Fusion and Diversity Trade-offs in Cooperative
Estimation over Fading Channels

Mehrzad Malmirchegini and Yasamin Mostofi
Cooperative Network Lab, Department of Electrical and Computer Engineering
University of New Mexico, Albuquerque, New Mexico 87131, USA
Email: {mehrzad,ymostofi}@ece.unm.edu

Abstract—In this paper we consider a network of distributed
sensors that are trying to measure a parameter of interest cooper-
atively, by exchanging their acquired information repeatedly over
fading channels. We consider different ways of using the available
bandwidth, in terms of what each node can send to its neighbors.
More specifically, we characterize the impact of local fusion
and show how it is a suitable policy when graph connectivity
is low. When poor link qualities are the main bottleneck, on
the other hand, we show how a diversity approach can be more
beneficial. The proposed framework highlights the underlying
tradeoffs between fusion and diversity approaches in cooperative
networks. It furthermore explores the impact of multiple sensing
on the overall performance.

Index Terms—Fading channels, Best Linear Unbiased Estima-
tion (BLUE), Graph connectivity

I. INTRODUCTION

In recent years, there has been significant interest in cooper-
ative sensing, estimation/detection and control. Such problems
arise in many different areas such as environmental monitor-
ing, surveillance and security, smart homes and factories and
target tracking. Distributed detection and estimation, in par-
ticular, is an integral part of such cooperative operations and
has received considerable attention in recent years. Consensus
problems arise when the agents need to reach an agreement on
the value of a parameter and can help to improve the overall
estimation/detection quality through repeated communications.
Detection Consensus refers to the problems in which the
parameter of interest takes values from a finite known set [1].
Estimation consensus, on the other hand, refers to the problems
where the parameter of interest can take values over an infinite
set or an unknown finite set [1].

Estimation consensus problems received considerable atten-
tion over the past few years. In particular, control community
has applied tools from algebraic graph theory and advanced
matrix analysis to characterize estimation consensus problems
over graphs that are not fully connected [2]. [3] provides
a comprehensive survey of the literature on such consen-
sus problems. Recently, there has been considerable interest
in estimation consensus over unreliable links from signal
processing and communication community. In [4], authors
considered the distributed average consensus problem and
characterized the weight matrix to achieve the fastest possible
convergence rate. In [S], authors extended the previous work
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to include modeling uncertainty. In [6], a simple distributed
iterative scheme was proposed to compute the maximum-
likelihood estimate of the parameter of interest. In [7], the
authors developed distributed consensus-seeking algorithms
for estimation of deterministic signals. The uncertainty in the
exchanged information was also considered in [8] by using
a Kalman filtering approach. In [9], the authors consider the
average consensus problem under quantization constraints. In
the context of detection consensus, [1], [10] and [13] consid-
ered a binary consensus problem (consensus over a parameter
that can only take two values) over AWGN channels. In
[11] we extended the binary consensus problem to the fading
environments where the impact of link uncertainty on group
consensus is characterized using a probabilistic approach.

In this paper, we consider the scenario where a number of
sensors are trying to estimate a parameter of interest coop-
eratively by communicating over fading channels. We devise
different iterative strategies in terms of local decision making
and information processing. More specifically, we consider
two strategies based on fusion and diversity and characterize
their performance mathematically. We show the impact of
graph connectivity and link quality on both approaches and
highlight the underlying tradeoffs. Finally, our simulation
results confirm the proposed framework.

II. PROBLEM FORMULATION

Consider a cooperative network of M sensors that are
trying to measure a parameter in their environment. Let w;
represent the sensing noise of the ¢th node, which can be
modeled as a zero-mean Gaussian variable with the variance
aii. Let x; represent the sensed value of the ith node. We
have the following: z; = C' 4+ w; for 1 < ¢ < M, where
C represents the parameter of interest. Different nodes are
assumed to make independent measurements, i.e. w; and w;
are taken to be uncorrelated for ¢ # j. Each agent sends its
noisy measurement to those nodes that it can communicate
with, over Rayleigh fading channels. Let 7;; represent the
fading coefficient for the link from node j to node 7. The
receiver will learn r; ; and use it in the estimation process. We
take the underlying communication network as an undirected
graph G = (V, &), where V = {1,--- , M} is the vertex set
and £ C V x V represents the edge set. We assume that if
(1,7) € &, then (4,1) € £, namely the graph is undirected (still
rj4 and r; ; could be different). The graph G is connected if



there is a sequence of edges in £ that can be traversed to go
from any vertex to any other. In the following we denote the set
of neighbors of node i € Vas NV; = {j € V : (j,i) € E}U{i},
including itself.

