
Current-controlled negative differential resistance due to Joule
heating in TiO2

A. S. Alexandrov,1,2 A. M. Bratkovsky,2,a) B. Bridle,1 S. E. Savel’ev,1 D. B. Strukov,3

and R. Stanley Williams2

1Department of Physics, Loughborough University, Loughborough LE11 3TU, United Kingdom
2Hewlett-Packard Laboratories, 1501 Page Mill Road, Palo Alto, California 94304, USA
3Department of Electrical and Computer Engineering, University of California, Santa Barbara,
California 93106, USA

(Received 7 September 2011; accepted 22 October 2011; published online 15 November 2011)

We show that Joule heating causes current-controlled negative differential resistance (CC-NDR) in

TiO2 by constructing an analytical model of the voltage-current V(I) characteristic based on polaronic

transport for Ohm’s Law and Newton’s Law of Cooling and fitting this model to experimental data.

This threshold switching is the “soft breakdown” observed during electroforming of TiO2 and

other transition-metal-oxide based memristors, as well as a precursor to “ON” or “SET” switching of

unipolar memristors from their high to their low resistance states. The shape of the V(I) curve is a

sensitive indicator of the nature of the polaronic conduction. VC 2011 American Institute of Physics.

[doi:10.1063/1.3660229]

The effects of Joule heating are very important in the

operation of a wide variety of electronic devices, especially as

they shrink to nanoscale sizes and the power densities become

large. This has become especially apparent for the class of

memristors based on resistance switching in transition metal

oxides.1–11 For these systems, there is often an initial electro-

forming step that is used to turn an inert capacitor with a fixed

resistance >1 GX into a memristor with a continuum of resist-

ance states <10 MX, see e.g., extensive reviews in Refs.

12–14. It is thought to be initiated by a purely electrical con-

duction process, or soft breakdown,15,16 followed by the elec-

trochemical reduction of oxide anions to form oxygen gas and

oxygen vacancies in the oxide matrix.17 The changes in con-

ductivity of the oxide material induced by the movement of

these vacancies, under the influence of an electric field, a con-

centration gradient, or a temperature gradient, are responsible

for the memristive switching.9,11–14,18,19

There have been previous examinations of this heating,

and models for the thermally assisted conduction have been

proposed.1,15 Here, we present a compact analytical model

for the electrical conduction based on feedback between adi-

abatic polaron transport and Joule heating that allows us to

fit the initial stages of experimental electroforming voltage-

current V(I) characteristics of a nanoscale memristor. This

analysis provides both a thermometer inside the device and

insight into the nature of the polaronic transport in TiO2.

As-fabricated devices have a metal-oxide-metal structure

where the oxide film has variations in thickness and local

structure, which provides preferential sites for current to flow.

The width of the current channel is usually 100 nm or less,20

and there is usually only one such operating channel, even if

the physical device is larger than 100 lm2. When a voltage is

first applied, the current is small because the resistance is

high. However, a threshold is reached at which the current

increases rapidly, even though the voltage decreases. This

current-controlled negative differential resistance (CC-NDR)

is also known as S-NDR (because of the shape of the I vs. V

curve) and threshold switching. In the case of electroforming,

the NDR is not reversible since the process yields oxygen

vacancies that will then lead to memristive switching.17 How-

ever, similar CC-NDR V(I) behavior is observed as the pre-

cursor to reversible ON or SET switching in unipolar and

bipolar memristors21–23 and is responsible for heating that

then drives or assists the resistive switching.

In all these cases, the heating is not only rapid, but leads

to very large temperature gradients in the oxide that can dra-

matically influence vacancy and other defect distributions.

The diffusion of vacancies in the crystal field depends expo-

nentially on temperature, so that variations of the local tem-

perature could have a drastic effect on the distributions. Note

that there is a fundamental problem with assigning a distinct

temperature to each lattice unit cell.24

In the absence of a rigorous approach to this fundamen-

tal problem, we consider here the effect of homogeneous
heating of a memristor-type device on its current-voltage

characteristics, applying Ohm’s law I¼V/R(T) and New-

ton’s Law of Cooling as they have been applied to describe

the nonlinear I-V characteristics of superconducting mesas25

and thermometry of conducting channels in electroformed

memristors.2,5 The temperature of a thin active layer is thus

given by T¼T0þ aIV, where T0 is the bath temperature and

a is the heat transfer coefficient or thermal resistance. The

electronic resistance in oxide films is well described by the

thermal activation law for small polaron mobility,

RðTÞ ¼ bTnexpðEa=kBTÞ; (1)

with the activation energy Ea, a constant b, and kB the Boltz-

mann constant. The power n depends on the adiabatic versus

nonadibatic behavior of the polarons, n¼ 1 or n¼ 3/2,

a)Author to whom correspondence should be addressed. Electronic mail:

alex.bratkovski@hp.com.

