )

*0 0
0 0

0 0 0

( )
( ) ( ) ( )

4 4
( ) 1 Hz  is the RMS phase deviation, in a 1 Hz bandwidth, at an offset   from carrier.

The oscillator's upper and lower modulation sid

phase r r
n n n

n

V jZ jZI I
V V V

ω ω ωθ ω ω ω ω ω
ω ω

θ ω ω

Δ − −Δ = = + Δ − − Δ
Δ −Δ

Δ Δ
2

2 22 2
0 0

0 0
0 0

0

0

eband amplitudes are each 2,  hence

1 1( ) ( ) ( )
2 4 2 4

Now assume that the noise current is constant for frequencies near .
( )

n n n n

n n

n

r r
I I I I

I I

Z ZL S S
V V

S

θ

ω ωω ω ω ω ω
ω ω

ω
ω ω

      Δ = + Δ + − Δ      Δ Δ      

+ Δ 0

2 2
0

0

( ) ( ) hence

( ) ( )
4

n n n n

n n

I I I I

r
I I

S S

ZL S
V

ω ω ω

ωω ω
ω

= − Δ =

   Δ =    Δ  
2 2

0

0

3
1 3 0 1 3

( ) ( )
4

where ( )  , 4 / 3  and /

n n

r
I I

res res res res

ZL S
V

I v a v a v V a a Z L C

ωω ω
ω

   Δ =    Δ  

= + = − =
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Our phase noise model: key features

2Phase noise varies as  1/ ( ) .
Lower phase noise given:
     Lower noise current 
     Larger oscillation amplitude (voltage)
     Lower (parallel) resonator impedance.
    

fΔ

2 2
0

0

3
1 3 0 1 3

( ) ( )
4

where ( )  , 4 / 3  and /

n n

r
I I

res res res res

ZL S
V

I v a v a v V a a Z L C

ωω ω
ω

   Δ =    Δ  

= + = − =
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Our phase noise model compared to Leeson (1)
2 2

0

0

3
1 3 0 1 3

( ) ( )
4

where ( )  , 4 / 3  and /

n n

r
I I

res res res res

ZL S
V

I v a v a v V a a Z L C

ωω ω
ω

   Δ =    Δ  

= + = − =

1
3

3 circuit is not changed ( )
(

Add parallel resonator conductance  with noise ;  4 .

Change active element  such that : ;  
...in which case the above 

n n n

nG n

G

G

nA GnA n

I I

res res r I

nG

I I II Ies

G

S

S kTG

A I V a V S

I

a G S−

=

= + −=

L ) expression r .emains correctfΔ

2 2
0 0

2 2
0 0

2 2 2 2

We now have
1 1 1  

/
1 / / /

/ 2 2 /

1 1( )
16 / 16 8 /

nA nA nG nG n n nG nG n n n n

r
r

I I I I I I I I I I I I

res sig

sig sig

Q Z
Z G QGG L C

F S S S S S kTG S kTFG

P GV V P G

L kTFG kTFG
G Q P G G Q P G

ω ωω
ω ω

= = → =

= + = = → =

= → =

      Δ = +         Δ Δ      

active elementA =

2
0

2( )  which is a (simplified) Leeson expression
8 sig

kTFL
Q P

ωω
ω

  Δ =     Δ  
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Also critical:  is the RF power dissipated in the resonator (given how  has been defined ), not the output power. res GP

Our phase noise model compared to Leeson (2)

2 2
0 0

2

Our Leeson-like expression

1( )  where  ;   ;  1
8 2 4 4/

n n nA nAI I I I
res

res

S SVkTL Q P F
kT kTGQ L C

F G
GGP

ωω
ω

  Δ = = = = = +   Δ  

 


  


Critical point: separating the losses, conductivities, and noise of the active and passive circuits is ambiguous;
we can assign e.g. parasitic interconnect losses to either the resonator or the active element, changing the values of 

, , and .  Consequently, the values of  , , and   are not uniquely defined for the oscillator, but only become precisely
defined when we define the boundary 

sig sigQ P F Q P F
between the active gain element and the passive resonator.