Let n; ; represent the receiver noise in the transmission from
the jth node to the ith one, where j € N; and j ;éz' .My is
a zero-mean Gaussian variable with variance of cr . Let y;4
represent the reception of the ith node from the transmlssmn
of the jth one. Using the analog model for relay channels in
amplify-and-forward mode [12] we have:

Yji = TjiT5 + Ny for j € M, Jj#i, (1)

and y; ; = x,;. We assume that each node has the corresponding
knowledge of o ;s and r; ;s and uses it in the estimation pro-
cess. Moreover, we assume that noise and fading coefficients
are uncorrelated from link to link.

III. SCENARIO 1: SINGLE SENSING AND MULTIPLE
COMMUNICATION (SSMC)

In this part we consider the case where each node senses
the parameter of interest only once. It then keeps on com-
municating its value with its neighbors in order to improve
its estimation quality. Let O° {oi,--- ’O\iNi } denote
the ordered set of the neighbors of node i. We define

— ) T — : )
yi = [yoll,ia"' ayo‘er‘w] , R = dlag(roi,i""v OINI )
Xi = [wop, e ’xowi\] o0y = [ngp ’n(’f/vm] » Wi =
[Woi it ,w 1/\/\] where 7;; = 1, n;; = 0 and diag(x) is

a dlagonal matrix with the elements of vector x on its main
diagonal. The sensing and communication equations for the
1th node will be as follows:

X; = OI—F w; and Y: = Rixi + n;, (2)

where Q; = E{w;w!} and N; = E{n;n!}. The ith node
tries to estimate the common value by using the Best Linear
Unbiased Estimation (BLUE) of the received information:

¢i = aly;, 3)

where él is the ith node’s estimate of the parameter of interest
and a; = [avgi 5,0 5 Qs oiv, ;]JT . The estimation error can be

easily characterized as E{ (qﬁl 0)?} = al (R2Q; + Ni)av.
To ensure an unbiased estimator, we should have aiTRll =1.
We have

of =arg min af (R*Q; + N;)av,

subject to af R;1 = 1. “4)
By noting that Eq. 4 is a convex function of a;, we have
2 1
1 "5 AW + 0 .
o= =~ (23 5 z )2 — for j e N;.  (5)
T Z 174(rti02, + ot)
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Let ¢; denote the estimation error of node 7, we have:
e = E{(¢: — C)*} (©)
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where channel to noise ratio is defined as CNR;; = UT’.

In this part we consider the scenario where the nodes sense
the common value only one time but try to improve their
estimate by communicating with their neighbors a number of
times. We consider two strategies for this case: Fusion and
Diversity. In the fusion strategy, each node fuses its received
information, at every time step, and sends its fused value to
its neighbors. We will show that, if graph connectivity is low,
this approach can help propagate the information through the
network. Another possible approach is for each node to use
its transmission and repeat its original sensed value, without
any fusion. This approach can provide a time diversity and
can improve the overall reception quality [13]. If the graph
connectivity is high enough but the link qualities are the
main bottleneck, this approach can perform better than the
fusion technique. It is the goal of this section to analyze both
approaches and highlight the underlying tradeoffs.