0003-6951/2011/99(20)/202104/3/$30.00 VC 2011 American Institute of Physics99, 202104-1

APPLIED PHYSICS LETTERS 99, 202104 (2011)

http://dx.doi.org/10.1063/1.3660229
http://dx.doi.org/10.1063/1.3660229
http://dx.doi.org/10.1063/1.3660229


respectively, which is ill determined for TiO2.26 Using

Ohm’s law, we can construct V(I) curves by solving the tran-

scendental equation

i ¼ v=ðtþ ivÞnexp½�1=ðtþ ivÞ�: (2)

Here, i¼ I[ab/(Ea/kB)1�n]1/2 and v¼V[a/b(Ea/kB)1þ n]1/2 are

dimensionless current and voltage, respectively, and

t¼ kBT0/Ea is the reduced bath temperature. Equation (2) can

be written in a parametric form as

v ¼ ½pðtþ pÞn�1=2
exp½1=2ðtþ pÞ�; (3a)

i ¼ ½pðtþ pÞ�n�1=2
exp½�1=2ðtþ pÞ�; (3b)

where p¼ iv. Independent of the model parameters, a and b,
V(I) has a local maximum at sufficiently low reduced bath

temperatures t< 0.25, i.e. threshold switching.

In the case of Fig. 1, we have fit Eq. (3a) to experimental

data from Ref. 27 collected during the electroforming of a

nanoscale TiO2-based crosspoint memristor at room temper-

ature. In this case, the 1.5 nm Ti adhesion layer, 8 nm Pt bot-

tom electrode, and the 11 nm Pt top electrode were deposited

by electron-beam evaporation at room temperature. The

50 nm thick Ti dioxide film was deposited by sputtering

from a TiO2 target in 3 mTorr Ar and 550 K substrate tem-

perature. The 50 nm bottom and top electrodes were pat-

terned by ultraviolet-nanoimprint lithography to define the

crosspoint junction. The oxide was a blanket layer without

patterning. The Ti adhesion layer diffused through the thin

Pt bottom electrode during the deposition of the TiO2 layer

and partially reduced the oxide film at the bottom interface

to form a good electrical contact to the device.27

We see that the fit shown in Fig. 1 is excellent for cur-

rents up to 0.04 mA, a reduced bath temperature t¼ 0.11,

and exponent n¼ 1. This corresponds to polaronic conduc-

tion in the adiabatic regime, in agreement with the transport

observed for bulk TiO2.26 For larger currents, the data devi-

ate from the fit because of the existence of a second local

maximum in V(I), which is the onset of irreversible behavior

in the device. The corresponding local temperature at this

point is about 600–650 K, cf. Fig. 1.

Using the absolute values of the voltage and current at

the first local maximum in the V(I) curve in Fig. 1, 2.53 V

and I¼ 6.67 lA, respectively, and converting to the dimen-

sionless values v¼ 2.4, i¼ 0.008 and using t¼ 0.11 for the

relative bath temperature, we estimate Ea¼ 214 meV, the

thermal coefficient a¼ 3.2� 106 K/W and the resistance

coefficient b¼ 0.49 Ohm/K. Our estimate of the polaron acti-

vation energy is very close to the value (248 meV) measured

in bulk films of TiO2.26 With our value of a, we can estimate

the internal temperature of the heated channel for any cur-

rent, as shown in Fig. 1, with the first local maximum in V(I)

occurring at about 350 K.

The pre-exponential factor in the conductivity is

r0 ¼ L=ðAbÞ, where L is the thickness and A the cross-

section area of the active part of the device (conducting

channel that is forming). In the adiabatic regime [see Ref.

26, Eq. (9)],

r0 ¼
Ne2a2m

kB
; (4)

where N is the polaron density, a the hopping range, and m
the optical phonon frequency. Estimating the average hop-

ping range as the mean distance between O�2 vacancies,

a� (N/2)�1/3, and assuming L¼ 10 nm, A¼ (50 nm)2, and

m¼ 1.1� 1013 Hz,26 we obtain N ¼ 4½kBr0=ðe2mÞ�3� 3

� 1020 cm�3. The value of L used here is an order of magni-

tude estimate that is less than the physical thickness of the

deposited film because it represents the narrowest region of

the oxide after it has been reduced by the adhesion layer.