2The Leeson formula works because  is independent of where we draw this boundary;
we must just use the values of  , , that are consistent with how we have drawn the boundary.

( / )
 

sig

sig

F Q P
F Q P
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Our phase noise model compared to Leeson (3)

11 12 21 22

We have not yet carefully considered the amplifier input and output impedances
Modelling the amplifier ,  

1) The currents ( + +  + )  have been included in the resonator,
i.e.

ij ij ij

res

Y G jB

jB jB jB jB V

= +

1
3

3

11 1

1

2 21 22

 the resonator capacitance includes those of the amplifier.

2) In the expression , the term 
includes the currents ( )  

( ) ( )res res res res

res

Va aI V a V
G G G V

G
G

G=
+

−
+

− +
+
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Adding active element (1/f) noise (1)

( ) ( ) ( )

2 3
1 2

1

2
2

2

2 2

3
3

3

0 0

A

)

ssume ( ) ( ) ( ) ( ),  with  , then:

( ) ( ) ( ) ( ) ( )
          =...+2 +....=...+2 ( ) cos( )+....=
The term  (

0

( ) (
( ) ( )

)

res in in in

res n res n res

n

n r

n res

n res

I t aV t a V t a V t

I t a E t V t a E t V t
E t V t

a

a E t V t
a E t V t a

E t V
ω

= + +

= + ++ +

≠

+

0 0( ) ( ) cos( )  is a mixing term.es nt E t V tω=

*M. S. Keshner, "1/f noise," in Proceedings of the IEEE, vol. 70, no. 3, pp. 212-218, March 1982, doi: 10.1109/PROC.1982.12282.

,0

Transistors typically have low frequency noise voltage with spectral density 
( ) (1 / ) , i.e. increasing at low frequencies. Mathematical 

difficulties* can arise if this function is exte
n n

n

E E E x

E
S f S f f≈ +

2 2
1 ,0 1 ,0

0

nded to DC.  This would given an
output noise current  ( ) (1 / ), approximately  near the 
oscillation frequency .

n nE E E x ES f a S f f a S

f

≈ +
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Adding active element (1/f) noise (2)

0 0

0

2

The mixing of ( ) with cos( ) will shift a component of
the spectrum of the 1/f noise current to be centered around .

This  shifted 1/f component is proportional to .

The noise current is now 

nE t V t
f

a

S

ω

0 0
0

2
0

3

2

( ) 1

Consequently

1( )  1
8

Variation is as |1/ | , i.e. -30 dB/decade, close to carrier.

n n n n

c
I I

r

I

es

I

ckTF
Q P

ff S
f f

f fL f
f f

f

 
= +  − 

   
Δ = +   Δ Δ   

Δ

 
 
 

*M. S. Keshner, "1/f noise," in Proceedings of the IEEE, vol. 70, no. 3, pp. 212-218, March 1982, doi: 10.1109/PROC.1982.12282.
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Leeson Model: optimum oscillator design ?

2

2
01( )  

8
The Leeson expression suggests that we
1) Obtain the highest feasible unloaded* resonator , 
2) Tune the active element output for maximum .
2) Tune the active ele

r

res

es

L

Q
P

kTF
Q P

ωω
ω

  
 





Δ =  Δ 

ment input for minimum .

*Note that, by our definitions,  is that of the resonator, independent 
of the active element input and output impedances. Consequently,  in
this expression is independent of 

F

G
Q

the active element input and output impedances.
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Why phase noise matters in receivers & transmitters
1

1

1

In a receiver, with desired signal at  and interferer at ,
mixing of  with the local oscillator will produce
sidebands around  that may fall into the bandwidth
of the desired signal.  

This will 

RFf f
f

f

add to the noise background, degrading sensitivity.

In a transmitter,  mixing of the IF with the local oscillator 
will produce sidebands around the RF signal that may fall 
outside the allocated modulation bandwidth of the desired signal.  

This will interfere with communications in adjacent frequency bands.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