A. SSMC - Fusion approach

Motivated by consensus strategies [14], in this part we
consider the scenario where each node fuses the received
information in every iteration and sends the fused value to
its neighbors. This approach increases the flow of information
in the network and is in particular suitable for cases where
the graph connectivity is the main bottleneck. After the first
iteration, each node’s estimation, based on the best linear
approach of Eq. 2 and Eq. 3, can be expressed by:

$i(1) = Y a;:(0)y;.:(0) ©)
JEN;

—C—i—ZaM

JEN;

In the next time step, the problem would have the same form
if we define an equivalent sensing noise. More specifically,
we define the equivalent noise as follows based on Eq.
7: (:51(1) ZjEM Oljyi(O) (Tj’i(O)Wj(O) + ’fljvl(O)) As it
can been seen, the equivalent sensing noises are correlated,
which makes the mathematical derivations more challenging.
Therefore we need to change the architecture of the best
linear unbiased estimation for the next iterations. For the
ordered O, we define o, (k) [giA)ofl: (k), -~ ,gZ)OTN”(k)]T

where é)j(k) denotes node j’s estimate after fusion at time

) (r5.i(0)w; (0) +71;,i(0)).

k and w;(k) = [0y (k), - ,&OfMl(k)]T. We have:

(k) = CT+@i(k). ®)
Also we define ai(k) = [ay (k) -, a, Wll(k‘)}T and
Bik) = (b)) where B,,(k) =

r;i(k)aji(k). The next estimate of node ¢ can be expressed
by:
$i(k +1) = o (k) (Ri(k), (k) + ni(k))
= B7 (k)¢ (k) + o (k)ni(k)
B (K)1C + B] (k)@i(k) + o (k)ny (k).
©))



We then have the following optimization problem:

i) =angmin & { (87 (05,06 + o ()}

subject to 17 3;(k) = 1. (10)
n(ﬂl,t(k) n’JV‘LN’."i(k‘)
We define ~,(k) = [”og,i(k) S e (k)] and T; (k) =

E{~,(k)v¥(k)}, which is a diagonal matrix (averaging is over
noise). We have a! (k)n;(k) = BT (k)~,(k), resulting in,

B; (k) =argmin B (k) (S;(k) + Ts(k)) B;(k), (1)
subject to 178;(k) =1,

where S;(k) = E{@;(k)@; (k)}. The solution can then be

easily characterized as 3] (k) = %, where Q;(k) =

Si(k) + T';(k). Next we define B(k:) £ [Bun(k)], where
ﬁn,m(k), neQom .

B (k) 0. n¢om The unbiased es-

timation guarantees that B(k ) has one as an eigenvalue
with vector 1 as its corresponding eigenvector. Let ng( ) =

[D1(k), -+ dar (k)] and (k) = [@1(k), -, Dar(k)]T. We
have:

S(k+1) = Bl)a(k) + | ol (k)ng(k) (12)
Therefore the overall error covariance matrix, S(k) =
E{&(k)&" (k)}. can be expressed by:

S(k+1) =B(k)S (k)BT (k)
+diag (-, 87 (R)Di(k)B(K), -+ ). (13)

As can be seen from the solution of Eq. 11, in order for the
ith node to find 3] (k), it needs to calculate S;(k). Calculating
Si(k), however, requires knowing current estimation error
covariance (after fusion) of all the neighbors of node ¢ as
well as the cross correlation between any two estimation
errors in its neighborhood. Since calculating the cross cor-
relations would require node ¢ to use information that may
not be available locally (for instance use update Eq. 13), we
also propose a sub-optimal version of the optimum solution
as follows. Let ¢;(k) = E{(¢;(k) — C)2}. From Eq. 13,
each node cajrt update its local error covariance as follows:
1
€i(k+1) = B (k) (Si(k)+T(k)) B; (k) = — i) T
and sends it to other nodes in its neighbor set. Then, we can
approximate S;(k + 1), using only the information available
locally: S;(k+1) ~ diag(ey: (k+1),- ol (k+1)). While
this is a sub-optimal strategy, our simulation results show that
the performance loss is considerably small, as we will see later
in this section. Alternatively, one can consider strategies where
each node learns its cross correlations with its neighbors.
Lemma 1: Let S(k + 1) be the error covariance ma-
trix in iteration kE + 1. We have trace(S(k + 1)) =

where S;(k) = E{@;(k)&@! (k)}.