Since the crosspoint area is small, our approximations should

be acceptable. The resulting carrier density N is reasonable

for a sputtered oxide film and well in line with previous

observations of perovskite oxide films with concentrations of

vacancies near high work function electrodes reaching a few

atomic percent.28

The forming step in TiO2 thus starts with a “soft” break-

down, revealed by the CC-NDR, that electronically heats the

material, which then leads to an exponentially enhanced drift

of oxygen anions that in turn leads to a thermal runaway. In

TiO2, the electrochemical reduction of the anions occurred at

a bias voltage �2 V, and thus an estimated field of �0.2 GV/

m, which created a large concentration of vacancies and a

metallic suboxide conducting channel.17 This “soft break-

down” preserved the reversible bipolar resistive switching of

the devices and should be contrasted with the usual dielectric

breakdown in oxide films that leads to an irreversible short-

ing of a thin film.29,30 Local temperatures reaching 650 K

lead to the crystallization of amorphous TiO2 to form ana-

tase.9,11 This phase transition may be the origin of the second

NDR peak in the experimental V(I) curve in Figure 1, in

analogy with the CC-NDR resulting from the insulator-to-

metal phase transition described by Pickett et al.23

FIG. 1. (Color online) A fit of experimental V(I) electroforming data from

Ref. 27 (dots) to Eq. (3a) for a 50 nm� 50 nm crosspoint TiO2-based mem-

ristor. The solid line is the fit with n¼ 1, which corresponds to polaronic

transport in the adiabatic regime and the dashed line is the fit with n¼ 3/2,

which is for the nonadiabatic regime, see Ref. 26. The superior fit for n¼ 1

suggests the adiabatic regime. Also shown by the dashed-dotted line is the

ramp in local heating, ðT � T0Þ=T0, where T0 is the bath temperature. The

abrupt deviation of the experimental V(I) data from the fitting curve at

I¼ 0.04 mA represents the onset of irreversible changes in the device, possi-

bly the crystallization of amorphous TiO2 to form anatase, which occurs at a

local temperature of about 600–650 K.
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We illustrate the importance of the relative bath temper-

ature t¼ kBT0/Ea in Fig. 2, which is on the order of 0.1 for

TiO2 at room temperature. We see that V(I) curves depend

strongly on t and n. This shows that collecting V(I) curves in

the Joule-heating CC-NDR regime of crosspoint devices

before irreversible changes occur at a variety of temperatures

is a very sensitive means for studying polaronic transport the

activation energy and the n parameter.

During the past several decades, many materials with a

high density of carriers and low mobility on the order or even

less than the Ioffe-Regel limit (�1cm2/V. s) have been discov-

ered.31 There has been some confusion in the literature, partic-

ularly about the use of the terms “large” and “small” polarons

the latter assumed completely localized. However, from the

work of Holstein32 and others it is known that small polarons

can propagate via coherent tunneling in a narrow band at tem-

peratures below the Debye temperature, while at higher tem-

peratures, the transport can proceed via thermally activated

hopping. Our results agree with the main conclusions of the

comprehensive studies of small polarons in rutile by Bogomo-

lov et al.,33 whose experimental investigations of the drift and

Hall mobilities, the infrared absorption, the thermoelectric

power, and comparison with small polaron theory provided

convincing evidence for small polaron transport in TiO2.31,32

Understanding CC-NDR due to Joule heating in TiO2

thin films is not only important technologically for preparing

and operating nano-memristors, but it also provides an excel-

lent opportunity for the further understanding of small po-

laron properties. Our analytical model based on polaron

conduction and Newton’s Law of Cooling explains the CC-

NDR that represents the initial stage of electroforming in

TiO2 memristors as well as the heating required for the SET

operation of a unipolar memristor and also provides an inter-

nal thermometer that can be used to determine the internal

temperature of the device up to the limit of applicability of

the model.

We thank J. Joshua Yang for data in Fig. 1 and helpful

discussions, and John Paul Strachan for the detailed discus-

sions of his experiments.

1N. A. Tulina and V. V. Sirotkin, Physica C 400, 105 (2004).
2U. Russo, D. Ielmini, C. Cagli, A. L. Lacaita, S. Spigat, C. Wiemert, M.

Peregot, and M. Fanciulli, IEEE IEDM 2007, (IEEE, New York, 2007),

p.75, DOI: 10.1109/IEDM.2007.4419062.
3S. H. Chang, S. C. Chae, S. B. Lee, C. Liu, T. W. Noh, J. S. Lee, B.

Kahng, J. H. Jang, M. Y. Kim, D.-W. Kim, and C. U. Jung, Appl. Phys.

Lett. 92, 183507 (2008).
4S. F. Karg, G. I. Meijer, J. G. Bednorz, C. T. Rettner, A. G. Schrott, E. A.

Joseph, C. H. Lam, M. Janousch, U. Staub, F. La Mattina et al., IBM J.

Res. Dev. 52, 481 (2008).
5J. L. Borghetti, D. M. Strukov, M. D. Pickett, J. J. Yang, and R. S. Wil-

liams, J. Appl. Phys. 106, 124504 (2009).
6D. B. Strukov and R. S. Williams, Appl. Phys. A 94, 515 (2009).
7G. Bersuker, D. C. Gilmer, D. Veksler, J. Yum, H. Park, S. Lian, L.

Vandelli, A. Padovanu, L. Larcher, K. McKenna et al., IEEE IEDM 2010

(IEEE, New York, 2010), p. 19.6.1, DOI: 10.1109/IEDM.2010.5703394
8A. Shkabko, M. H. Aguirre, I. Marozau, T. Lippert, and A. Weidenkaff,

Appl. Phys. Lett. 95, 152109 (2009).
9D. B. Strukov, J. L. Borghetti, and R. S. Williams, Small 5, 1058 (2009).

10J. P. Strachan, J. J. Yang, R. Muenstermann, A. Scholl, G. Medeiros-

Ribeiro, D. R. Stewart, and R. S. Williams, Nanotechnology 20, 485701

(2009); J. P. Strachan, D. B. Strukov, J. Borghetti, J. J. Yang, G.

Medeiros-Ribeiro, and R. S. Williams, Nanotechnology 22, 254015

(2011).
11S. Larentis, C. Cagli, F. Nardi, and D. Ielmini, Microelectron. Eng. 88,

1119 (2011).
12G. Dearnaley, A. M. Stoneham, D. V. Morgan, Rep. Prog. Phys. 33, 1129

(1970).
13H. Pagnia and N. Sotnik, Phys. Status Solidi A 108, 11 (1988).
14R. Waser, R. Dittman, G. Staikov, and K. Szot, Adv. Mater. 21, 2632

(2009).
15T. Kaplan and D. Adler, J. Non-Cryst. Solids 8–10, 538 (1972); D. Adler,

H. K. Henisch, and N. Mott, Rev. Mod. Phys. 50, 209 (1978).
16D. Ielmini, Phys. Rev. B 78, 035308 (2008).
17J. J. Yang, F. Miao, M. D. Pickett, D. A. A. Ohlberg, D. R. Stewart, C. N.

Lau, and R. S. Williams, Nanotechnology 20, 215201 (2009).
18A. Sawa, Mater. Today 11, 28 (2008).
19D. B. Strukov, G. S. Snider, D. R. Stewart, R. S. Williams, Nature 453, 80

(2008).
20R. Waser and M. Aono, Nature Mater. 6, 833 (2007).
21D. S. Jeong, H. Schroeder, and R. Waser, Electrochem. Solid-State Lett.

10, G51 (2007).
22L. Goux, J. G. Lisoni, M. Jurczak, D. J. Wouters, L. Courtade, and Ch.

Muller, J. Appl. Phys. 107, 024512 (2010).
23M. Pickett, J. Borghetti, J. Jang, G. Medeiros-Ribeiro, and R. S. Williams,

Adv. Mater. 23, 1730 (2011).
24Yu. A. Firsov, in Polarons in Advanced Materials, edited by A. S. Alexan-

drov (Springer, Dordrecht, 2007), Vol. 103, pp. 99–100.
25V. N. Zavaritsky, Phys. Rev. Lett. 92, 259701 (2004).
26A. Yildiz, F. Iacomi, and D. Mardare, J. Appl. Phys. 108, 083701 (2010).
27J. J. Yang, J. P. Strachan, Q. Xia, D. A. A. Ohlberg, P. J. Kuekes, R. D.

Kelley, W. F. Stickle, D. R. Stewart, G. Medeiros-Ribeiro, and R. S. Wil-

liams, Adv. Mater. 22, 4034 (2010).
28M. Dawber, K. Rabe, and J. F. Scott, Rev. Mod. Phys. 77, 1083 (2005).
29X. J. Lou, X. Hu, M. Zhang, S. A. T. Redfern, E. A. Kafadaryan, and J. F.

Scott, Rev. Adv. Mater. Sci. 10, 197 (2005).
30J. F. Scott, Ferroelectric Memories (Springer, Berlin, 2000), Chap. 3; X. J.

Lou, X. Hu, M. Zhang, F. D. Morrison, S. A. T. Redfern, J. F. Scott, J.

Appl. Phys. 99, 044101 (2006).
31A. S. Alexandrov and N. F. Mott, Polarons and Bipolarons (World Scien-

tific, Singapore, 1995).
32T. Holstein, Ann. Phys. 8, 325 (1959); ibid. 8, 343 (1959).
33V. N. Bogomolov, Yu. A. Firsov, E. K. Kudinov, and D. N. Mirlin, Phys.

Status Solidi B 35, 555 (1969).

FIG. 2. (Color online) Effect of the relative bath temperature t¼ kBT0/Ea on

the V(I) characteristics of polaronic conductors. The solid and dashed curves

correspond to n¼ 1 and n¼ 3/2, respectively. For TiO2, t� 0.1, and thus

this system displays CC-NDR in the initial stages of electroforming.
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