M
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Theorem 1: For a fully-connected graph with AWGN links
and same sensing and communication qualities, the trace of
the error covariance matrix is a decreasing sequence with time.
Proof: Consider a fully-connected graph with r;; = 1,

of; =o*and 02, = o for 1 < i,j < M and j # i.
Then, we have the following decomposition of S;(k): S;(k) =
a(k)I1T + b(k)I. Furthermore, T;(k) = o2I’, where I is
the identity matrix and I' is the identity matrix with zero in
(i,1) entry. Using the Matrix Inversion Lemma for a general
B = A+ XRY, we have: B! = A7 — A7'X(R™! +

2

YA'X)"'YA~'. Let A =b(k)I + 02", X = 1,R = a(k)
and Y = 1I7. We have:

(Si(k) +Ti(k) ™" =

A7 AT (M (k) + TP AT T AT
and 17(S;(k)+T;(k) ' = TTA 11— (TAD®  where

B . W’
A is a diagonal matrix and 17 A71 = b(%ﬂlﬂ + b( 3-
some derivations, we have
1 1
- - =ak)+ ——F
IT(Si(k) + (k)11 sorer + 5ty

< a(k) + b(k),

After

and as a result

1
I7(8;(k) + Ti(k))~!

NE

trace(S(k + 1)) = : < trace(S(k)).
i=1

|

Theorem 2: For a fully-connected graph with AWGN links

and same sensing and communication qualities, the average

steady state estimation error covariance of any node can be

approximated as follows for large enough M:
+ i Z —)2 :

where 02 and o2 are as defined in Theorem 1.

Proof: For a fully-connected graph with AWGN links and
same sensing and communication qualities, we can have the
following decomposition: B(k) = p(k)117 + q(k)I, where
p(k) and q(k) are scalars. Therefore,

S(k+1)=a(k+1)ITT + bk + 1)1
= B(k)S(k)B(k) + (M — 1)p*

€(00) ~ (14)

(15)
(k)o?I.



By substituting the decomposition of S(k) and B(k), we have:

a(k+1)
= (Mp(k) + q(k))a(k) + (p* (k)M + 2p(k)q(k))b(k)
— k) + LBy, (16)

M
where B(k)1 = 1 results in Mp(k) + ¢(k) = 1. Furthermore,
b(k +1) = (M — 1)p*(k)o* + ¢*(k)b(k)

Loak) _Aj(’“))%ﬂ + @ (k)b(k).

a7)
= (M —1)(
For a fully-connected graph, characterizing 3, (k) suffices

for characterizing B(k). By utilizing Matrix Inversion Lemma,
31 (k) and g(k) can be characterized as:

1

o(F)
1 b(k)+o2
Igl(k) = 1 T M—1 . ) (18)
b(k) " b(k)+o?
1
b(k)+02
and
k) 1 [ 1 1 } o?
q(k) = — = — = .
ﬁ + b(JZ€+},2 b(k) blk)+ o2 o2+ Mb(k)
(19)
Substituting Eq. 19 in Eq. 17 results in:
M —1)o?b%(k bk
bk +1) = < JoTb"(k) + o7b(k) (20)

(02 + Mb(k))?

For large M, we can approximate M — 1 with M, resulting

in b(k+1) ~ %ﬂjgk). Conzidering the initial condition
b(0) = o2, we have: b(k) ~ k+% . By noting that a(0) = 0,
Eq. 16 will result in,
1 o bk
alo0) =3y 3 [0~ ) @
0% & 1 k+ ]\sz
B 72,;) [k+ 2o (k14 A;Z)Q}
0? & 1 1
:2,§0h+ N k+1+A;2J

As k goes to infinity, we have b(co) = 0 and S(o0) =
a(oco) 1T, which results in €(c0) = a(o0). [ |

B. SSMC - Diversity approach

As mentioned earlier, diversity techniques can be used to
improve system’s performance if link qualities are the main
bottleneck. In this case, each node senses the common value
one time. It then transmits the sensed value without fusion
to all its neighbors a number of times. Upon receiving the
estimates of other nodes, each node takes an average of the
received information to overcome communication errors. It
then uses the BLUE fusion approach to provide a better
estimation of the common value. We have:

zj(k+1) =z;(k),
yji(k) = rji(k)a; (k) + 0 (k).
Let ;.i(k) denote the best linear estimation of node i of the

noisy sensing of node j € N;\{i} at time k. It can be easily
confirmed that for £ > 0 we have

(22)

Gj.i(k — 1) + €, (k)CNR; ;(k)y;.: (k)
(23)

where e]_ll(k) = e]_ll(k — 1) + CNR; ;(k), and €, ,(k) =
E{(¢;.i(k) — x;(k))?}. For k = —1, we take ¢;;(—1) = oc.
The ¢th node then fuses quSN for j € N;. We have the following
for the estimation of the ith node of C' by using a BLUE
estimator:
: (€i(k) +03)7"
i(k+1) = 2
M= 2 S e )

—dji(k), (24

where €; ;(k) = 0 and qAS”(k) = z;(k). For k > 0, we have
- 2
ci(k) = E{(di(k) — C)7}
1
%@ + Zje/\fnj#i (Uu%j +€j,i(k — 1))

As k goes to infinity, the effect of channel errors is reduced.
The steady state behavior will then be similar to one time
communication over ideal channels:

(25)

. 1,
lim e(k) = ( S ) (26)
o jen; @i

For a fully-connected network with AWGN channels and same

sensing and communication qualities, we have o, = o,
— P _— .. e 70- 1
rji(k) =1 and 0;,; = o Therefore, ¢;;(k) = 777 which
. o2 ktoz .
results in €;(k) = N o for Vi
Mo2,

C. Comparison of fusion with diversity approaches

As indicated in the previous section, for a fully-connected
graph, diversity approach can provide a better performance.
On the other hand, fusion approach can outperform diversity
if link qualities are the main bottleneck. Fig. 1 and Fig. 2
compare the performance of SSMC approach for both fusion
and diversity cases over a star-shaped and fully-connected (FC)
graph respectively. The figures show average of the estimation



error covariance of all the nodes (averaged over fading as
well). In all the simulations, we assume that C' = 10 and
02 = 5. Link qualities are worse for Fig. 2 as compared to Fig.
1. As can be seen, fusion strategy outperforms the diversity
one in Fig. 1 since the main bottleneck is connectivity. As the
link qualities get worse in Fig. 2, however, it can be seen that
the diversity approach provides a better overall performance by
reducing link uncertainties. In practice, a combination of both
approaches may be suitable to account for different scenarios.
It can also be seen that the performance of the proposed sub-
optimal fusion strategy, based on the diagonal approximation
of S;(k), is considerably close to the optimum one.
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—SSMC with fusion, star topology, CNR=0dB
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Fig. 1. A comparison of fusion and diversity techniques for the SSMC
case with M=6, the graph is star-shaped with fading channels for non-ideal
communication cases.

5.5~ —SSMC with fusion, FC topology, CNR=-20dB T
3 -6-SSMC with fusion, FC topology, CNR=-20dB (sub-optimal)
4.5 - - - |+ SSMC with diversity, FC topology, CNR=-20dB -

Lower bound for a fully connected topology with

mean square estimation error

Fig. 2. A comparison of fusion and diversity techniques for the SSMC case
with M=6, the graph is fully connected with fading channels for non-ideal
communication cases.

IV. SCENARIO 2: MULTIPLE SENSING AND MULTIPLE
COMMUNICATION (MSMC)

A. MSMC - no fusion

In this part, we consider the scenario that the nodes have the
capability of sensing the parameter of interest multiple times.

Similar to the previous section we consider two cases of fusion
and no fusion. In each iteration, every node measures the
common value and sends its measurement to its neighbors over
the fading channels. In order to take into account new sensing,
we modify the definition of x;(k) and y;(k) as follows:

Yilk +1) = Ri(k)x;(k) + ni(k), 27)
where [x;(k)|m = 52%}&?37 0027: ié and []

denotes the mth element of the argument vector. In the time
step k + 1, node ¢ estimates the common value based on its
estimation at time k, new sensing at time k + 1 and received
information from its neighbors at time k. Therefore, dgl(k +
1) = f(q@z(k),y;(k + 1)) where f(.) is a linear function that
minimizes the following cost:

. 2
B{ (r(@tyin+ ) - €)'},
By using a best linear estimation, we have:
Gilk +1) = di(k) + es(k + DTT R (k) (R2 (k) + N;) ™
x (vi(k+1) — Ri(k)Id:i(k)) and
e (k+1) = & (k) + TTRy(k) (R2(K)Q + Ni) ™ Ra(k)T.

(28)

where ¢;(0) = z;(0) and (0) = E{w?}. After some
straightforward simplifications, we can characterize the best
linear estimator as:

- (k+1) -
dulk+1) =S DG gy (29)
€i(k)
ik -+ DI Ri(k) (RE(R)Q: + Vi) ik +1),
where
e (k+1) = L (k) + TTR2(k) (R (k) + N;) 1. (30)
For k£ > 0 we have:
1
El(k‘ + 1) = —-
Tt Tt > (02, +CNR;/ (k)
L jeENL#
(3D
For a fully-connected graph with AWGN links and the same
sensing and communication qualities (0w, = 0u,7;(k) =
1 and 0;; = o), Eq. 31 results in:
1
e (k) = Vi (32)
A>(%+%§M+$

B. MSMC - with fusion

As discussed in the previous section, if the graph was fully
connected, each node in each time had all the information of
other nodes (albeit noisy). For a not fully connected graph,
however, information of some of the nodes will never reach
some other nodes directly. In order to increase the flow of
information in the network, in this part we consider the case
where each node fuses its current sensing with its received
information and sends it to its neighboring nodes.



As an example, consider a star-shaped network. In each
iteration, the leaf nodes send their current sensed values to the
center node. At time k, the center node has all the information
received from the end nodes at time k — 1, its sensed value
at time k£ as well as its previous estimation, based on which
it can update its estimate. Without loss of generality, assume
that node 1 is the center node. Let fi ;(k) represent the fused
value that the center sends to node 7 # 1 at time k. We have:

M

Z aj1(k)yji(k —1) 4+ ara(k)zi(k), (33)

J=2,j#i

fri(k) =

where 1 (k) and y; 1 (k) denote the sensed value of the center
node and its reception from node j at time k, respectively.
a;,1(k) can be easily calculated based on the BLUE approach.
As can be seen from Eq. 33, we excluded the information
received from node j from the update that will be sent to
it, in order to facilitate mathematical derivations. In general,
however, calculating the optimum coefficients for more general
graphs requires considering correlation of different informa-
tion flow paths and is a subject of further extensions.

Fig. 3 shows the impact of link qualities and graph topology
on the performance of MSMC for the case of no fusion. Fig.
4 shows the impact of fusion on MSMC performance over a
star-shaped network. It can be seen that fusion can improve
the performance since graph connectivity is low. Its impact is
more drastic when link qualities are better, as expected.

Z|-e-MSMC, FC topology, CNR=-20dB, M=6
-+-MSMC, FC topology, CNR=-10dB, M=6| _
-%-MSMC, FC topology, CNR=0dB, M=6
=|=='MSMC, star topology, CNR=0dB, M=6

mean square estimation error (dB)

time step (k)

Fig. 3. Performance of MSMC for the case of no fusion over both a fully
connected and a star-shaped graph for different link qualities.

V. CONCLUSIONS

In this paper we considered a distributed and cooperative
estimation problem over fading channels. We considered dif-
ferent ways of using the available bandwidth, in terms of what
each node can send to its neighbors. More specifically, we
mathematically characterized the impact of both fusion and
diversity strategies on the overall performance and highlighted
the underlying tradeoffs. We showed that the fusion strategy
is more suitable when the graph connectivity is low while
diversity technique is a better candidate if poor link quality is

(no fusion)|
- MSMC, star topology, CNR=-5dB, M=12 (fusion) ]
- --MSMC, star topology, CNR=10dB, M=12 (no fusion)
-©-MSMC, star topology, CNR=10dB, M=12 (fusion)

mean square estimation error (dB)

time step (k)

Fig. 4. Impact of fusion on the performance of MSMC over a star-shaped
graph.

the main bottleneck. We furthermore explored the impact of
multiple sensing on the overall performance.
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